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Abstract

The physics case of the Muon g-2 Experiment at Fer-
milab is outstanding and has recently attracted significant
attention from its first official results. Although its measure-
ments involve high energy physics methods, such as counting
positron production rates with the use of calorimeters and
beam diagnostics with tracking detectors, this experiment
is strongly bound to accelerator and beam physics. This pa-
per reviews the principles of the experiment and the details
necessary to provide a solid ground for the beam-dynamics
uncertainties and the corrections of the systematic effects
influencing the output of the experiment: a single numerical
value, which may unveil new physics.

INTRODUCTION

The Fermi National Accelerator Laboratory (Fermilab)
Muon g-2 Experiment (E989) recently yielded its first mea-
surement of the positive muon magnetic anomaly, a,
(g4 —2)/2, with an experimental relative uncertainty of 0.46
parts per million (ppm) [1]. This result from the “Run-1"
dataset, combined with the previous result from Brookhaven
National Laboratory (BNL) [2], differs from the current
Standard Model (SM) prediction [3] by 4.2 standard devia-
tions. The error budget of the g-2 experiment (0.14 ppm to
strongly establish evidence for new physics) requires the pro-
duction of a highly polarized muon beam with momentum
3.094 GeV/c and sufficient intensity to collect more than
twenty times the number of recorded high-energy positrons
from the previous experiment at BNL [4].

In addition, the storage ring is designed to allow for pre-
cise measurements and maintain a uniform evolution of
the two main frequencies from which a,, is extracted, i.e.,
ay o« wa/&),(T;). The frequency @,(T;)/2n ~ 61.7MHz
is the proton Larmor frequency measured in a spherical wa-
ter sample at a temperature 7, = 34.7 °C, weighted by the
muon distribution [5]. Such frequency, directly proportional
to the magnetic field experienced by the stored muons, regu-
lates the magnitude of the anomalous precession frequency,
Wy /21 = 0.23 MHz, which, under design conditions, cor-
responds to the spin-precession frequency relative to the
cyclotron frequency in the laboratory frame [6].

In the following sections, an overview of the accelerator
complex at Fermilab, the Muon Campus, for the production
and delivery to the storage ring of the muon beam; a de-
scription of the main components of the storage ring directly
related to the goals of the muon g-2 experiment from the
beam dynamics front; and the beam-dynamics systematic
corrections in the experimental measurement are presented.
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MUON CAMPUS

The Muon Campus at Fermilab, depicted in Fig. 1, is a se-
ries of approximately 1 km-long beamlines between a “pion
production” target and the entrance of the Muon g-2 Storage
Ring that was designed to meet the statistical goal and deliver
(0.5-1.0) x 10 highly polarized muons per 10'? protons that
arrive at the pion production target [4]. Batches of four/eight
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Figure 1: A schematic layout of the Muon Campus [7]. Sec-
ondary particles (mostly pions, muons, and protons) down-
stream of the target station at APO are canalized through
the M2/M3 lines and injected into the Delivery Ring (DR),
where protons are discarded and most of the remaining pions
decay after four turns. A beam of mostly muons is extracted
to the M4/MS5 lines and ultimately delivered to the Muon
g-2 Storage Ring.

8.9 GeV/c proton bunches are directed to an Inconel-600
pion production target—an alloy of iron, chromium, and
nickel—located at Fermilab’s APO target hall from which
positive secondary particles emerge. A magnetic quadrupole
triplet focuses the proton pulses upstream of the production
target to a transverse size of about 150 pm to minimize beam
loss. Mostly pions with momentum acceptance of +2 %
around 3.094 GeV/c are collected and transported along
FODO channels, bending magnets, and quadrupole arrange-
ments for dispersion suppression, with an overall transverse
acceptance of 40mr mm.mrad, supported by the beamline
apertures of the Muon Campus.

