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4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 59H63/ 45M58
Nh| zrugv dqg skudvhv1 Ohyl0Flylwd �hog/ srzhu vhulhv/ zhdn frqyhujhqfh/ vwurqj frqyhu0
jhqfh/ fdofxoxv

4 Lqwurgxfwlrq
Lw lv d nqrzq idfw wkdw wrsrorjlfdo frqwlqxlw| ru gl�huhqwldelolw| ri d ixqfwlrq rq d forvhg
lqwhuydo ri dq| qrq0Dufklphghdq �hog duh qrw vx!flhqw wr jxdudqwhh wkdw wkh ixqfwlrq
dvvxphv doo wkh lqwhuphgldwh ydoxhv qru d pd{lpxp qru d plqlpxp rq wkh lqwhuydo1
Wkhvh sureohpv duh frpprq wr doo qrq0Dufklphghdq vuxfwxuhv dqg duh gxh wr wkh wrwdo
glvfrqqhfwhgqhvv ri wkhvh vwuxfwxuhv lq wkh rughu wrsrorj|1 Lw lv vkrzq lq ^4` wkdw xqghu
vwurqjhu gh�qlwlrqv iru frqwlqxlw| dqg gl�huhqwldelolw| dqg xqghu plog frqglwlrqv/ wkh
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lqwhuphgldwh ydoxh wkhruhp fdq eh suryhq wr krog iru ixqfwlrqv rq �qlwh0ohqjwk lqwhuydov
ri wkh Ohyl0Flylwd �hog U1

Dq dowhuqdwlyh vroxwlrq wr wkh gl!fxowlhv phqwlrqhg deryh lv wr wu| wr h{whqg wkh
uhdo fdofxoxv wr d odujh fodvv ri ixqfwlrqv rq wkh Ohyl0Flylwd �hog U/ glvfxvvhg lq ^4`1
Lw wxuqv rxw wkdw srzhu vhulhv rq U kdyh doo wkh qlfh vprrwkqhvv surshuwlhv wkdw uhdo
srzhu vhulhv kdyh lq U1 Lq sduwlfxodu/ wkh| duh lq�qlwho| riwhq gl�huhqwldeoh> wkh| duh
uh0h{sdqgdeoh durxqg dq| srlqw lq wkhlu grpdlq ri frqyhujhqfh> dqg wkh| vdwlvi| doo wkh
frpprq wkhruhpv ri uhdo fdofxoxv1

Suhylrxv zrun rq srzhu vhulhv rq wkh Ohyl0Flylwd �hog kdv ehhq uhvwulfwhg wr srzhu
vhulhv zlwk uhdo frh!flhqwv1 Lq ^8/ 9/ :/ 7`/ wkh| zhuh vwxglhg iru lq�qlwho| vpdoo dujxphqwv/
zkloh lq ^5/ 6`/ xvlqj wkh zhdn wrsrorj|/ dovr �qlwh dujxphqwv zhuh srvvleoh1 Lq wklv sdshu/
zh vwxg| wkh jhqhudo fdvh zkhq wkh frh!flhqwv duh Ohyl0Flylwd qxpehuv1 Zh zloo irfxv
khuh rq wkh frqyhujhqfh fulwhuld iru srzhu vhulhv dqg uhihu wkh uhdghu wr ^43` iru wkh ghwdlov
rq wkhlu dqdo|wlfdo surshuwlhv1 Diwhu uhylhzlqj wzr frqfhswv ri frqyhujhqfh= vwurqj frq0
yhujhqfh dqg zhdn frqyhujhqfh ^6`/ zh vkrz vrph qhz uhvxowv frqfhuqlqj wkh frqyhujhqfh
ri vxpv dqg surgxfwv ri lq�qlwh vhulhv1 Wkhq zh hqkdqfh dqg suryh frqyhujhqfh fulwhuld
iru srzhu vhulhv/ �uvw vwdwhg lq ^5`1 Lq sduwlfxodu/ zh ghulyh d udglxv ri zhdn frqyhujhqfh
# vxfk wkdw wkh srzhu vhulhv frqyhujhv zhdno| iru doo srlqwv wkh glvwdqfh ri zklfk iurp
wkh fhqwhu lv �qlwho| vpdoohu wkdq # dqg lw frqyhujhv vwurqjo| iru doo srlqwv wkh glvwdqfh
ri zklfk iurp wkh fhqwhu lv lq�qlwho| vpdoohu wkdq #1

Xvlqj wkh frqyhujhqfh surshuwlhv ri srzhu vhulhv/ zh h{whqg doo wkh uhdo wudqvfhqghqwdo
ixqfwlrqv wr U> wklv doorzv iru wkh vwxg| ri gl�huhqwldelolw| ri uhdo ixqfwlrqv uhshvhqwdeoh
rq d frpsxwhu dqg iru wkh frpsxwdwlrq ri h{lvwlqj ghulydwlyhv wr kljk rughuv xs wr pdfklqh
suhflvlrq ^<`1

Zh vwduw zlwk d uhylhz ri vrph edvlf dqg xvhixo whuplqrorj| dqg uhihu wkh uhdghu wr
^6/ ;` iru d pruh ghwdlohg vwxg| ri wkh �hog1
Gh�qlwlrq 414 +Wkh vhw U, Zh gh�qh

U ' is G T$ U m i%msE%� 9' fj lv ohiw0�qlwhj�
Vr wkh hohphqwv ri U duh wkrvh uhdo ydoxhg ixqfwlrqv rq T wkdw duh qrq0}hur rqo| rq d
ohiw0�qlwh vhw/ l1h1 ehorz hyhu| udwlrqdo qxpehu ^ wkhuh duh rqo| �qlwho| pdq| srlqwv zkhuh
wkh jlyhq ixqfwlrqv gr qrw ydqlvk1

Zh ghqrwh hohphqwv ri U e| %c +/ hwf1 dqg lghqwli| wkhlu ydoxhv dw ^ 5 T zlwk eudfnhwv
olnh %d^o1 Wklv dyrlgv frqixvlrq zkhq zh frqvlghu ixqfwlrqv rq U1

Iru wkh ixuwkhu glvfxvvlrq/ lw lv frqyhqlhqw wr lqwurgxfh wkh iroorzlqj whuplqrorj|=
Gh�qlwlrq 415 +vxss/ b/ �/ �/ '�, Iru % 5 U/ zh gh�qh

vxssE%� ' i^ 5 T m %d^o 9' fj dqg fdoo lw wkh vxssruw ri %>
bE%� ' 4�?EvxssE%�� iru % 9' f +zklfk h{lvwv ehfdxvh ri ohiw0�qlwhqhvv, dqg
bEf� ' n4�

Frpsdulqj wzr hohphqwv % dqg + lq U/ zh vd|
% � + li dqg rqo| li bE%� ' bE+�>
% � + li dqg rqo| li bE%� ' bE+� dqg %dbE%�o ' +dbE+�o>
% '� + li dqg rqo| li %d^o ' +d^o iru doo ^ � o1
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Dw wklv srlqw/ wkhvh gh�qlwlrqv pd| ihho vrphzkdw duelwudu|> exw diwhu kdylqj lq0
wurgxfhg wkh frqfhsw ri rughulqj rq U/ zh zloo vhh wkdw b ghvfulehv %rughuv ri lq�qlwh
odujhqhvv ru vpdooqhvv%/ wkh uhodwlrq %�% fruuhvsrqgv wr djuhhphqw xs wr lq�qlwho| vpdoo
uhodwlyh huuru/ zkloh %�% fruuhvsrqgv wr djuhhphqw ri rughu ri pdjqlwxgh1
Gh�qlwlrq 416 +Dgglwlrq dqg Pxowlsolfdwlrq rq U, Zh gh�qh dgglwlrq rq U frp0
srqhqwzlvh= E% n +�d^o ' %d^o n +d^o1 Pxowlsolfdwlrq lv gh�qhg dv iroorzv= Iru ^ 5 ' zh
vhw

E% � +�d^o ' [
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%d^� o � +d^� o� +414,

Vlqfh hohphqwv ri U kdyh ohiw0�qlwh vxssruwv/ rqo| �qlwho| pdq| whupv frqwulexwh wr
wkh vxp lq Htxdwlrq +414,1 Wkxv/ � lv d zhoo gh�qhg rshudwlrq rq U1 Lw wxuqv rxw wkdw wkh
rshudwlrqv . dqg � pdnh +U/./�, lqwr d �hog/ lq zklfk zh fdq lvrprusklfdoo| hpehg wkh
uhdov dv d vxe�hog yld wkh pds � G -$ U gh�qhg e|

