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1. Introduction

In this paper we apply methods to transform the differential equations of mo-
tion to relative coordinates measured along a reference curve, so-called curvi-
linear coordinates derived in a companion paper [1] to the transformation of
Lagrangians and Hamiltonians under preservation of the underlying canonical
structure, and illustrate the method with the Lagrangians and Hamiltonians
for gravitation and electrodynamics. We begin by summarizing a few central
results of [1] relating to the transformation of various ingredients of the right
hand side of a differential equation to curvilinear coordinates. Assume the
transformation between these basis vectors and the old ones is described by
the matrix Ô(s) which has the form

Ô(s) =





(~es · ~e1) (~ex · ~e1) (~ey · ~e1)
(~es · ~e2) (~ex · ~e2) (~ey · ~e2)
(~es · ~e3) (~ex · ~e3) (~ey · ~e3)



 . (1)

It is seen that the matrix T̂ = Ôt · dÔ/ds is antisymmetric; we describe it in
terms of its three free elements via

Ôt ·
dÔ

ds
= T̂ =





0 −τ3 τ2

τ3 0 −τ1

−τ2 τ1 0



 . (2)

The three elements we group into the vector ~τ , which has the form ~τ =
(τ1, τ2, τ3)

t. We observe that for any vector ~a, we then have the relation T̂ ·~a =
~τ ×~a. The quantity τ1 describes the current rate of rotation of Dreibein around
the reference curve ~R(s); τ2 describes the current amount curvature of ~R(s)
in the plane spanned by ~ey and ~es; and τ3 similarly describes the curvature of
~R(s) in the plane spanned by ~ex and ~es.

The velocity expressed in terms of curvilinear coordinates is given by

~vC =





vs

vx

vy



 =





ṡ · (1 − τ3x + τ2y)
ẋ − ṡτ1y
ẏ + ṡτ1x



 =





ṡα
ẋ − ṡτ1y
ẏ + ṡτ1x



 , (3)

where α = 1 − τ3x + τ2y. We also note that because of the orthonormality of
Ô, we also have the relationships

v2 = ~vct · ~vct = ~vC · ~vC (4)

~vct · ~Act = ~vC · ~AC . (5)
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2. The Lagrangian and Lagrange’s Equations

Now we are ready to develop Lagrangian and Hamiltonian methods in curvilin-
ear coordinates. Following the transformation properties of Lagrangians, it is
conceptually directly possible, albeit practically somewhat involved, to obtain
the Lagrangian in curvilinear coordinates. To this end, we merely have to take
the Lagrangian describing the motion in Cartesian coordinates and express all
Cartesian quantities in terms of the curvilinear quantities, if this inversion is
possible. The particular case of interest is the Lagrangian of the form

L(x1, x2, x3; ẋ1, ẋ2, ẋ3; t) = −mc2

√

1 −
v2

c2
− eΦ + e~vct · ~Act ,

where m is the mass of the particle, and in the electromagnetic case e is its
charge, in the gravitational case its mass; in the latter case ~Act = 0. For more
details see for example [2], [3], [4]: In this context, it is very convenient that

the scalar product of the velocity with itself and with ~A is just the same in the
Cartesian and curvilinear systems, according to (4) and (5). So the Lagrangian
in the curvilinear system is obtained straightforwardly as

L(s, x, y; ṡ, ẋ, ẏ; t) = −mc2

√

1 −
~vC2

c2
− eΦ + e~vC · ~AC , (6)

where

~vC2 = v2
s + v2

x + v2
y, and ~vC · ~AC = vsAs + vxAx + vyAy.

Here Φ and ~AC are dependent on the position, i.e. {s, x, y} and the time t.
The quantities Ô, T̂ , and hence τ1, τ2, τ3 used below are dependent on s.

The derivatives of vs, vx, vy with respect to s, x, y, ṡ, ẋ, ẏ are useful in order
to determine the explicit form of Lagrange’s equations,

∂vs

∂ṡ
= α,

∂vs

∂ẋ
= 0,

∂vs

∂ẏ
= 0,

∂vx

∂ṡ
= −τ1y,

∂vx

∂ẋ
= 1,

∂vx

∂ẏ
= 0,

∂vy

∂ṡ
= τ1x,

∂vy

∂ẋ
= 0,

∂vy

∂ẏ
= 1,

∂vs

∂s
= ṡ (−

dτ3

ds
x +

dτ2

ds
y),

∂vs

∂x
= −ṡ τ3,

∂vs

∂y
= ṡ τ2,

∂vx

∂s
= −ṡ

dτ1

ds
y,

∂vx

∂x
= 0,

∂vx

∂y
= −ṡ τ1,

∂vy

∂s
= ṡ

dτ1

ds
x,

∂vy

∂x
= ṡ τ1,

∂vy

∂y
= 0.