Most of the muon beam emerges via the 7% — u*v,
weak-decay channel. As the emitted muons are completely
polarized in the pion rest frame and the Muon Campus beam-
lines impose a stringent momentum acceptance, only highly
polarized muons are transported to the storage ring.
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STORAGE RING

The storage ring is built as one continuous superferric
magnet made of mainly six layers of high-quality magnet
steel and two pole pieces [5]. Segmented electric quadrupole
stations confine the injected muon beam within a toroid of
7.112m in radius; its circular cross section is defined by
five circular collimators, 45 mm in radius, centered around
the ideal orbit. Table 1 lists the main parameters that char-
acterize the muon g-2 storage ring, including maximum
directional offsets, x” and y’, with respect to the optical axis
(x is the radial distance relative to the bending radius and y
is the vertical distance from the midplane of the ring).

Table 1: Storage Ring Representative Parameters

Parameter Value
Nominal momentum (p) 3.094 GeV/c
Momentum acceptance +0.56%
Radial tune (vy) 0.944
Vertical tune (vy) 0.330
Bending magnetic field (By) 1.4513T
Bending radius (p¢) 7.112m
Revolution period 149.2ns

2687 mm.mrad
937 mm.mrad

Horizontal admittance
Vertical admittance

Maximum excursion 45 mm

x’ max 6 mrad

vy’ max 2 mrad

High-voltage (HV) setpoint ~ +18.3kV

Vacuum in storage volume < 107° Torr

Current 5170 A
Magnetic Field

By design, the magnetic field is intended to be fully ori-
ented in the vertical direction and have a uniform magnitude
of By = po/epo. Magnetic-field temporal stability on the
ppm level is required throughout experimental datasets for a
precise extraction of the muon magnetic anomaly [5]. On
the spatial front, a highly uniform field reduces the uncer-
tainties intrinsic to the determination of the magnetic field
experienced by the stored muons.

For this purpose, magnet shimming keeps local variations
to less than 50 ppm relative to By (see Fig. 2). With passive
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Figure 2: Relative Larmor frequency as measured by a trolley
probe across the optical axis, corresponding to magnetic field
magnitude variations taken from Run-1 measurements [5].
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shimming, pole-pieces positioning drives the overall field
strength, whereas additional pieces of iron fine-tune the
azimuthally averaged field and control transverse gradients.
Moreover, a set of 200 coils installed on each of the upper
and lower pole surfaces actively target the azimuthal average
of specific multipoles; and the power supply feedback adjusts
the supply current to keep the average vertical field constant
over time.

The magnetic field is periodically mapped out in the stor-
age region by a mobile set of 17 pulsed nuclear magnetic
resonance (NMR) magnetometers distributed across a trol-
ley. Between trolley runs, the field is continuously tracked
by ~380 NMR probes located above and below the storage
region, where field drifts are synchronized with the measure-
ments from the trolley. The signals from free-induction
decay signals from the NMR probes provide a ~10 ppb-
precision measurement of the Larmor precession frequency,
which in turn yields the magnetic field at the location of the
material sample within the probe. Systematic effects associ-
ated with field mapping (e.g., position uncertainties, motion
and temperature effects) and field tracking—explained in
Ref. [S]—are greatly minimized to the parts-per-billion (ppb)
level thanks to the achieved homogeneity of the magnetic
field.

Beam Injection

The optical configuration of the Muon Campus beamlines
upstream of the storage ring is meant to focus the beam
horizontally for its passage through a backleg hole in the
ring, which houses the 18 mm X 56 mm superconducting
inflector magnet [8] meant to cancel out the surrounding
magnetic field.

At the inflector exit, the muon beam emerges approxi-
mately 77 mm tangentially shifted from the ideal orbit of
the storage ring. In order for the injected muons to end up
within the ring storage volume, the beam is required to be
steered about 10.5 mrad radially outward after a ~90° phase
advance. To this end, a fast non-ferric kicker system [9]
supplies an integrated magnetic field of 1.1 kG.m oppositely
directed to the vertical field of the storage ring. The kicker
stations need to pulse at 100 Hz synchronized to the in-
coming 120 ns muon bunches and shut off before the pulse
revolves the 149 ns-long storage ring. In view of these tim-
ing specifications, robust pulsers and low-impedance kicker
stations are desired to meet the required rise and decay times.
From an impedance mismatch, the temporal shapes of the
kicker strengths exhibit a ringing structure as the signal is
reflected after the main transient field is induced.