�E%�d^o '
� % li ^ ' f

f hovh � +415,

Gh�qlwlrq 417 +Rughulqj lq U, Ohw %/ + eh glvwlqfw hohphqwv ri U1 Zh vd| % : + li
dqg rqo| li E%� +�dbE%� +�o : f1 Ixuwkhupruh/ zh vd| % 	 + li dqg rqo| li + : %1

Zlwk wklv gh�qlwlrq ri wkh rughu uhodwlrq/ U lv d wrwdoo| rughuhg �hog1 Pruhryhu/ wkh
hpehgglqj � lq +415, lv frpsdwleoh zlwk wkh rughu1

Ehvlghv wkh xvxdo rughu uhodwlrqv/ vrph rwkhu qrwdwlrqv duh frqyhqlhqw=
Gh�qlwlrq 418 +�c , Ohw @/ K eh qrq0qhjdwlyh1 Zh vd| @ lv lq�qlwho| vpdoohu wkdq K
+dqg zulwh @ � K, li dqg rqo| li ? � @ 	 K iru doo qdwxudo ?> zh vd| @ lv lq�qlwho| odujhu
wkdq K +dqg zulwh @  K, li dqg rqo| li K � @1 Li @ � �c zh vd| @ lv lq�qlwho| vpdoo> li
� � @c zh vd| @ lv lq�qlwho| odujh1 Lq�qlwho| vpdoo qxpehuv duh dovr fdoohg lq�qlwhvlpdov
ru gl�huhqwldov1 Lq�qlwho| odujh qxpehuv duh dovr fdoohg lq�qlwh1 Qrq0qhjdwlyh qxpehuv
wkdw duh qhlwkhu lq�qlwho| vpdoo qru lq�qlwho| odujh duh dovr fdoohg �qlwh1
Gh�qlwlrq 419 +Wkh Qxpehu _, Ohw _ eh wkh hohphqw ri U jlyhq e| _d�o ' � dqg
_d^o ' f iru ^ 9' �1

Lw lv hdv| wr fkhfn wkdw f 	 _� � � li dqg rqo| li ^ : f dqg _�  � li dqg rqo| li ^ 	 f1
Lw iroorzv wkdw/ dowrjhwkhu/ wkh Ohyl0Flylwd U lv d wrwdoo| rughuhg qrq0Dufklphghdq �hog
h{whqvlrq ri wkh uhdo qxpehuv1

5 Vwurqj Frqyhujhqfh dqg Zhdn Frqyhujhqfh
514 Vwurqj Frqyhujhqfh
Zh ehjlq wklv vhfwlrq e| uhylhzlqj d vshfldo surshuw| ri vhtxhqfhv1
Gh�qlwlrq 514 +Uhjxodulw|, D vhtxhqfh Er�� lq U lv fdoohg uhjxodu li dqg rqo| li wkh
xqlrq ri wkh vxssruwv ri doo phpehuv ri wkh vhtxhqfh lv d ohiw0�qlwh vxevhw ri T1
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Wklv surshuw| lv qrw dxwrpdwlfdoo| dvvxuhg/ dv ehfrphv dssduhqw iurp frqvlghulqj wkh
vhtxhqfh E_���1 Lw lv vkrzq ^6` wkdw wkh surshuw| ri uhjxodulw| lv frpsdwleoh zlwk wkh
frpprq rshudwlrqv ri vhtxhqfhv1
Gh�qlwlrq 515 +Vwurqj Frqyhujhqfh, Ohw Er�� eh d vhtxhqfh lq U1 Zh vd| wkdw Er��
lv vwurqjo| frqyhujhqw wr wkh olplw r 5 U li dqg rqo| li iru hyhu| " : f lq U wkhuh h{lvwv
� 5 Q vxfk wkdw mr� � rm 	 " iru doo ? � � 1

Olnh U/ wkh �hog U lv Fdxfk| frpsohwh zlwk uhvshfw wr wkh rughu wrsrorj|1 Wkdw lv/ d
vhtxhqfh Er�� lq U frqyhujhv vwurqjo| li dqg rqo| li Er�� lv vwurqjo| Fdxfk|1

Lw lv vkrzq wkdw hyhu| vwurqjo| frqyhujhqw vhtxhqfh lq U lv uhjxodu> pruhryhu/ zh kdyh
wkh iroorzlqj xvhixo frqyhujhqfh fulwhulrq wkh surri ri zklfk fdq eh irxqg lq ^6`1
Wkhruhp 516 +Vwurqj Frqyhujhqfh Fulwhulrq iru vhtxhqfhv, Ohw Er�� eh d vhtxhqfh
lq U1 Wkhq Er�� frqyhujhv vwurqjo| lq U li dqg rqo| li iru doo o 5 T wkhuh h{lvwv � 5 Q
vxfk wkdw r� '� r	 iru doo 6c , � � 1

Wkh iroorzlqj uhvxowv= Wkhruhp 517/ Fruroodu| 518/ Fruroodu| 519 dqg Fruroodu| 51: gr
qrw krog lq U> wkh qrq0Dufklphglflw| ri U lv wkh nh| wr wkhlu surriv1
Wkhruhp 517 Ohw Er
� eh d vhtxhqfh lq U1 Wkhq Er
� lv vwurqjo| Fdxfk| li dqg rqo| li
Er�� 
 � r�� lv d qxoo vhtxhqfh1
Surri1 Ohw Er�� eh d Fdxfk| vhtxhqfh lq U/ dqg ohw " : f lq U eh jlyhq1 Wkhq wkhuh
h{lvwv � 5 Q vxfk wkdw mr� � r� m 	 " iru doo ,c6 � � 1 Lq sduwlfxodu/ mr��� � r� m 	 " iru
doo 6 � � 1 Khqfh/ *�4��� Er�� � � r�� ' f1

Qrz dvvxph wkdw Er�� � � r�� lv d qxoo vhtxhqfh lq U/ dqg ohw " : f lq U eh jlyhq1
Wkhq wkhuh h{lvwv � 5 Q vxfk wkdw mr��� � r� m 	 _" iru doo 6 � � 1 Ohw &c , � � eh
jlyhq1 Zlwkrxw orvv ri jhqhudolw|/ zh pd| dvvxph wkdw & : ,1 Wkhq zh kdyh wkdw

mr� � r�m ' mr� � r��� n r� ! � r� " n � � �n r#$ % � r#m� mr& � r&'(mn mr&'( � r&')mn � � �n mr*+ ( � r*m
	 E& � ,�_" 	 "

vlqfh E& � ,�_ lv lq�qlwho| vpdoo1 Wkxv/ Er,� lv vwurqjo| Fdxfk| lq U1 �

Fruroodu| 518 Ohw Er-� eh d vhtxhqfh lq U1 Wkhq/ Er.� frqyhujhv vwurqjo| li dqg rqo| li
Er./ 0 � r.� lv d qxoo vhtxhqfh zlwk uhvshfw wr wkh rughu wrsrorj|1
Fruroodu| 519 Wkh lq�qlwh vhulhv S1

234 @5 frqyhujhv vwurqjo| lq U li dqg rqo| li wkh
vhtxhqfh E@5� lv d qxoo vhtxhqfh lq U1
Fruroodu| 51: Wkh vhulhvS6

789 @7 frqyhujhv vwurqjo| li dqg rqo| li lw frqyhujhv devroxwho|
vwurqjo|/ wkdw lv li dqg rqo| li S6

789 m@7 m frqyhujhv vwurqjo|1
Olnh lq U/ lw lv hdv| wr vkrz ^;` wkdw wkh vxp dqg surgxfw ri wzr vwurqjo| frqyhujhqw

vhtxhqfhv frqyhujh vwurqjo| wr wkh h{shfwhg olplwv1 Ixuwkhupruh/ wkh qrq0Dufklphglflw|
riU jlyhv xv d qlfh uhvxow lq Wkhruhp 51;/ zklfk grhv qrw krog lq U zlwkrxw wkh dgglwlrqdo
uhtxluhphqw wkdw rqh ri wkh vhulhv frqyhujh devroxwho|1
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Wkhruhp 51; Ohw S�
��� @� dqg S�

��� K� eh wzr lq�qlwh vhulhv frqyhujlqj vwurqjo| lq U
wr @ dqg K/ uhvshfwlyho|1 Wkhq/ wkh vhulhv S�

��� S�/ zkhuh S� ' S�
� �� @�K�	� / frqyhujhv

vwurqjo| wr @ � K lq U1
Surri1 Iluvw/ zh vkrz wkdw S


��� S� frqyhujhv vwurqjo| lq U1 E| Fruroodu| 519/ lw vx!fhv
wr vkrz wkdw *�4��
 S� ' f1 Vlqfh S


