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The Muon g-2 Experiment at Fermilab (E989) is directed toward measuring the muon
magnetic anomaly, a, = (g — 2)/2, with total statistical and systematic errors of 0.14
ppm. This new measurement will serve as strong probe of effects of as yet undiscovered
particles beyond the Standard Model (SM), and perhaps validate or disprove other the-
oretical models beyond the SM. Of special interest is the reduction of muon losses from
the storage ring to achieve the precision needed at the Muon g-2 Experiment. For this
purpose, we have developed a detailed and precise symplectic model of the Muon g-2
Storage Ring using COSY INFINITY that considers measured inhomogeneities of the
magnetic field; high-order representation of the Electrostatic Quadrupole System (EQS)
electrostatic field at different stages of the experiment including fringe fields; injection to
the ring based on measurements; and beam collimation. Specifically, we have performed
numerical analyses of the rate of muons that are lost before they have a chance to decay
for several possible configurations of the EQS in order to find the best possible scenarios
that minimize muon losses and understand the resonance mechanisms that contribute
to betatron and possibly spin resonances. Additionally, comparisons with measurements
have permitted the determination of whether observed resonances come from anticipated
features of the g-2 storage ring or from unexpected sources of error whose effect could
be detrimental to the precision of E989.

Keywords: Muon g-2 Experiment; simulation; storage ring; muon beam; electrostatic
quadrupole; beam collimator; betatron resonance; COSY INFINITY.

1. Introduction

The experimental anomaly a, that the Muon g-2 Experiment at Fermilab (E989)

alms to measure is extracted from
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where g, is the electron g-factor; w, the spin precession frequency in the horizontal
midplane relative to the momentum direction of muons® inside the storage ring; w,,
the Larmor frequency of a free proton; m, and m. the muon and electron masses,
respectively; and p,, pt. are the proton and electron magnetic dipole moments.! To
hold the equality in Eq. 1 sufficiently for the purposes of E989, the two measured
frequencies w, and w, must be determined to high precision; in regard to the system-
atic error of wy, it is expected to be dw;¥® < 70 ppb. One of the largest contributors
to dwi¥® comes from muons being lost before they decay. Such losses are mainly a
consequence of muons hitting the collimators centered around the beam orbit due
to nonlinearities in the motion and are significantly increased when configurations
of the ring approach betatron resonances. Muons that escape the ring before they
decay are referred to as “lost muons.”

Muon losses contribute to the systematics of E989 by introducing distortions to
the overall beam spin precession frequency (w,) = (dp,/dt): correlations between
spin coordinates and dynamical variables of lost muons might lead to shifts of the
expected (w,). This can take place if, for instance, muons within a certain momen-
tum range are preferentially lost during data taking and, at the same time, the
muon beam injected into the storage ring has spin-momentum correlations previ-
ously developed along the beam delivery system of £989.2 If the lost muon fraction
is minimized, the associated systematic effect can be reduced, too.

Beam dynamics simulations of lost muons at the g-2 storage ring have been per-
formed using COSY INFINITY .2 In particular, preparation of detailed high-order
transfer maps calculated with Differential Algebraic (DA) methods yield precise
solutions of the beam optics ordinary differential equations (ODEs) that cover non-
linearities associated to the small but relevant imperfections of E989. The use of
transfer maps in COSY INFINITY permits fast particle tracking in contrast with
conventional orbit-integration beam dynamics codes. These features are essential
for detailed and high-statistics studies of the muon beam in the ¢g-2 storage ring,
which encompass high-order electric and magnetic multipole terms from the Electro-
static Quadrupole System (EQS) design and measured magnetic field imperfections,
respectively. Additionally, storage ring simulations utilize COSY INFINITY’s rig-
orous and highly accurate treatment of fringe fields and effective field boundaries
for the EQS and accounts for beam collimation during the scraping, transition, and
production stages of the experiment. Symplectification is performed using COSY
INFINITY s most accurate symplectification method (EXPO).4

In the following sections, we first describe the g-2 storage ring COSY -based
model. Then, results of muon loss rates simulations across a wide range of opera-
tional points are discussed, whose purposes are to: identify the running conditions
that minimize muon losses; and distinguish the particular resonant conditions that
excite muon loss rates, for which several scenarios of the guide fields within the ring

a1t is customary to dub anti-muons (1) as “muons” in the Muon g-2 Collaboration. We adopt
the same convention throughout this paper.
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are analyzed.