(7)
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The Lagrange equation for x is derived as follows. Using the derivatives of
vs, vx, vy in (7), we have

∂v2

∂ẋ
= 2vs

∂vs

∂ẋ
+ 2vx

∂vx

∂ẋ
+ 2vy

∂vy

∂ẋ
= 2vx

∂(~vC · ~AC)

∂ẋ
= As

∂vs

∂ẋ
+ Ax

∂vx

∂ẋ
+ Ay

∂vy

∂ẋ
= Ax

∂v2

∂x
= 2vs

∂vs

∂x
+ 2vx

∂vx

∂x
+ 2vy

∂vy

∂x
= −2vsṡτ3 + 2vyṡτ1

= −2ṡ (τ3vs − τ1vy) = −2ṡ [~τ × ~vC ]2.

So altogether we have

∂L

∂ẋ
=

m
√

1 − v2/c2
vx + e Ax = px + e Ax, (8)

where ~pct = m~vct/
√

1 − v2/c2 and correspondingly ~pC = m~vC/
√

1 − v2/c2 was
used. We also have

∂L

∂x
= −

m
√

1 − v2/c2
ṡ [~τ × ~vC]2 − e

∂

∂x
(Φ − ~vC · ~AC)

= −ṡ [~τ × ~pC ]2 − e
∂

∂x
(Φ − ~vC · ~AC).

Thus, the Lagrange equation for x is

dpx

dt
+ ṡ [~τ × ~pC ]2 = e

[

−
dAx

dt
−

∂

∂x
(Φ − ~vC · ~AC)

]

. (9)

The Lagrange equation for y is derived in the same way, and it is

dpy

dt
+ ṡ [~τ × ~pC ]3 = e

[

−
dAy

dt
−

∂

∂y
(Φ − ~vC · ~AC)

]

. (10)

It is a little more complicated to derive the Lagrange equation for s. Using
the derivatives of vs, vx, vy in (7), we obtain

∂v2

∂ṡ
= 2vsα − 2vxτ1y + 2vyτ1x

∂(~vC · ~AC)

∂ṡ
= Asα − Axτ1y + Ayτ1x

∂v2

∂s
= 2vsṡ

(

−
dτ3

ds
x +

dτ2

ds
y

)

− 2vxṡ
dτ1

ds
y + 2vy ṡ

dτ1

ds
x

= −2ṡx

[

d~τ

ds
× ~vC

]

2

− 2ṡy

[

d~τ

ds
× ~vC

]

3

,
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and so

∂L

∂ṡ
=

m
√

1 − v2/c2
· (vsα − vxτ1y + vyτ1x) + e (Asα − Axτ1y + Ayτ1x)

= (ps + eAs) α − (px + eAx) τ1y + (py + eAy) τ1x , (11)

as well as

∂L

∂s
=

m
√

1 − v2/c2
·

{

−ṡx

[

d~τ

ds
× ~vC

]

2

− ṡy

[

d~τ

ds
× ~vC

]

3

}

− e
∂

∂s
(Φ − ~vC · ~AC)

= −ṡx

[

d~τ

ds
× ~pC

]

2

− ṡy

[

d~τ

ds
× ~pC

]

3

− e
∂

∂s
(Φ − ~vC · ~AC).

Thus, the Lagrange equation for s is

d

dt
(psα − pxτ1y + pyτ1x) + ṡ x

[

d~τ

ds
× ~pC

]

2

+ ṡ y

[

d~τ

ds
× ~pC

]

3

= e

[

−
d

dt
(Asα − Axτ1y + Ayτ1x) −

∂

∂s
(Φ − ~vC · ~AC)

]

. (12)

The left hand side is modified as follows

α
dps

dt
− τ1y

dpx

dt
+ τ1x

dpy

dt
+ ps(−τ3ẋ + τ2ẏ) − pxτ1ẏ + pyτ1ẋ

+ ps(−ṡ
dτ3

ds
x + ṡ

dτ2

ds
y) − pxṡ

dτ1

ds
y + pyṡ

dτ1

ds
x

+ ṡx

[

d~τ

ds
× ~pC

]