��� @� dqg S

��� K� frqyhujh vwurqjo| lq U/ wkh

vhtxhqfhv E@�� dqg EK�� duh erwk vwurqjo| qxoo lq U1 Khqfh E@�� dqg EK�� duh erwk
erxqghg1 Wkhuhiruh/ wkhuh h{lvwv � : f lq U vxfk wkdw m@� m 	 � dqg mK� m 	 � iru doo
? � f1 Ohw " : f lq U eh jlyhq1 Wkhq/ wkhuh h{lvwv � 5 Q vxfk wkdw m@� m 	 _"*� dqgmK� m 	 _"*� iru doo 6 � � 1 Ohw � ' 2� 1 Wkhq/ iru doo 6 � � / zh kdyh wkdw

mS� m ' m@�K� n @�K��� n � � �n @� ��K� n @� K�m� m@�K� mn m@�K���mn � � �n m@���K�mn m@� K�m
' m@�mmK� mn m@�mmK���mn � � �n m@���mmK�mn m@� mmK�m
	 �_"

� n�_"
� n � � �n _"

�� n _"
��

' E6n ��_" 	 "�
Vr/ iru doo " : f lq U/ zh fdq �qg � 5 Q vxfk wkdw mS� m 	 " iru doo 6 � � 1 Khqfh/
*�4��� S� ' f dqg wkxv S�

��� S� frqyhujhv vwurqjo| lq U1 Lw uhpdlqv wr vkrz wkdwS�
��� S� ' @ � K1
Frqvlghu wkh vhtxhqfh ri sduwldo vxpv Er���/ zkhuh

r�� ' S� n S� n � � �n S�� '
��[

� ! "#
@�K!

' E@# n @$ n � � �n @%�EK# n K$ n � � �n K%�
n@#EK% $ n � � �n K&%� n @$EK% $ n � � �n K&%'$� n � � �n @%'$K% $
nK#E@% $ n � � �n @&%� n K$E@% $ n � � �n @&%'$� n � � �n K%'$@% $�

Qrwh wkdw
m@#EK% $ n � � �n K&%� n @$EK% $ n � � �n K&%'$� n � � �n @%'$K% $m� m@#mmK% $ n � � �n K&% mn m@$mmK% $ n � � �n K&%'$mn � � �n m@%'$mmK% $m� �EmK% $ n � � �n K&% mn mK% $ n � � �n K&%'$mn � � �n mK% $m��

Ohw " : f lq U eh jlyhq1 Vlqfh EK%� lv d qxoo vhtxhqfh/ wkhuh h{lvwv � 5 Q vxfk wkdwmK% m 	 _"*� iru doo ? � � 1 Khqfh/ iru doo ? � � dqg iru doo R 5 Q/ zh kdyh wkdw
mK() * n � � �n K()+ m � mK,- .mn � � �n mK,-+ m

	 _"
� n � � �n _"

� ' ER_� � "� ' ER?_� "
?�

	 "
?� c

zkhuh/ lq wkh odvw vwhs/ zh pdgh xvh ri wkh idfw wkdw _ lv lq�qlwho| vpdoo dqg R? lv dq
lqwhjhu/ vr wkdw R?_ 	 �1 Wkhuhiruh/ iru doo ? � � / zh kdyh wkdw

m@/EK,- . n � � �n K0,� n @.EK,- . n � � �n K0,1.� n � � �n @,1.K,- .m
	 �E "

?� n "
?� n � � �n "

?�� ~} �
2 wlphv

� ' "�
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Wkhuhiruh/
*�4��� E@�EK�� � n � � �n K��� n @�EK�� � n � � �n K����� n � � �n @���K�� �� ' f�

Vlploduo|/ zh fdq vkrz wkdw
*�4��� EK�E@�� � n � � �n @��� n K�E@�� � n � � �n @����� n � � �n K���@�� �� ' f�

Khqfh
*�4��� r�� ' *�4��� EE@� n @� n � � �n @��EK� n K� n � � �n K��� n

*�4��� E@�EK�� � n � � �n K��� n @�EK�� � n � � �n K����� n � � �n @���K�� �� n
*�4��� EK�E@�� � n � � �n @��� n K�E@�� � n � � �n @����� n � � �n K���@�� ��

' *�4��� EE@� n @� n � � �n @��EK� n K� n � � �n K��� �
Ohw E��� dqg E��� ghqrwh wkh vhtxhqfhv ri sduwldo vxpv ri S	

�
� @� dqg S	
�
� K� / uhvshf0

wlyho|1 Wkhq �� ' @� n @� n � � � n @� / *�4�
	 �� ' @> �� ' K� n K� n � � � n K� / dqg
*�4�
	 �� ' K1 Wkhuhiruh/

*�4�
	 r�� ' *�4�
	 E����� '
�
*�4��� ��

��
*�4��� ��

�
' @ � K�

Vlqfh S�
��� S� frqyhujhv vwurqjo|/ lw kdv rqh dqg rqo| rqh olplw1 Khqfh *�4��� r�� '

*�4��� r��� � ' @ � K ' *�4��� r� > vr
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S� ' @ � K '

# �
[

���
@�
$# �

[

� !
K�
$
�

�
Wkh iroorzlqj ohppd lv d frqvhtxhqfh ri wkh idfw wkdw wkh wrsrorj| lqgxfhg rq U e|

wkh rughu wrsrorj| lq U lv wkh glvfuhwh wrsrorj| lq U ^6`1
Ohppd 51< Ohw Er"� eh d vhtxhqfh lq U wkh phpehuv ri zklfk duh sxuho| uhdo1 Wkhq
Er#� frqyhujhv vwurqjo| li dqg rqo| li wkhuh h{lvwv � 5 Q vxfk wkdw r$ ' r% iru doo 6 � �1

Dv zh vhh/ wkh frqfhsw ri vwurqj frqyhujhqfh surylghv yhu| qlfh surshuwlhv/ dqg pruh0
ryhu vwurqj frqyhujhqfh fdq eh fkhfnhg hdvlo| e| yluwxh ri Wkhruhp 516 dqg Fruroodu| 5191
Krzhyhu/ iru vrph dssolfdwlrqv lw lv qrw vx!flhqw/ dqg lw lv dgydqwdjhrxv wr vwxg| d qhz
nlqg ri frqyhujhqfh1

515 Zhdn Frqyhujhqfh
Zh vwduw wklv vhfwlrq e| gh�qlqj d idplo| ri vhpl0qrupv rq U/ zklfk lqgxfhv rq U d
wrsrorj| zhdnhu wkdq wkh rughu wrsrorj| dqg fdoohg zhdn wrsrorj| ^6`1
Gh�qlwlrq 5143 Jlyhq o 5 T/ zh gh�qh d pdsslqj n � n& G U $ U dv iroorzv1

n%n& ' t�Tim%d^om G ^ � oj� +514,



Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5;<

Uhpdun 5144 Wkh vxsuhpxp lq Htxdwlrq +514, lv �qlwh dqg lw lv hyhq d pd{lpxp vlqfh/
iru dq| o/ rqo| �qlwho| pdq| ri wkh %d^o*v frqvlghuhg gr qrw ydqlvk1
Gh�qlwlrq 5145 D vhtxhqfh Er�� lq U lv vdlg wr eh zhdno| frqyhujhqw li dqg rqo| li
wkhuh h{lvwv r 5 U/ fdoohg wkh zhdn olplw ri wkh vhtxhqfh Er��/ vxfk wkdw wkh vhtxhqfh
Enr� � rn�� frqyhujhv wr f lq U iru doo o 5 T1