2. Storage Ring Model

A muon beam enters the storage ring through a hole in the back-leg of the C-shaped
magnet that guides the magnetic field induced by currents in superconducting coils
to the storage region.! The time-dependent injection kick produced by the kicker
magnet — located about 90° from the exit of the hole (see Fig. 1) and meant to
improve alignment of the injected beam with the reference orbit® — is included in
our model, altogether with the EQS to focus the beam vertically and the small but
relevant inhomogeneities of the vertical magnetic field. The essential components of
the storage ring simulation are described in this section.

Fig. 1. Layout of the Muon g-2 storage ring at Fermilab.® The four locations of the EQS are next
to labels “Q1-Q4” (each covering 39° azimuthally) and labels “K1-K3” indicate the place of the
injection kicker plates within the ring. “C” labels denote the beam collimators arrangement.
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2.1. Initial Distribution

The initial conditions of the beam injected to the storage ring are taken from a
BMAD simulation® that transfers the beam distribution at the entrance of the
ring, which was previously calculated with G4BEAMLINET and validated by in-
dependent BMAD® and COSY? based simulations of the beam delivery system at
E989. The distribution is transferred through the material-free yoke volume where
a superconducting inflector is placed to cancel out the field. At this point, the mis-
matched beam is centered 75 mm radially outward from the ideal orbit. The beam
initial time profile — important for the injection kicking process — is set based on
measurements from scintillating detectors (see Fig. 2).
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Fig. 2. Normalized beam time distribution sample at injection. The time profile of the injected
beam implemented in COSY-based ring model simulations (black dashed curve) was obtained
from an interpolation to the experimental data® (gray dots).

On the one hand, about 3% of the injected beam downstream the inflector exit
gets stored in simulations after its passage through the injection kicker and the EQS
in scraping mode (see 2.5). On the other hand, the fraction of lost muons at later
times away from betatron resonances is approximately 0.1% during 66 us. Thus, to
reach enough sensitivity in lost muon simulations, it was needed to artificially inflate
the number muons from the BMAD simulation. For this purpose, the coordinates of
extra initial muons were randomly created within the uniform range (—o;/10, 0;/10)
around each of the original muons coordinates, where o; is the beam standard
deviation of each coordinate. This technique was found to preserve the averages,
standard deviations, and correlations of the original distribution within 3%, 1% and
5%, respectively.
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2.2. Injection Kicker

The ideal kick would act at a constant field during the time it takes for the front and
rear edges of the beam to cross the kicker plates, providing a bend of ~10.8 mrad
radially outward. However, during initial operations of E989 the kicker exhibited a
ringing pattern of oscillatory voltages similar in shape to the illustration shown in
Fig. 3, which we added into our model.® In our simulations, the kick — proportional
in strength to the pattern in Fig. 3 — is instantaneously applied to each particle at
the azimuthal center of the kicker.
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Fig. 3. Normalized kicker pulse pattern sample during initial runs. The kicker pulse implemented
in simulations (black dashed curve) was obtained from an interpolation of the kicker’s measured
time-dependent strength® (gray dots).

2.3. Electrostatic Quadrupole System (EQS)

The EQS is a four-fold azimuthally symmetric system (see Fig. 1) with four plates
centered around the ideal orbit'® meant to supply vertical beam focusing, but at the
cost of horizontal defocusing and nonlinear beam dynamics effects due to the specific
geometry of the plates. Fully-Maxwellian main fields calculated using conformal
mapping!'! are implemented to describe the electric fields generated by the EQS.
Fringe fields and the effective field boundary are also modeled based on numerical
calculations performed with COULOMB (see Ref. 11). These fields consist of 2D
electrostatic quadrupole and nonlinear multipole terms that define the potential in
the midplane and — as a result of midplane symmetry— are expanded using DA
methods'? to the full spatial dimensions of the curvilinear system superimposed
with the vertical magnetic field of the storage ring. The high voltage applied to the
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EQS distributes unequally across the aforementioned multipole terms due to the
flat design of the electrodes; as a consequence, the quadrupole term —which defines
the betatron tunes of the ring — is about 3.4% higher than the voltage applied to
the plates (see Ref. 11).

2.4. Magnetic Field

The subtle imperfections of the magnetic field within the storage region of the ring
drive higher muon losses rates at specific high voltage settings of the EQS. In our
model, we include such inhomogeneities based on fits of nuclear magnetic resonance
(NMR) measurements.® The azimuth-independent fits provide 2D magnetic normal
and skew multipole terms (up to the decapole term) whose strengths vary along the
azimuth of the ring. Due to the inability of NMR probes to measure the magnetic
field direction, radial and vertical fields are fully degenerate; the 2D fits take the
vertical direction as reference and the radial dipole field is captured in simulations
from measurements performed with a Hall probe.b

With continuous functions made of superimposed Gaussians, we model each
measured multipole and apply symplectic kicks separated by ~ 0.1° proportional
to these functions. At each step, the midplane field information for the multipoles
is used in COSY to automatically reconstruct the out-of-plane information from
Maxwell’s equations.'?