Due to the strong focusing for the beam to traverse from
the backleg hole to the ring, an optical (and dispersion)
mismatch between the storage ring lattice and the Twiss
parameters at the inflector exit emerges [10], producing beat-
ing as well as coherent betatron oscillations (CBO) of the
radial beam centroid, whose amplitude was exacerbated by
a suboptimal kicker performance fixed during Run-3. To
minimize such effects, application of radio-frequency (RF)
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electric fields [11] were incorporated to the ESQ, described
next.

Beam Confinement

The ElectroStatic Quadrupole system (ESQ) is a four-fold
azimuthally symmetric system [12] consisting of four sta-
tions with two sections. Each quad section has four plates
centered around the ideal orbit (see Fig. 3) that provides ver-
tical beam focusing at the cost of horizontal defocusing and
nonlinear beam dynamics effects (e.g., CBO decoherence
and muon loss rates [13]).

HV [kV]

Figure 3: Transverse view of an ESQ station, with an illustra-
tion of the main electrostatic potential shown in the storage
region (HV= 18.3kV). The curvature of the plates gener-
ates non-linearities, among them a considerable 20 pole that
affects mechanical muon loss rates and beam de-coherence.

Each ESQ station consists of a short and long section
separated by 4°, and extended by azimuthal lengths of 13°
and 26°, respectively. The plates are made with aluminum
graded such that their low magnetic susceptibility and thick-
nesses do not interfere either with the overall magnetic field
quality or the positron detection resolution. The four-fold
symmetry was chosen to accommodate instrumentation in
between the stations and minimize beam variations (i.e., less
than 3%) around the ring.

The ESQ plates play the role of electrodes, with circuitry
configured to deliver charge for 700 ps in one or two steps.
To generate closed orbit distortions for beam scraping pur-
poses, a specific set of plates is connected to 2-step pulsers,
which rise initially from O to about 6 kV below the nominal
high-voltage (HV) setpoint.

Optical Lattice

The guide fields from the ESQ superimposed over the
magnetic field of the storage ring resemble a weak focusing

system [14], being the effective field index “n”” equal to

OE
144 y ~0.1,

~ vBy dy

where E denotes the effective electric field along the ideal
closed orbit. This approach is sufficient to estimate the
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optical lattice functions of the storage ring. However, for
more precise calculations to account for azimuthal variations,
computational models of the storage ring are developed [15].
Table 2 displays representative values for HV = 18.3kV
from a model of the ring [14] based on COSY INFINITY
[16] (D corresponds to the dispersion function). In this

Table 2: Optical Lattice Representative Parameters

Parameter Value (~) Azimuthal Variation
Oy 0 < 0.1

Bx 7.5m < 3%

Vs 0.13m™! < 3%

D 8m < 2%

ay 0 < 0.2

By 21.5m < 3%

Yy 0.046m™! < 1%

D, 0.03m < +0.01m

model, the high-order structure of the ESQ electrostatic
potential beyond the quadruple term is accounted for via a
transverse Taylor expansion [17]. From the magnetic side,
the measured ppm-level inhomogeneities are extracted as
magnetic multipole strengths from the experimental data.

The main azimuthal modulations of the lattice functions
are produced by the segmentation of the ESQ system. Mag-
netic field imperfections, mostly from the normal quadrupole
component, contribute to additional modulations in the op-
tical functions of about 0.5% or less in relation to the case
of a perfect magnetic field (see Fig. 4). Since the extracted
multipole coefficients from trolley data (except dipole terms)
change throughout datasets by less than 100 ppb relative to
By, the extra distortions from magnetic field imperfections
are not expected to change on a run-by-run basis. Moreover,
ESQ plate misalignments can add gradient errors that com-
plicate calculations of the optical lattice. Nevertheless, an
external analysis based on alignment survey data determined
them to be similar in size to distortions from magnetic field
errors. And lastly, less common circumstances might induce
time-dependence on the optical lattice, i.e., during Run-1.
For this specific case, the lattice parameters were recon-
structed from beam diagnostics [18], allowing us to quantify
azimuthally dependent effects on the muon weighting of
the magnetic field as well as on beam-dynamics systematic
corrections.