Rqh lpphgldwho| frqfoxghv wkdw li wkh zhdn olplw h{lvwv/ wkhq lw lv xqltxh1
D ghwdlohg vwxg| ri wkh surshuwlhv ri zhdn frqyhujhqfh lv irxqg lq ^6/ ;`1 Khuh zh zloo

jlyh rqo| wkh iroorzlqj wkuhh uhvxowv zklfk zloo suryh xvhixo iru vwxg|lqj frqyhujhqfh ri
srzhu vhulhv lq Vhfwlrq 61 Iru wkh surri ri Wkhruhp 5146/ zh uhihu wkh uhdghu wr ^6`1
Wkhruhp 5146 +Frqyhujhqfh Fulwhulrq iru Zhdn Frqyhujhqfh, Ohw wkh vhtxhqfh
Er�� frqyhujh zhdno| wr wkh olplw r1 Wkhq/ wkh vhtxhqfh Er� d^o� frqyhujhv wr rd^o lq U/ iru
doo ^ 5 T/ dqg wkh frqyhujhqfh lv xqlirup rq hyhu| vxevhw ri T erxqghg deryh1 Ohw rq
wkh rwkhu kdqg Er�� eh uhjxodu/ dqg ohw wkh vhtxhqfh Er� d^o� frqyhujh lq U wr rd^o iru doo
^ 5 T1 Wkhq Er�� frqyhujhv zhdno| lq U wr r1
Wkhruhp 5147 Ohw Er�� dqg E|�� eh wzr uhjxodu vhtxhqfhv lq U frqyhujlqj zhdno| wr r
dqg |/ uhvshfwlyho|1 Wkhq wkh vhtxhqfh Er�|�� frqyhujhv zhdno| wr r � |1
Surri1 Vlqfh Er�� dqg E|�� duh erwk uhjxodu/ vr lv Er�|��1 Wr vkrz wkdw Er�|�� frqyhujhv
zhdno| wr r � |/ lw uhpdlqv wr vkrz wkdw wkh vhtxhqfh EEr�|��d^o� frqyhujhv lq U wr Er � |�d^o
iru doo ^ 5 T/ xvlqj Wkhruhp 51461 Ohw � ' ^����vxssE@�� dqg � ' ^����vxssEK��1 Wkhq
�c� 5 I 1 Ohw ^ 5 T eh jlyhq1 Wkhq/ iru doo ?/ zh kdyh wkdw

Er	|	�d^o ' [


� � 
� � �
� � � � � �� � �

r� d^�o|� d^�o� +515,

Vlqfh � dqg � duh ohiw0�qlwh/ rqo| �qlwho| pdq| whupv frqwulexwh wr wkh vxp lq Htxdwlrq
+515,> dqg zh kdyh wkdw
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Erd^6o|d^7o� ' Er � |�d^o�
Wklv �qlvkhv wkh surri ri wkh wkhruhp1 �

Wkhruhp 5148 Li wkh vhulhv S8
9:; @9 dqg S8

9:; K9 duh uhjxodu/ S8
9:; @9 frqyhujhv de0

vroxwho| zhdno| wr @/ dqg S<
=>? K= frqyhujhv zhdno| wr K/ wkhq S<

=>? S= / zkhuh S= 'S=
@ >? @@K=A@ / frqyhujhv zhdno| wr @ � K1



5<3 Vkdpvhgglqh/ Ehu}

Surri1 Ohw E���/ E���/ dqg E��� eh wkh vhtxhqfhv ri sduwldo vxpv riS�
��� @� /S�

��� K� / dqgS�
��� S� / uhvshfwlyho|1 Wkhq E��� dqg E��� duh erwk uhjxodu/ E��� frqyhujhv devroxwho|

zhdno| wr @ dqg E��� frqyhujhv zhdno| wr K1 Vlqfh E��� dqg E��� duh erwk uhjxodu/ vr lv
E���1 Lw uhpdlqv wr vkrz wkdw E�� d^o� frqyhujhv lq U wr E@ � K�d^o iru doo ^ 5 T1

Vlqfh E��� frqyhujhv devroxwho| zhdno| wr @/ E�� d|o� frqyhujhv devroxwho| lq U wr @d|o
iru doo | 5 T1 Vlploduo|/ E�� d|o� frqyhujhv lq U wr Kd|o iru doo | 5 T1 Ohw � ' ^����vxssE@��
dqg � ' ^����vxssEK��/ dqg ohw ^ 5 T eh jlyhq1 Wkhq
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Vlqfh S�
��� @� d^�o frqyhujhv devroxwho| wr @d^�o dqg vlqfh S�

��� K� d^�o frqyhujhv wr Kd^�o/
zh kdyh wkdw *�4���

�S�
���

�S�
��� @� d^�oK��� d^�o

��
h{lvwv lq U dqg lv htxdo wr @d^�oKd^�o1

Vlqfh wkh vxp ryhu wkh ^*v lv �qlwh ehfdxvh ri ohiw0�qlwhqhvv ri � dqg �/ zh kdyh dovr wkdw
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Khqfh *�4��� �� d^o h{lvwv lq U dqg zh kdyh wkdw
*�4��� �� d^o ' [
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 �� � �
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@d^�oKd^�o ' E@ � K�d^o�
Vlqfh E��� lv uhjxodu dqg vlqfh *�4��� �� d^o ' E@ � K�d^o iru doo ^ 5 T/ E��� frqyhujhv
zhdno| lq U wr @ � K1 Wkhuhiruh/ S�

��� S� frqyhujhv zhdno| wr @ � K/ dqg zh fdq zulwh
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S� ' @ � K '
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Ilqdoo|/ lw lv vkrzq ^6` wkdwU lv qrw Fdxfk| frpsohwh zlwk uhvshfw wr wkh zhdn wrsrorj|

dqg wkdw vwurqj frqyhujhqfh lpsolhv zhdn frqyhujhqfh wr wkh vdph olplw1



Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5<4

6 Srzhu Vhulhv
Zh qrz glvfxvv d yhu| lpsruwdqw fodvv ri vhtxhqfhv/ qdpho|/ wkh srzhu vhulhv1 Zh �uvw
vwxg| jhqhudo fulwhuld iru srzhu vhulhv wr frqyhujh vwurqjo| ru zhdno|1 Rqfh wkhlu frq0
yhujhqfh surshuwlhv duh hvwdeolvkhg/ wkh| zloo doorz wkh h{whqvlrq ri pdq| lpsruwdqw uhdo
ixqfwlrqv/ dqg wkh| zloo dovr surylgh wkh nh| iru dq h{kdxvwlyh vwxg| ri gl�huhqwldelolw| ri
doo ixqfwlrqv wkdw fdq eh uhsuhvhqwhg rq d frpsxwhu +vhh ^<`,1 Dovr edvhg rq rxu nqrzohgjh
ri wkh frqyhujhqfh surshuwlhv ri srzhu vhulhv/ zh duh deoh wr vwxg| ^43` d odujh fodvv ri
ixqfwlrqv rq U wkdw kdyh doo wkh qlfh vprrwkqhvv surshuwlhv wkdw uhdo srzhu vhulhv kdyh
lq U1 Zh ehjlq rxu glvfxvvlrq ri srzhu vhulhv zlwk dq revhuydwlrq ^6`1
Ohppd 614 Ohw � � T eh ohiw0�qlwh1 Gh�qh

�� ' i^� n ���n ^� G ? 5 Qc dqg ^�c ���c ^� 5�j(
wkhq �� lv ohiw0�qlwh li dqg rqo| li 4�?E�� � f1
Fruroodu| 615 Wkh vhtxhqfh E%�� lv uhjxodu li dqg rqo| li bE%� � f1

Ohw E@�� eh d vhtxhqfh lq U1 Wkhq wkh vhtxhqfhv E@�%�� dqg ES�
� �� @�%� � duh uhjxodu

li E@�� lv uhjxodu dqg bE%� � f1

614 Frqyhujhqfh Fulwhuld
Wkhruhp 616 +Vwurqj Frqyhujhqfh Fulwhulrq iru Srzhu Vhulhv, Ohw E@�� eh d vh0
txhqfh lq U/ dqg ohw

b� ' � *�4 �?u�	


�bE@��
?

�
' *�4 t�T

�
�

��bE@��
?