2

+ ṡy

[

d~τ

ds
× ~pC

]

3

= α
dps

dt
− τ1y

dpx

dt
+ τ1x

dpy

dt
− ẋ[~τ × ~pC ]2 − ẏ[~τ × ~pC ]3

= α

(

dps

dt
+ ṡ[~τ × ~pC ]1

)

− τ1y

(

dpx

dt
+ ṡ[~τ × ~pC ]2

)

+ τ1x

(

dpy

dt
+ ṡ[~τ × ~pC ]3

)

− vs[~τ × ~pC ]1 − vx[~τ × ~pC ]2 − vy[~τ × ~pC ]3

= α

(

dps

dt
+ ṡ[~τ × ~pC ]1

)

− τ1y

(

dpx

dt
+ ṡ[~τ × ~pC ]2

)

+ τ1x

(

dpy

dt
+ ṡ[~τ × ~pC ]3

)

,

where (3) is used from the second step to the third step, and

vs[~τ × ~pC ]1 + vx[~τ × ~pC ]2 + vy[~τ × ~pC ]3 = ~vC · (~τ × ~pC) = 0
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is used in the last step. So, the Lagrange equation for s simplifies to

α

(

dps

dt
+ ṡ[~τ × ~pC ]1

)

− τ1y

(

dpx

dt
+ ṡ[~τ × ~pC ]2

)

+ τ1x

(

dpy

dt
+ ṡ[~τ × ~pC ]3

)

= e

[

−α
dAs

dt
+ τ1y

dAx

dt
− τ1x

dAy

dt
+ As

d

dt
(τ3x − τ2y)

+Ax

d

dt
(τ1y) + Ay

d

dt
(−τ1x) −

∂

∂s
(Φ − ~vC · ~AC)

]

.

The equations for x and y, (9) and (10), can be used to simplify the above
equation. Doing this, we obtain

α

(

dps

dt
+ ṡ[~τ × ~pC ]1

)

= e

[

−α
dAs

dt
−

(

∂

∂s
+ τ1y

∂

∂x
− τ1x

∂

∂y

)

(Φ − ~vC · ~AC)

+As

d

dt
(τ3x − τ2y) + Ax

d

dt
(τ1y) + Ay

d

dt
(−τ1x)

]

,

and with the above requirement that x and y are small enough such that
α = 1 − τ3x + τ2y > 0, the equation can be written as

dps

dt
+ ṡ [~τ × ~pC ]1 = e

[

−
dAs

dt
−

1

α

(

∂

∂s
+ τ1y

∂

∂x
− τ1x

∂

∂y

)

(Φ − ~vC · ~AC)

+
1

α

{

As

d

dt
(τ3x − τ2y) + Ax

d

dt
(τ1y) + Ay

d

dt
(−τ1x)

}]

.

Thus the set of three Lagrange equations can be summarized as below; it
apparently agrees with Newton’s equations in curvilinear coordinates derived
in [1],

d

dt





ps

px

py



 + ṡ ·





τ1

τ2

τ3



 ×





ps

px

py





= −
d

dt





e As

e Ax

e Ay



 −
e

α
·















∂

∂s
+ τ1y

∂

∂x
− τ1x

∂

∂y

α
∂

∂x

α
∂

∂y















(Φ − ~vC · ~AC)

+
e

α

{

As

d

dt
(τ3x − τ2y) + Ax

d

dt
(τ1y) + Ay

d

dt
(−τ1x)

}

~es. (13)
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3. The Hamiltonian and Hamilton’s Equations

To obtain the Hamiltonian now is also conceptually standard fare, although
practically it gets rather involved. We adopt the curvilinear coordinates {s, x, y}
as generalized coordinates, and we denote the corresponding generalized mo-
mentum by ~P G =

(

P G
s , P G

x , P G
y

)

. The generalized momentum is obtained via
the partials of L with respect to the generalized velocities; using (8) and (11),
we obtain

P G
s =

∂L

∂ṡ
= (ps + eAs)α − (px + eAx)τ1y + (py + eAy)τ1x ,

P G
x =

∂L

∂ẋ
= px + eAx ,

P G
y =

∂L

∂ẏ
= py + eAy. (14)

It is worthwhile to express the mechanical momentum ~pC
Mech, namely ~pC , in

terms of the generalized momentum ~P G =
(

P G
s , P G

x , P G
y

)