BEAM DYNAMICS CORRECTIONS

The anomalous precession frequency w?' is measured by
exploiting parity violation in the u* — e*v,v, weak-decay
channel. In the muon’s rest frame, a positron with the highest
possible energy (i.e., with momentum p.’, ,. = 53MeV/c)
is produced when the two neutrinos are parallel to each other.
On the other hand, parity violation in weak decays constrains
the spin and momentum directions of the nearly massless
emitted neutrino(anti-neutrino) to be anti-aligned(aligned)
(i.e., 1 helicity). Consequently, conservation of angular
momentum implies that the emitted positron fully inherits
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Figure 4: Vertical beta function (top) and radial closed orbits
(bottom) versus the ring azimuth for several times after beam
injection (HV= 18.3kV). At 5 ps, the lattice is subject to the
mis-powered ESQ plates for beam scraping. In particular,
vertical and radial closed orbits are distorted to move the
beam closer to the collimators (their locations are indicated
by vertical orange lines).

the muon’s intrinsic angular momentum. Therefore, since
the weak interaction couples with the right-handed part of the
positron, its emission occurs preferentially in the direction
of the muon spin. As such, the number of positrons, N(7),
emitted with the highest energies in the laboratory frame is
modulated over time as

@)

N(t) o cos (W't + o)

where the “g-2 phase” ¢ represents the overall angle between
spin and momentum of the muon beam at injection time
(r=0).

Ideally, polarized muons with “magic momentum” pg =
myc/+fa, perfectly injected into the storage ring would cir-
culate around centered orbits of radius pg, perpendicular
to a perfectly uniform vertical magnetic field Bo. Under
such circumstances, the frequency at which the muon’s spin
rotates around the momentum vector in the laboratory frame
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would be well defined:
Ba=-ay S, 3
i
where e is the elementary charge and m,, the muon mass.
However, additional coherent spin precession—either
from muons with non-magic momentum or with nonzero
vertical betatron motion within the ~937 mm.mrad vertical
admittance—needs to be accounted for. Moreover, detection
effects and correlations between individual g-2 phases and
muon momenta introduce time dependence to the g-2 phase,
potentially biasing the measured precession frequency w?'.
These beam dynamics effects are encapsulated as the E-
field (C.), pitch (C)), phase acceptance (Cp) and muon
loss (Cyy) corrections. All together, these corrections shift
the unbiased frequency:

wa W) (1+Ce+Cp+Cpi +Cpa) -

“4)

For Run-1, the shift was (0.50 + 0.009) ppm; a significant
correction to establish disagreements between experimental
values and SM predictions of a,,.

From material effects, the acceptance of calorimeters
to detect positrons depends on the transverse location of
the muon from which they decayed. This feature origi-
nates additional modulations in Eq. 2 caused by the CBO
of the beam [6]. Even though amplitude- and momentum-
dependent betatron tune shifts—strongly driven by the 20
pole of the ESQ electrostatic potential [19]—damp the am-
plitudes of coherent beam transverse motion on scales of
200 ps, the de-coherence modeling introduces a systematic
error that is greatly reduced by the recent implementation
of ESQ REF electric fields mentioned above.

The distinctive features of the beam dynamics corrections
are described next.