�
lq U ^ i�4c4j�

Ohw %� 5 U eh �{hg dqg ohw % 5 U eh jlyhq1 Wkhq wkh srzhu vhulhv S�
��� @�E% � %���

frqyhujhv vwurqjo| lq U li bE%� %�� : b� dqg lv vwurqjo| glyhujhqw li bE%� %�� 	 b� ru
li bE%� %�� ' b� dqg �bE@��*? : b� iru lq�qlwho| pdq| ?1
Surri1 Iluvw dvvxph wkdw bE%�%�� : b�1 Wr vkrz wkdwS�

��� @�E%�%��� frqyhujhv vwurqjo|
lq U/ lw vx!fhv/ xvlqj Fruroodu| 519/ wr vkrz wkdw wkh vhtxhqfh E@�E% � %���� lv d qxoo
vhtxhqfh zlwk uhvshfw wr wkh rughu wrsrorj|1 Vlqfh bE%�%�� : b�/ wkhuh h{lvwv | : f lq T
vxfk wkdw bE%�%���| : b�1 Khqfh wkhuh h{lvwv � 5 Q vxfk wkdw bE%�%���| : �bE@��*?
iru doo ? � � 1 Wkxv/ bE@�E% � %���� ' bE@�� n ?bE% � %�� : ?| iru doo ? � � 1 Vlqfh
| : f/ zh rewdlq wkdw E@�E%� %���� lv d qxoo vhtxhqfh zlwk uhvshfw wr wkh rughu wrsrorj|1

Qrz dvvxph wkdw bE%�%�� 	 b�1 Wr vkrz wkdwS�
��� @�E%�%��� lv vwurqjo| glyhujhqw

lq U/ lw vx!fhv wr vkrz wkdw wkh vhtxhqfh E@�E% � %���� lv qrw d qxoo vhtxhqfh zlwk
uhvshfw wr wkh rughu wrsrorj|1 Vlqfh bE% � %�� 	 b�/ iru doo � 5 Q wkhuh h{lvwv ? : �
vxfk wkdw bE% � %�� 	 �bE@��*?1 Khqfh/ iru doo � 5 Q/ wkhuh h{lvwv ? : � vxfk wkdw
bE@�E%� %���� 	 f/ zklfk hqwdlov wkdw wkh vhtxhqfh E@�E%� %���� lv qrw d qxoo vhtxhqfh
zlwk uhvshfw wr wkh rughu wrsrorj|1

Ilqdoo|/ dvvxph wkdw bE%� %�� ' b� dqg �bE@��*? : b� iru lq�qlwho| pdq| ?1 Wkhq
iru doo � 5 Q/ wkhuh h{lvwv ? : � vxfk wkdw �bE@��*? : b� ' bE% � %��1 Wkxv/
iru hdfk � 5 Q/ wkhuh h{lvwv ? : � vxfk wkdw bE@�E% � %���� 	 f1 Wkhuhiruh/ wkh
vhtxhqfh E@�E% � %���� lv qrw d qxoo vhtxhqfh zlwk uhvshfw wr wkh rughu wrsrorj|> dqg
khqfh S�

��� @�E%� %��� lv vwurqjo| glyhujhqw lq U1 �



5<5 Vkdpvhgglqh/ Ehu}

Wkh iroorzlqj wzr h{dpsohv vkrz wkdw iru wkh fdvh zkhq bE%�%�� ' b� dqg�bE@��*? �
b� iru rqo| �qlwho| pdq| ?/ wkh vhulhv S�

��� @�E% � %��� fdq hlwkhu frqyhujh ru glyhujh
vwurqjo|1 Iru wklv fdvh/ Wkhruhp 61: surylghv d whvw iru zhdn frqyhujhqfh1
H{dpsoh 617 Iru hdfk ? � f/ ohw @� ' _> dqg ohw %� ' f dqg % ' �1 Wkhq b� '
*�4 t�T��� E��*?� ' f ' bE%�1 Pruhryhu/ zh kdyh wkdw �bE@��*? ' ��*? 	 b� iru doo
? � f> dqg S�

��� @�%� ' S�
��� _ lv vwurqjo| glyhujhqw lq U1

H{dpsoh 618 Iru hdfk ?/ ohw ^� 5 T eh vxfk wkdw s?*2 	 ^	 	 s?/ ohw @	 ' _
� > dqg ohw
%� ' f dqg % ' �1 Wkhq b� ' *�4 t�T
�� E�^
*?� ' f ' bE%�1 Pruhryhu/ zh kdyh wkdw�bE@
�*? ' �^
*? 	 f ' b� iru doo ? � f> dqgS�


�� @
%
 ' S�

�� _�� frqyhujhv vwurqjo|

lq U vlqfh wkh vhtxhqfh E_�� � lv d qxoo vhtxhqfh zlwk uhvshfw wr wkh rughu wrsrorj|1
Uhpdun 619 Ohw %� dqg b� eh dv lq Wkhruhp 616/ dqg ohw % 5 U eh vxfk wkdw bE%�%�� '
b�1 Wkhq b� 5 T ^ i4j1 Exw li b� '4/ wkhq % ' %� dqg khqfh S�


�� @
E%� %��
 ' f1
Vr lw uhpdlqv wr glvfxvv wkh fdvh zkhq bE%� %�� ' b� 5 T1
Wkhruhp 61: +Zhdn Frqyhujhqfh Fulwhulrq iru Srzhu Vhulhv, Ohw E@
� eh d vh0
txhqfh lqU/ dqg ohw b� ' *�4 t�T
�� E�bE@
�*?� 5 T1 Ohw %� 5 U eh �{hg/ dqg ohw % 5 U
eh vxfk wkdw bE%� %�� ' b�1 Iru hdfk ? � f/ ohw K� ' @�_��� 1 Vxssrvh wkdw wkh vhtxhqfh
EK�� lv uhjxodu dqg zulwh ^�

���vxssEK�� ' i^�c ^�c � � � j> zlwk ^� � 	 ^�� li �� 	 � 1 Iru hdfk ?/
zulwh K! ' S"#$ � K!%_&% / zkhuh K'% ' K' d^( o1 Ohw o ' �* t�T�*�4 t�T)*+ mK), m-./ G � � ��1
Wkhq S0123 @1E%�%3�1 frqyhujhv devroxwho| zhdno| lq U li mE%�%3�db3om 	 o dqg lv zhdno|
glyhujhqw lq U li mE%� %3�db3om : o1
Surri1 Ohwwlqj + ' _456E%� %3�/ zh rewdlq wkdw

bE+� ' f ' *�4 t�T170

��bEK1�
?

�
c dqg @1E%� %3�1 ' K1+1 iru doo ? � f�

Vr zlwkrxw orvv ri jhqhudolw|/ zh pd| dvvxph wkdw %3 ' f( b3 ' f ' bE%�> dqg K1 ' @1
iru doo ? � f1 Ohw f ' ?E%�> wkhq f 9' f1 Iluvw dvvxph wkdw mfm 	 o1

Iluvw Fodlp= Iru doo � � �/ zh kdyh wkdw S89:; @9<f9 frqyhujhv lq U1
Surri ri wkh �uvw fodlp= Vlqfh mfm 	 o/ zh kdyh wkdw

�mfm : t�T
�
*�4 t�T=>? m@=@ mAB= G � � �

�
(

dqg khqfh mfm 	 �* *�4 t�TCDE m@CF mGHC iru doo � � �1 Khqfh SE
CIJ @CFfC frqyhujhv lq U

iru doo � � �1
Vhfrqg fodlp= Iru doo � � �/ SE

CIJ @CF%C frqyhujhv zhdno| lq U1
Surri ri wkh vhfrqg fodlp= Ohw � � � eh jlyhq1 Iru hdfk ?/ ohw �CF E%� ' SCKIJ @KF%K1 Vr
zh qhhg wr vkrz wkdw wkh vhtxhqfh E�CF E%��CLM lv zhdno| frqyhujhqw1 Xvlqj Fruroodu|
615/ wkh vhtxhqfh lv uhjxodu vlqfh bE%� � f dqg vlqfh wkh vhtxhqfh E@NO � lv sxuho| uhdo dqg
khqfh uhjxodu1 Wkxv/ lw vx!fhv wr vkrz wkdw wkh vhtxhqfh E�PO E%�d|o� frqyhujhv lq U iru
doo | 5 T1 Ohw r ' %�f1 Li r ' f/ wkhq zh duh grqh1 Vr zh pd| dvvxph wkdw r 9' f1 Ohw
| 5 T eh jlyhq> dqg fkrrvh 6 5 Q vxfk wkdw 6bEr� : |1 Wkhq Ef n r�P hydoxdwhg dw |
|lhogv=
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Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5<6

Iru wkh odvw htxdolw|/ zh xvhg wkh idfw wkdw r� ydqlvkhv dw | iru , : 61 Vr zh jhw wkh
iroorzlqj fkdlq ri lqhtxdolwlhv iru dq| D� : D� : 6=
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�� ��r�d|o�� ?-

E?� ,�-,- mfm���

�
# �[

���

��r�d|o�� mfm���

,-
$# 
�[

��


��@�	

��?� mfm���
$
�

Qrwh wkdw wkh uljkw vxp frqwdlqv rqo| uhdo whupv1 Dv mfm 	 o/ wkh vhulhv frqyhujhv> wkh
dgglwlrqdo idfwru ?� grhv qrw lq xhqfh frqyhujhqfh vlqfh *�4��� �

s?� ' �1 Dv wkh ohiw
kdqg whup grhv qrw ghshqg rq D� dqg D�/ zh wkhuhiruh rewdlq devroxwh frqyhujhqfh dw |1
Wklv �qlvkhv wkh surri ri wkh vhfrqg fodlp1