2.5. Scraping Stage and Beam Collimation

We simulate ~7.5 us (i.e. 50 revolutions) of scraping stage after beam injection,
where some EQS plates are mis-powered to create closed orbit distortions (see
Ref. 10) such that the outermost muons are taken away before data taking. For
this purpose, the field that corresponds to the mis-powered plate has been also cal-
culated with conformal maps (see Ref. 11) and is superimposed to the main field of
the EQS. Thereafter, a series of transfer maps is calculated to recreate the expo-
nential transitioning of mis-powered EQS plates back to the nominal high voltage
value. After 37.2 us, the mis-powered plates voltage is returned to the nominal value
and symplectic tracking is performed during 150 us (i.e. 1,000 revolutions).

Five collimators are placed around the ideal closed orbit in our numerical studies
to resemble the design configuration of the collimation system (see Fig. 1), whose
purpose is to minimize muon losses by cleaning the muon beam before E989 pro-
duction data taking.

To validate the storage ring simulation model, we compare simulation results
with measured betatron tunes (Table 1) and relative decay positron storage'®
(Fig. 5) for several EQS high voltage (HV') configurations.

In Table 1, relative differences between measured® and simulated horizontal, v,
and vertical, v,, betatron tunes are shown. Experimental tunes are extracted from
measurements (preliminary) of the cyclotron and Coherent Betatron Oscillation
(CBO) frequencies. The vertical CBO peak from a Fast Fourier Transform (FFT)



Muon loss rates from betatron resonances at the Muon g-2 Storage Ring at Fermilab 7

Table 1. Comparison of computed tunes with measurements.

HV[kV] |[Avz /ve| (%] [Avy /vy| [%)]
13.0 0.033 0.715
15.0 0.037 0.724
17.6 0.019 0.375
19.0 0.023 0.343
20.2 0.016 0.407
20.5 0.041 0.575

analysis wherefrom the vertical CBO frequency is extracted exhibits a larger un-
certainty compared to the horizontal CBO frequency case. This is experimentally
explained by a vertical CBO peak not as well defined as the horizontal peak sample,
which may be due to vertical nonlinear tune-shifts being larger than the horizontal
tune-shifts for the g-2 ring case* and/or slowly-varying betatron tunes attributable
to unexpected behavior of the EQS, whose effect in the magnitude of the vertical
tune is more adverse (see Fig. 4). For these reasons, there is less agreement with
computed vertical tunes in Table 1.
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Fig. 4. Horizontal (left) and vertical (right) betatron tunes from the COSY-based storage ring
model simulations (HV = 18.3 kV). The horizontal axis represents time where the beam is injected
into the storage ring at approximately 30 us. At the end of the first production run of E989, the high
voltage applied to one of the four sections of the EQS was found to produce an unforeseen electric
field due to damaged instrumentation, which was fixed afterwards. Dashed curves correspond to
tunes in the nominal case, whereas solid lines depict tunes under the effect of this unforeseen
electric field.
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Fig. 5. Qualitative comparison between stored muons rates from simulations (gray) at t = 186
us after beam injection and measured relative positron rates (arbitrary units) from stored muon
decays® (black). Error bars correspond to standard errors of the multiple numerical analyses for
each EQS voltage configuration.

3. Studies of Muon Loss Rates
3.1. Betatron Resonances

When the transverse motion of muons couples with the periodicity of local forces
in the storage ring, their betatron oscillation amplitudes may grow turn by turn in
a way that they hit the collimators or other components around the stored beam.
Such muons give up energy to the material they interact with, consequently moving
inward and then being lost before they decay. The electrostatic scraping right after
beam injection is crucial for removing muons with large betatron amplitudes. How-
ever, even muons with initially small betatron amplitudes around unstable motion
regions in phase-space could be lost at later times under betatron resonances.

High-statistical numerical studies of muon loss rates were performed to unveil
the set of operating points where significant betatron resonances occur. In Fig. 6,
simulation results for several high-voltage values applied to the EQS are presented.
The figure shows the fraction of lost muons during the time interval 121 — 186 us
after beam injection. Vertical error bars correspond to the standard error of the
multiple simulations executed in parallel that were necessary to surpass the reso-
lution required and clearly distinguish resonance peaks (i.e. ~ 6.8 x 10° muons at
beam injection).