E-field and Pitch Corrections

The E-field and pitch corrections are used to counteract
the additional spin precessions due to the momentum spread
and vertical betatron motion of the beam, respectively. The
standard expressions [15] to quantify them are

2
np 2 n 2
Co=75,2(87) + Co=50),

T 1-n

®)

where n is the field index, 8 the normalized velocity of
the muon, § is the fractional momentum offset relative to
Po, and the angle brackets denote average over the stored
muons. These expressions are derived from the T-BMT
equation [20], wherein C, is the lowest-order term from
interactions of off-momentum muons with the quadrupole
term of the ESQ, and C,, arises mostly from the vertical
betatron frequency induced by the same electric field, pro-
vided wy >> w, [21]. Both expressions in Eq. 5 have been
tested in tracking simulations under realistic scenarios (i.e.,
segmented ESQ plates, non-linearities, and ESQ plate mis-
alignment), proving them to be accurate for the experiment
purposes.
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The momentum spread has to be measured in order to
calculate the E-field correction. For this purpose, special
methods (e.g., Fourier transforms [22]) reconstruct the mo-
mentum spread out of the cyclotron frequencies that deter-
mine the structure of the beam intensity signal detected by
calorimeters (see Fig. 5). The systematic uncertainty of C,
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Figure 5: Sample of an intensity signal measured by
calorimeters. Beam modulations from w, and the expo-
nential decay are factored out of the signal.

is dominated by the correlation between momentum and the
time-of-flight of muons posterior to the injection kick; asym-
metries are consequently introduced to the intensity signal,
for which additional methods are developed to account for
these effects [15].

For the pitch correction, the vertical beam profile is mea-
sured by the straw tracker detectors [23]. As positrons ion-
ize argon gas inside layers of 5 mm-thick straws along their
paths, a fitting algorithm extrapolates the muon decay posi-
tions. Associated systematic errors are dominated by track-
ing reconstruction and ESQ voltage errors.

Phase-drift Corrections

Both the phase acceptance and muon loss corrections shift
w? by inducing time dependence on the g-2 phase over the
data taking period (i.e., > 30 us after injection).

The phase acceptance correction C),, accounts for phase
changes from the detection side. From the parity-violating
muon decay u* — e*v.7,, highest energy positrons are
emitted in the muon spin direction with a probability propor-
tional to the angle between these two directions. In addition,
the positron emitted direction together with its energy and ini-
tial transverse coordinates in the storage volume determine
whether it is detected by a calorimeter or not. Therefore,
since the g-2 phase carried by a positron is indirectly related
to its initial direction due to the parity-violating decay pro-
cess, positron transverse decay coordinates and g-2 phases
are correlated. Phase acceptance maps in transverse x—y
planes along the storage region are prepared with a Geant4-
based simulation program named gmZ2ringsim [24]. The
model includes decay modules as well as all of the active
detectors and most of the passive components installed in the
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storage ring, which allows high-detail modeling of material
effects that emitted positrons experience. Figure 6 shows a
typical phase-acceptance map prepared with the gm2ringsim
model.

Figure 6: Typical detected-phase acceptance map from
gm2ringsim. Values indicated by the color legend (in mrad)
are relative to a central g-2 phase defined at injection. 1 urad
phase shifts over a muon lifetime in the laboratory frame
induce w, shifts of about 10 ppb.

Lastly, a correlation between momentum and the g-2
phase of about —10.0 = 1.6 mrad per ¢ = 1% builds up from
the muon beam revolving in the Delivery Ring at the Muon
Campus. When muons within specific momentum subranges
inside the ring’s momentum acceptance are lost due to me-
chanical interactions, the g-2 phase can change over the
data taking period. For Run-1, mechanical muon loss rates
exacerbated by the betatron resonance condition 3v, =1
produced a correction of (—11 + 5 ppb) [15].

CONCLUSION

A combination of beam preparation, injection, collima-
tion, and storage provides the means to prepare the muon
beam from which the muon magnetic anomaly is measured
to the precision level required for the experimental goal. The
highly uniform magnetic field, as well as an electric focus-
ing system that contributes minimally to beam azimuthal
variations, allows for a uniform evolution of the muons’ spin
precession and cyclotron frequencies. Momentum spread
and vertical betatron motion introduce additional spin dy-
namics. Also, detection effects and mechanical muon losses
bias the measured anomalous precession frequency. With
well-established beam dynamics corrections supported by
sophisticated detection systems, methods, and beam dynam-
ics simulations, such effects are quantified and applied to
the experimental measurements.
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