Wklug fodlp= S�
�� @�%� frqyhujhv zhdno| lq U1

Surri ri wkh wklug fodlp= E| wkh uhvxow ri wkh vhfrqg fodlp/ zh kdyh wkdw S�
�� @�!%�

frqyhujhv zhdno| lqU iru doo � � �1 Iru hdfk �/ ohw s" E%� ' S#$%& @$'%$ > wkhq b Es" E%�� � f
iru doo � � �1 Wkxv S#"% ( _)' s" E%� frqyhujhv vwurqjo| +dqg khqfh zhdno|, lq U1 Qrz ohw
| 5 T eh jlyhq1 Wkhq wkhuh h{lvwv 6 5 Q vxfk wkdw ^" : | iru doo � � 61 Wkxv/

# #[
" % (

_)'s" E%�
$
d|o '

#[
" % (

E_)' s" E%�� d|o '
#[
" % (

#
[

* +,*-.* _/0 d|1os2 E%�d|3o
$

'
4[

2 . 1

#
[

* +,*-.* _/0 d|1os2 E%�d|3o
$

'
4[

2 . 1

[
* +,*-.* _/0 d|1o

# 5
[

6.7 @60%
6
$
d|3o

'
4[

2 . 1

[
* +,*-.* _/0 d|1o

5
[

6.7 @60%
6 d|3o '

5
[

6.7

4[
2 . 1

@60

#
[

* +,*-.* _/0 d|1o%6 d|3o
$

'
5
[

6.7

5
[
2 . 1

@60

#
[

* +,*-.* _/0 d|1o%6 d|3o
$

'
5
[

6.7

5
[
2 . 1

@60 E_/0%6� d|o

'
# 5
[

6.7

5
[
2 . 1

@60_/0%6
$
d|o '

# 5
[

6.7

# 5
[
2 . 1

@60_/0
$
%6

$
d|o '

# 5
[

6.7 @6%6
$
d|o�

Wklv lv wuxh iru doo | 5 T1 Wkxv/ S5
6.7 @6%6 frqyhujhv zhdno| wr S5

2. 1 _/0s2 E%�1
Qrz dvvxph wkdw mfm : o1 Wkhq �*mfm 	 t�T�*�4 t�T685 m@60 m196 G � � ��1 Khqfh

wkhuh h{lvwv �7 5 Q vxfk wkdw �*mfm 	 *�4 t�T685 m@60: m196 1 Wkxv/ mfm : �* *�4 t�T685 m@60: m196 >dqg khqfh S5
6.7 @60:f

6 glyhujhv lq U1 Lw iroorzv wkdw ES5
6.7 @6%6� d^2: o glyhujhv lq U> dqg

khqfh S5
6.7 @6%6 lv zhdno| glyhujhqw lq U1 �

Wkh iroorzlqj wzr h{dpsohv vkrz wkdw zkhq wkh vhtxhqfh EK6� lq Wkhruhp 61: lv qrw
uhjxodu/ wkh srzhu vhulhv pd| frqyhujh ru glyhujh zhdno| iru d jlyhq % 5 U vdwlvi|lqj

f 	 mE%� %7�db7om 	 o ' �
t�T i*�4 t�T685 mK6 d^om196 G ^ 5 Tj �



5<7 Vkdpvhgglqh/ Ehu}

H{dpsoh 61; Iru hdfk ? � f/ ohw @� ' _�� ��� ��> wkhq

b� ' *�4 t�T	
�

��bE@	�
?

�
' fc

K	 ' @	_	�
 ' _�� �	� �� iru doo ? � fc dqg
o ' �

t�T i*�4 t�T	
� mK	 d^om��	 G ^ 5 Tj '4�

Zh qrz vkrz wkdw hyhq wkrxjk o ' 4/ wkh srzhu vhulhv S�
	�� @	%	 lv zhdno| glyhujhqw

iru doo uhdo srlqwv % 9' f1 Vr ohw % 9' f eh jlyhq lq U1 Dvvxph wkdw S�
	�� @	%	 frqyhujhv

zhdno| lq U dqg ohw r ghqrwh wkh zhdn olplw1 Wkhq e| Wkhruhp 5146/ zh kdyh wkdw

rd^o '
�[

	��
E@	%	� d^o iru doo ^ 5 T�

Vlqfh % 5 U/ zh rewdlq wkdw

rd^o '
�[

	��
@	 d^o%	 iru doo ^ 5 T�

Lq sduwlfxodu/ zh rewdlq wkdw

rd�*E6n ��o '
�[

	��
_�� �	� ��d�*E6n ��o%	 ' %� 9' f iru doo 6 5 Q�

Wklv phdqv wkdw �*E6n�� 5 vxssEr� iru doo 6 5 Q/ zklfk frqwudglfwv wkh idfw wkdw r 5 U
dqg wkdw vxssEr� lv ohiw0�qlwh1 Wkxv S�

	�� @	%	 lv zhdno| glyhujhqw1
H{dpsoh 61< Iru hdfk & 5 Q/ ohw

@���� ' �@�� ' �
2& � �_

�� �������

Wkhq

b� ' *�4 t�T	
�

��bE@	�
?

�
' fc

K	 ' @	_	�
 ' @	 iru doo ? � fc dqg
o ' �

t�T i*�4 t�T	
� mK	 d^om��	 G ^ 5 Tj '4�

Khqfh wkh vhtxhqfh EK	� lv qrw uhjxodu vlqfh �*E2&� �� 5 ^�
	�� vxssEK	� iru doo & 5 Q1 Zh

zloo vkrz wkdw S�
	�� @	%	 frqyhujhv zhdno| wr f lq U iru % ' �1

Wr vkrz wkdw S�
	�� @	 frqyhujhv zhdno| wr f/ ohw " : f eh jlyhq lq U dqg ohw � 5 Q

eh vxfk wkdw

� : 4@ 
�
"c �"

�
�



Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5<8

Wkhq iru doo 6 � � / zh kdyh wkdw

n
�[
���

@�n��� � �
6 � �

� 	 "�

Wkxv/ S�
�	
 @� frqyhujhv zhdno| wr f lq U1 Rq wkh rwkhu kdqg/ lw lv hdv| wr fkhfn +xvlqj

d vlplodu dujxphqw dv wkdw lq H{dpsoh 61;, wkdw S�
�	
 @�%� lv zhdno| glyhujhqw lq U iru

doo % 5 U q ifc �j1
Fruroodu| 6143 +Srzhu Vhulhv zlwk Sxuho| Uhdo Frh!flhqwv, Ohw S�

�
� @�f� eh
d srzhu vhulhv zlwk sxuho| uhdo frh!flhqwv dqg zlwk fodvvlfdo udglxv ri frqyhujhqfh htxdo
wr #1 Ohw % 5 U/ dqg ohw ��E%� ' S���� @�%� 5 U1 Wkhq/ iru m%m 	 # dqg m%m 9� #c wkh
vhtxhqfh E��E%�� frqyhujhv devroxwho| zhdno|1 Zh gh�qh wkh olplw wr eh wkh frqwlqxdwlrq
ri wkh srzhu vhulhv rq U1

Xvlqj Fruroodu| 6143/ zh fdq qrz h{whqg uhdo ixqfwlrqv uhsuhvhqwdeoh e| srzhu vhulhv
wr wkh Ohyl0Flylwd �hog U1
Gh�qlwlrq 6144 +Wkh Ixqfwlrqv H{s/ Frv/ Vlq/ Frvk/ dqg Vlqk, E| Fruroodu| 6143/
wkh vhulhv

�[
���

%�
?- c

�[
���

E���� %��

E2?�- c
�[
���

E���� %��� �

E2?n ��- c
�[
���

%��

E2?�- c dqg
�[
���

%��� �

E2?n ��-

frqyhujh devroxwho| zhdno| lq U iru dq| % 5 U/ dw prvw �qlwh lq devroxwh ydoxh1 Iru dq|
vxfk %/ gh�qh

i TE%� '
�[
���

%�

?- (

ULtE%� '
�[
 !"

E��� %# 

E2?�- (

t�?E%� '
�[
 !"