Due to the sensitivity of E989, even the relatively small effects of high-order
resonance conditions are avoided. To describe the interplay between the field im-
perfections in the storage ring and the resonant conditions, we model the ring as
a superposition of a uniform vertical magnetic field and electric quadrupole fields
coming from the EQS, where all the extra field from the EQS design and magnetic
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Fig. 6. Fraction of muon losses between 121 — 186 us after beam injection with the COSY-
based model for several EQS configurations. Measurements® — shown in arbitrary units — result
from detections of minimum ionizing particles that deposit ~ 170 MeV of energy in two adjacent
calorimeters within the ring while two collimators were inserted to the storage region.

field imperfections are treated as perturbations to the linear case. In particular,
for simplicity this model assumes a smooth behavior of the unperturbed betatron
oscillations that does resemble the real case:

z(p) = Hcos(vzp), yl(w) =V cos(vyp) (2)

where ¢ is the azimuth and H and V" are the radial and vertical betatron amplitudes,
respectively. Considering both magnetic and electric potentials in the form

o0 o0 (o]
(I)(x’ Y, 90) = Z Z Z Ncl,mxlym COS(NW) ’ (3)
1=0 m=0 N=0
we can combine Eq. 2 and Eq. 3 to estimate the transversal forces in terms of 2k-pole
terms (kK =1+ m) and Nth azimuthal harmonics. The leading terms from Fourier
analysis of the perturbations yield the following conditions that resonate with the
betatron motion:

(—Dyy,tmyy £ N=A, lyu,£2(m—-1y,£N=A 4)

where A = +v,, depending on the field that drives the resonance. In general,
vertical forces induce more muon losses than horizontal forces due to the relatively
smaller vertical acceptance of the ring. The storage ring is four-fold symmetric, thus
favoring N = 0,4,8,.... Figure 7 depicts resonance lines as well as the operating
set points of the storage ring. Resonant tune lines up to & = 10 are shown, which
are sufficient for our purposes of covering all the main multipole terms that are
implemented in the COSY -based ring model.

Along with the resonance conditions shown in Fig. 7, the observed resonances in
the storage ring depend on the angle advancement spread in phase-space, betatron
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Fig. 7. An illustration of resonant tune lines and operating points of the g-2 storage ring. The
high-voltage applied to the EQS plates to set operating points are shown next to resonances
predicted by numerical studies with the COSY-based ring model. Measurements of lost muons
have revealed resonance peaks at ~ 13.1,16.8,18.6,and 21.1 kV as well (see Fig. 6). Lost muons
measurements have not been performed for higher EQS voltages. Triangular markers show some
operating points used in 2018 runs.

amplitudes, momentum, and initial phase of muons revolving the storage ring. The
combination of these properties dictates how frequently a muon traverses unstable
conditions in phase-space to undergo resonance or not. For instance, the continual
growth of resonance peak widths for increasing HV’s observed in Fig. 6 relates to
the vertical angle advancement spread. This angle, which can be defined as the
turn-by-turn angular evolution of the muon coordinates in vertical phase-space at
an arbitrary azimuth location, advances in a more periodic manner as the vertical
betatron function of the storage ring, 3, significantly decreases on average for
higher voltages within the explored HV range. Regarding betatron amplitudes and
momenta, these properties — unique to each muon within the stored beam — could
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also indirectly define the attributes of the peaks presented in Fig. 6 in that resonance
conditions in Eq. 4 are not uniquely satisfied due to characteristic high-order tune
shifts of the storage ring.'*

To minimize systematic errors due to muon losses, the storage ring should run
at operating points away from betatron resonances. As shown in Fig. 7, the sys-
tem falls into resonance around specific set points and not at every intersection
with resonant tune lines. This is mostly due to the rather specific set of nonlinear
electrostatic ¢(I, m) multipoles provided by the EQS, where the 20-th pole has the
largest strength. Nevertheless, even though the multipoles that describe the mea-
sured magnetic field imperfections do not favor particular azimuthal harmonics due
to their somewhat random distribution along the ring azimuth, they do have an
important effect on betatron resonances as shown next.

3.2. Mwuon Loss Driving Terms

A deep understanding of the forces that drive betatron resonances is tantamount
to a detailed characterization of the conditions in the storage ring that excite muon
loss rates. By identifying all the resonances that emerge from the imperfections of
the ring already known (i.e. nonlinear electric perturbations contributed by the EQS
and magnetic field inhomogeneities from NMR probes measurements), it is possible
to address the origin of resonant peaks from lost muons measurements not predicted
by simulations. Extra peaks could be generated by mis-powering or misalignments of
the EQS plates; transient magnetic fields outside the bandwidth of the NMR probes;
and other factors not included in the COSY -based ring model that otherwise would
be difficult to evaluate and would also directly affect the evolution of wy,.