E��� %# $ %

E2?n ��-(

ULt�E%� '
&[
'()

%*'

E2?�- (

t�?�E%� '
&[
'()

%*'+ ,

E2?n ��- �

D ghwdlohg vwxg| ri wkh wudqvfhqghqwdo ixqfwlrqv lqwurgxfhg rq U lq Gh�qlwlrq 6144
fdq eh irxqg lq ^;`1 Lq sduwlfxodu/ xvlqj Wkhruhp 5148 dqg Gh�qlwlrq 6144/ zh vkrz wkdw
dgglwlrq wkhruhpv vlplodu wr wkh uhdo rqhv krog iru wkhvh ixqfwlrqv1



5<9 Vkdpvhgglqh/ Ehu}

Wkhruhp 6145 +Dgglwlrq Wkhruhp, Ohw %�c %� 5 U eh dw prvw �qlwh lq devroxwh ydoxh1
Wkhq

i TE%� n %�� ' i TE%�� i TE%��c +614,
ULtE%� 	 %�� ' ULtE%�� ULtE%��
 t�?E%�� t�?E%��c +615,
t�?E%� 	 %�� ' t�?E%�� ULtE%��	 ULtE%�� t�?E%��c +616,

ULt�E%� 	 %�� ' ULt�E%�� ULt�E%��	 t�?�E%�� t�?�E%��c dqg +617,
t�?�E%� 	 %�� ' t�?�E%�� ULt�E%��	 ULt�E%�� t�?�E%��� +618,

Surri1 Zh zloo suryh wkdw Htxdwlrq +614, lv wuxh> wkh uhvw iroorzv vlploduo|1 Xvlqj Gh�ql0
wlrq 6144/ zh kdyh wkdw

i TE%�� '
�[

��	

%�
�

?- dqg i TE%�� '
�[

��	

%�
�

?- c

zkhuh wkh vhulhv duh erwk uhjxodu e| Fruroodu| 615/ dqg wkh| erwk frqyhujh devroxwho|
zhdno| lq U1 Wkxv/ dsso|lqj Wkhruhp 5148/ zh rewdlq wkdw S�

��	 S� frqyhujhv zhdno| lqU dqg
# �[

��	

%�
�

?-
$# �[

��	

%�
�

?-
$

'
�[

��	
S� c

zkhuh/ iru doo ? � f/

S� '
�[


 �	

%

�

�-
%�� �
 

�

E?� ��- �

Khqfh/

i TE%�� i TE%�� '
# �[

��	

%�
�

?-
$# �[

��	

%�
�

?-
$

'
�[

��	

# �[

 �	

%

�

�-
%�� �
 

�

E?� ��-
$

'
�[

��	

�
?-

# �[

 �	
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��	
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615 Fdofxoxv
Lw wxuqv rxw wkdw srzhu vhulhv rq U ehkdyh vlploduo| wr uhdo srzhu vhulhv1 Lw lv vkrzq ^43`
wkdw zlwklq wkhlu udglxv ri frqyhujhqfh/ srzhu vhulhv duh lq�qlwho| riwhq gl�huhqwldeoh dqg
wkh ghulydwlyhv wr dq| rughu duh rewdlqhg e| gl�huhqwldwlqj wkh srzhu vhulhv whup e| whup1
Dovr/ srzhu vhulhv fdq eh uh0h{sdqghg durxqg dq| srlqw lq wkhlu grpdlq ri frqyhujhqfh
dqg wkh udglxv ri frqyhujhqfh ri wkh qhz vhulhv lv htxdo wr wkh gl�huhqfh ehwzhhq wkh
udglxv ri frqyhujhqfh ri wkh ruljlqdo vhulhv dqg wkh glvwdqfh ehwzhhq wkh ruljlqdo dqg
qhz fhqwhuv ri wkh vhulhv1 Ixuwkhupruh/ lw lv vkrzq ^43` wkdw srzhu vhulhv vdwlvi| doo wkh
frpprq wkhruhpv ri uhdo fdofxoxv rq d forvhg lqwhuydo ri U/ olnh wkh lqwhuphgldwh ydoxh
wkhruhp/ wkh pd{lpxp wkhruhp dqg wkh phdq ydoxh wkhruhp1 Iru odfn ri vsdfh/ zh zloo
rqo| vwdwh wkh uhvxowv khuh dqg uhihu wkh uhdghu wr ^43` iru wkh surriv1



Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5<:

61514 Gl�huhqwldelolw| dqg Uh0h{sdqgdelolw|
Wkhruhp 6146 Ohw %� 5 U eh jlyhq/ ohw E@�� eh d vhtxhqfh lq U/ ohw

b� ' *�4 t�T���

��b E@��
?

� 5 T(

dqg iru doo ? � f ohw K� ' _���@� 1 Vxssrvh wkdw wkh vhtxhqfh EK�� lv uhjxodu> dqg zulwh^����vxssEK�� ' i^�c ^�c � � � j zlwk ^	 
 	 ^	� li �� 	 ��1 Iru doo ? � f/ zulwh K� ' S�
	� � K��_
�

zkhuh K�� ' K� d^	 o> dqg ohw

# ' �
t�T�*�4 t�T��� mK�� m��� G � � �� lq U ^ i4jc +619,

zkhuh # ' 4 li dqg rqo| li t�T�*�4 t�T��� mK�� m��� G � � �� ' f1 Wkhq/ iru doo j 5 U
vdwlvi|lqj f 	 j 	 #/ wkh ixqfwlrq s G �%� � j_�� c %� n j_��

� $ U/ jlyhq e| s E%� 'S���� @�E%� %��� / lv lq�qlwho| riwhq gl�huhqwldeoh rq wkh lqwhuydo �%� � j_�� c %� n j_��
�/

dqg wkh ghulydwlyhv duh jlyhq e| s ��� E%� ' }� E%� ' S���� ? E?��� � � � E?�&n�� @� E%�% ��!�
iru doo % 5 �% � j_"# c % n j_"#

� dqg iru doo & � �1 Lq sduwlfxodu/ zh kdyh wkdw @� '
s $�% E% � *&- iru doo & ' fc �c 2c � � � > dqg khqfh iru doo % 5 �% � j_"# c % n j_"#

�/ zh kdyh
wkdw

s E%� '
�[

�� 
s $� % E% �

?- E%� % �� �

Wkhruhp 6147 +Uh0h{sdqvlrq ri Srzhu Vhulhv, Ohw % 5 U eh jlyhq/ ohw E@�� eh d
uhjxodu vhtxhqfh lqU/ zlwk b ' *�4 t�T�&� i�b E@�� *?j ' f> dqg ohw # 5 U eh wkh udglxv
ri zhdn frqyhujhqfh ri s E%� ' S��� @� E%� % �� / jlyhq e| Htxdwlrq +619,1 Ohw +' 5 U eh
vxfk wkdw m? E+' � %'�m 	 #1 Wkhq/ iru doo % 5 U vdwlvi|lqj m? E%� +'�m 	 #�m? E+' � %'�m/
zh kdyh wkdw S()*' s +) , E+'� * E&-� E%� +'�) frqyhujhv zhdno| wr sE%�> l1h1

([
)*'

s +) , E+'�
&- E%� +'�) ' s E%� '

([
-*'

@- E%� %'�- �

Pruhryhu/ wkh udglxv ri zhdn frqyhujhqfh ri S./01 s 2/ 3 E+1� * E&-� E%� +1�/ lv h{dfwo| # �m? E+1 � %1�m1
61515 H{sdqgdeoh Ixqfwlrqv
Lq wklv vhfwlrq/ zh lqwurgxfh d fodvv ri ixqfwlrqv rq U wkdw duh jlyhq orfdoo| e| srzhu
vhulhv dqg iru zklfk doo wkh frpprq wkhruhpv ri uhdo fdofxoxv krog1
Gh�qlwlrq 6148 Ohw @c K 5 U eh vxfk wkdw f 	 K � @ � �/ ohw s G d@c Ko $ U dqg ohw
%4 5 d@c Ko1 Wkhq zh vd| wkdw s lv h{sdqgdeoh dw %5 li dqg rqo| li wkhuh h{lvwv B : f/
�qlwh lq U/ dqg wkhuh h{lvwv d uhjxodu vhtxhqfh E@6 E%7�� lq U vxfk wkdw/ xqghu zhdn
frqyhujhqfh/ s E%� ' S89:; @< E%;� E%� %=�> iru doo % 5 E%= � Bc %= n B� _ d@c Ko1
Gh�qlwlrq 6149 Ohw @c K 5 U eh vxfk wkdw f 	 K� @ � � dqg ohw s G d@c Ko $ U1 Wkhq
zh vd| wkdw s lv h{sdqgdeoh rq d@c Ko li dqg rqo| li s lv h{sdqgdeoh dw hdfk % 5 d@c Ko1



5<; Vkdpvhgglqh/ Ehu}

Gh�qlwlrq 614: Ohw @ 	 K lq U eh vxfk wkdw | ' bEK � @� 9' f dqg ohw s G d@c Ko $ U1
Wkhq zh vd| wkdw s lv h{sdqgdeoh rq d@c Ko li dqg rqo| li wkh ixqfwlrq } G d_�

�@c _��Ko$ U/
jlyhq e| }E%� ' sE_�%�/ lv h{sdqgdeoh rq d_��@c _��Ko1

Ohppd 614; Ohw @ 	 K eh jlyhq lq U/ ohw sc } G d@c Ko$ U eh h{sdqgdeoh rq d@c Ko dqg ohw
k 5 U eh jlyhq1 Wkhq s n k} dqg s � } duh h{sdqgdeoh rq d@c Ko1

Wkhruhp 614< Ohw @ 	 K dqg S 	 e lq U eh jlyhq1 Ohw s G d@c Ko $ U eh h{sdqgdeoh rq
d@c Ko/ ohw } G dSc eo $ U eh h{sdqgdeoh rq dSc eo/ dqg ohw s Ed@c Ko� � dSc eo1 Wkhq } � s lv
h{sdqgdeoh rq d@c Ko1

Wkhruhp 6153 +Lqwhuphgldwh Ydoxh Wkhruhp, Ohw @ 	 K lq U eh jlyhq dqg ohw s G
d@c Ko $ U eh h{sdqgdeoh rq d@c Ko1 Wkhq s dvvxphv rq d@c Ko hyhu| lqwhuphgldwh ydoxh
ehwzhhq s E@� dqg s EK�1

Xvlqj Wkhruhp 6146/ zh uhdglo| rewdlq wkh iroorzlqj uhvxow1

Wkhruhp 6154 Ohw @ 	 K lq U eh jlyhq/ dqg ohw s G d@c Ko $ U eh h{sdqgdeoh rq d@c Ko1
Wkhq s lv lq�qlwho| riwhq gl�huhqwldeoh rq d@c Ko/ dqg iru dq| srvlwlyh lqwhjhu 6/ zh kdyh
wkdw s �� � lv h{sdqgdeoh rq d@c Ko1 Pruhryhu/ li s lv jlyhq orfdoo| durxqg %� 5 d@c Ko e| s E%� 'S�

�	� @� E%�� E%� %��� / wkhq s 
� � lv jlyhq e| s 
� � E%� ' S�
�	� ? E?� �� � � � E?�6 n�� @
 E%�� E%� %��


Lq sduwlfxodu/ zh kdyh wkdw @� E%�� ' s �� � E%�� *6- iru doo 6 ' fc �c 2c � � � 1

Wkhruhp 6155 Ohw @ 	 K lq U eh jlyhq dqg ohw s G d@c Ko $ U eh h{sdqgdeoh rq d@c Ko1
Wkhq s dvvxphv d pd{lpxp dqg d plqlpxp rq d@c Ko1

Fruroodu| 6156 Ohw @ 	 K lq U eh jlyhq dqg ohw s G d@c Ko $ U eh h{sdqgdeoh rq d@c Ko1
Wkhq wkhuh h{lvw 6c� 5 U vxfk wkdw s Ed@c Ko� ' d6c� o1

Wkhruhp 6157 +Urooh*v Wkhruhp, Ohw @ 	 K lq U eh jlyhq dqg ohw s G d@c Ko $ U eh
h{sdqgdeoh1 Vxssrvh s E@� ' s EK�1 Wkhq wkhuh h{lvwv S 5 E@c K� vxfk wkdw s � ES� ' f1

Wkhruhp 6158 +Phdq Ydoxh Wkhruhp, Ohw @ 	 K lq U eh jlyhq dqg ohw s G d@c Ko$ U
eh h{sdqgdeoh rq d@c Ko1 Wkhq wkhuh h{lvwv S 5 E@c K� vxfk wkdw

s � ES� ' s EK�� s E@�
K� @ �

Fruroodu| 6159 Ohw @ 	 K lq U eh jlyhq/ dqg ohw s G d@c Ko $ U eh h{sdqgdeoh rq d@c Ko1
Wkhq wkh iroorzlqj duh wuxh1

+l, Li s � E%� 9' f iru doo % 5 E@c K� wkhq hlwkhu s � E%� : f iru doo % 5 E@c K� dqg s lv vwulfwo|
lqfuhdvlqj rq d@c Ko/ ru s � E%� 	 f iru doo % 5 E@c K� dqg s lv vwulfwo| ghfuhdvlqj rq
d@c Ko1

+ll, Li s � E%� ' f iru doo % 5 E@c K�/ wkhq s lv frqvwdqw rq d@c Ko1



Frqyhujhqfh rq wkh Ohyl0Flylwd Ilhog dqg Vwxg| ri Srzhu Vhulhv 5<<

Uhihuhqfhv
^4` P1 Ehu}1 Dqdo|wlfdo dqg Frpsxwdwlrqdo Phwkrgv iru wkh Ohyl0Flylwd Ilhogv1 Lq wkhvh

surfhhglqjv1
^5` P1 Ehu}1 Dqdo|vlv rq d qrqdufklphghdq h{whqvlrq ri wkh uhdo qxpehuv1 Ohfwxuh Qrwhv/

4<<5 dqg 4<<8 Pdwkhpdwlfv Vxpphu Judgxdwh Vfkrrov ri wkh Jhupdq Qdwlrqdo Phulw
Irxqgdwlrq1 PVXFO0<66/ Ghsduwphqw ri Sk|vlfv/ Plfkljdq Vwdwh Xqlyhuvlw|/ 4<<71

^6` P1 Ehu}1 Fdofxoxv dqg qxphulfv rq Ohyl0Flylwd �hogv1 Lq P1 Ehu}/ F1 Elvfkri/
J1 Fruolvv/ dqg D1 Julhzdqn/ hglwruv/ Frpsxwdwlrqdo Gl�huhqwldwlrq= Whfkqltxhv/
Dssolfdwlrqv/ dqg Wrrov/ sdjhv 4<�68/ Sklodghoskld/ 4<<91 VLDP1

^7` G1 Odxjzlw}1 Wxoolr Ohyl0Flylwd*v zrun rq qrqdufklphghdq vwuxfwxuhv +zlwk dq Ds0
shqgl{= Surshuwlhv ri Ohyl0Flylwd �hogv,1 Lq Dwwl Ghl Frqyhjql Olqfhl ;= Frq0
yhjqr Lqwhuqd}lrqdoh Fhoheudwlyr Gho Fhqwhqdulr Ghood Qdvflwd Gh Wxoolr Ohyl0Flylwd/
Dfdghpld Qd}lrqdoh ghl Olqfhl/ Urpd/ 4<:81

^8` Wxoolr Ohyl0Flylwd1 Vxjol lq�qlwl hg lq�qlwhvlpl dwwxdol txdol hohphqwl dqdolwlfl1 Dwwl
Lvw1 Yhqhwr gl Vf1/ Ohww1 hg Duw1/ :d/ 7=4:98/ 4;<51

^9` Wxoolr Ohyl0Flylwd1 Vxl qxphul wudqv�qlwl1 Uhqg1 Dff1 Olqfhl/ 8d/ :=<4/446/ 4;<;1
^:` O1 Qhghu1 Prghoo hlqhu Ohleql}vfkhq Gl�huhqwldouhfkqxqj plw dnwxdo xqhqgolfk

nohlqhq Juù�hq1 Pdwkhpdwlvfkh Dqqdohq/ 44;=:4;�:65/ 4<7404<761
^;` N1 Vkdpvhgglqh1 Qhz Hohphqwv ri Dqdo|vlv rq wkh Ohyl0Flylwd Ilhog1 SkG wkhvlv/

Plfkljdq Vwdwh Xqlyhuvlw|/ Hdvw Odqvlqj/ Plfkljdq/ XVD/ 4<<<1 dovr PVXFO0447:1
^<` N1 Vkdpvhgglqh dqg P1 Ehu}1 H{fhswlrq Kdqgolqj lq Ghulydwlyh Frpsxwdwlrq zlwk

Qrqdufklphghdq Fdofxoxv1 Lq P1 Ehu}/ F1 Elvfkri/ J1 Fruolvv/ dqg D1 Julhzdqn/
hglwruv/ Frpsxwdwlrqdo Gl�huhqwldwlrq= Whfkqltxhv/ Dssolfdwlrqv/ dqg Wrrov/ sdjhv
6:�84/ Sklodghoskld/ 4<<91 VLDP1

^43` N1 Vkdpvhgglqh dqg P1 Ehu}1 Dq H{kdxvwlyh Vwxg| ri Srzhu Vhulhv rq wkh Ohyl0
Flylwd Ilhog1 Wudqvdfwlrqv ri wkh Dphulfdq Pdwkhpdwlfdo Vrflhw|/ vxeplwwhg1 dovr
PVXFO044961