In addition, modifications to the default settings of the simulated ring model
permit determining the driving terms that generate each betatron resonance peak.
In Fig. 8, simulation results are shown for the following modifications to the original
ring model configuration described in Sec. 2 (see markers’ legend in Fig. 8 for each
case):

(i) All E-multipoles, B-field inhomogeneities ON (original case, red)
(ii) Only 4th E-multipole, B-field inhomogeneities ON (gold)
(iii) No 20th E-multipole, B-field inhomogeneities ON (magenta)
(iv) All E-multipoles, B-field inhomogeneities OFF (blue)
(v) Only 4th and 20th E-multipoles, B-field inhomogeneities OFF (green)
(vi) No 20th E-multipole, B-field inhomogeneities OFF (orange).

The 2D multipole fits to the magnetic field NMR measurements (abbreviated as
“B-field inhomogeneities” in the list above) introduce lost muon fractions of ~ 6 x
1074/ 77, even at operating points away from the main betatron excitations. Some
of the betatron resonance peaks observed from measurements and/or simulations
(i.e. EQS plates voltage “HV” at ~ 16.8,21.1,and 24.7 kV) are fully explained from
resonance conditions (Eq. 4) which can be independently driven by one or several
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Fig. 8. Fraction of muon losses from simulations during the time interval 121 — 186us after beam
injection. Configuration details are listed in Subsection 3.2. The bottom figure depicts lost muon
fractions with a reduced vertical range to discern losses when magnetic field imperfections are not
accounted for.

electric and magnetic high order multipoles in the storage ring model (see Table 2).

Nevertheless, Fig. 8 shows the interplay between magnetic(electric) nonlineari-
ties and electric(magnetic) resonances. For instance, for a ring with HV ~ 13.1 kV
the resonance driven by the electric 707,3 and 708,2 20th-pole terms is boosted by
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Table 2. Resonant conditions directly related to betatron excitations.

HV[kV] avy +bry = ¢
16.8 Vg — 3y =0
21.1 vy +3vy =2
24.7 —vg +5vy =1 | 2up+3vy =3

lower order nonlinearities from the imperfect magnetic field; there are no resonant
tune lines near such an operating point that could explain this effect with the guide
fields set in simulations. However, by analyzing the high order terms of the storage
ring transfer map in Normal Form (NF) it is possible to understand with more de-
tail the role of nonlinearities in relation to resonances (see Refs. 12 and 14 for more
details).

A similar occurrence of the reciprocity between resonances and nonlinearities
from different origin, i.e. electric or magnetic, at HV = 18.6 kV is led by the electric
20th-pole, which in this case damps the resonance driven by magnetic multipoles
that satisfy the resonant condition 3v, = 1. Furthermore, the HV = 18.6 kV peak
is purely driven by the low order magnetic field multipoles as shown in Fig. 8.

NF methods also readily describe the negative reciprocity between the electric
20th-pole and multipoles from the magnetic field nonlinearities at HV = 30.4 kV.
These resonance mechanisms are also of importance to address spin resonances,
which could reduce the muon beam polarization depending on the operating point.

4. Conclusion

The detailed COSY -based ring model enabled to perform a quantitative analy-
sis of betatron resonance peaks within the ring operating range in relation to the
E989 systematic error from muon losses. Numerical results from simulations agree
with current measurements, indicating a good performance of the ring computa-
tional model. After comparing stored and lost muons fractions away from excitation
resonances, the optimal operating point that maximizes and minimizes those two
fractions, respectively, corresponds to a voltage applied to the EQS plates around
28 kV. After this point, more regions without resonance conditions around exist;
however, the electric horizontal defocusing from the EQS reduces the fraction of
injected muons to the storage ring.

The understanding and characterization of lost muon resonances observed to
date at E989 and presented above provide a basis to assess whether unexpected
and difficult-to-measure imperfections manifest within the ring. Simulations identify
the particular nonlinearities that could be addressed to reduce muon loss rates.
Furthermore, regions of high muon losses at operating points of higher EQS voltages
that the experiment pursues can be anticipated.

Even though driving terms were identified for all the betatron resonance peaks
within the region examined in these studies, normal form methods provide a better
understanding of the interplay between high and low order nonlinearities from the
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measured /known imperfections of the electric and magnetic fields within the storage
volume of the ring.
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