. By combining the
above expressions (14), we have

P G
s = (ps + eAs) α − P G

x τ1y + P G
y τ1x,

and so

ps + eAs =
1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

,

and altogether

~pC
Mech = ~pC =







1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

P G
x − eAx

P G
y − eAy






. (15)

Squaring ~pC = γm~vC = m~vC/
√

1 − (~vC)2/c2 and reorganizing yields

(~vC)2 =
c2(~pC)2

(~pC)2 + m2c2
,

and because ~vC and ~pC are parallel we even have

~vC =
c~pC

√

(~pC)2 + m2c2
. (16)

We also observe that

1

γ
=

√

1 − (~vC)2/c2 =

√

1 −
(~pC)2

(~pC)2 + m2c2
=

mc
√

(~pC)2 + m2c2
. (17)
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The Hamiltonian in the curvilinear system H is defined from the La-
grangian L (6) and the generalized momentum ~P G (14) via the Legendre
transformation

H = ṡP G
s + ẋP G

x + ẏP G
y − L

= ṡP G
s + ẋP G

x + ẏP G
y + mc2

√

1 −
~vC2

c2
+ eΦ − e~vC · ~AC ,

and the subsequent expression in terms of only s, x, y, P G
s , P G

x , P G
y and t, if

this is possible. Using (15), (16) and (17), we have from (3) that

ṡ =
vs

α
=

1

mγ

1

α

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

,

ẋ = vx + ṡτ1y

=
1

mγ

[

P G
x − eAx +

τ1y

α

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}]

=
1

mγ

1

α2

{

τ1y P G
s +

(

α2 + τ 2
1 y2

)

P G
x − τ 2

1 xy P G
y − eτ1yα As − eα2 Ax

}

,

ẏ = vy − ṡτ1x

=
1

mγ

1

α2

{

−τ1x P G
s − τ 2

1 xy P G
x +

(

α2 + τ 2
1 x2

)

P G
y + eτ1xα As − eα2 Ay

}

,

where we used the abbreviation γ from (17), which is in terms of the generalized
coordinates and the generalized momenta

1

mγ
=

c
√

(P G
s +P G

x τ1y−P G
y τ1x−αeAs)2

α2 + (P G
x − eAx)2 + (P G

y − eAy)2 + m2c2

.

(18)
We also have

~vC · ~AC =
1

mγ
~pC · ~AC

=
1

mγ

[

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

As

+ (P G
x − eAx)Ax + (P G

y − eAy)Ay

]

,

and in particular it proved possible to invert the relationships between gener-
alized velocities and generalized momenta. Hence the Hamiltonian H can be
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expressed in curvilinear coordinates, and it is given by

H =
1

mγ

[

1

α2

(

P G
s + P G

x τ1y − P G
y τ1x

)

P G
s +

τ1y

α2
P G

s P G
x

+

{

1 +
(τ1y)2

α2

}

(

P G
x

)2
−

τ1x

α2
P G

s P G
y +

{

1 +
(τ1x)2

α2

}

(

P G
y

)2

−
2τ 2

1 xy

α2
P G

x P G
y −

1

α
P G

s eAs −
τ1y

α
P G

x eAs − P G
x eAx +

τ1x

α
P G

y eAs

− P G
y eAy −

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

eAs + e2A2
s

− (P G
x − eAx)eAx − (P G

y − eAy)eAy + m2c2

]

+ eΦ

=
1

mγ

[

1

α2

(

P G
s + P G

x τ1y − P G
y τ1x

)2
− 2

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

eAs

+ e2A2
s + (P G

x − eAx)
2 + (P G

y − eAy)
2 + m2c2

]

+ eΦ

=
1

mγ

[

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}2

+ (P G
x − eAx)

2 + (P G
y − eAy)

2 + m2c2

]

+ eΦ

=
1

mγ
(mcγ)2 + eΦ = mc2γ + eΦ.

Explicitly, the Hamiltonian in curvilinear coordinates is

H =

c

√

(P G
s + P G

x τ1y − P G
y τ1x − αeAs)2

α2
+ (P G

x − eAx)2 + (P G
y − eAy)2 + m2c2

+ eΦ, (19)

where again α = 1−τ3x+τ2y. Thus we derive Hamilton’s equations as follows

ṡ =
∂H

∂P G
s

=
1

mγ

1

α

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

,

ẋ =
∂H

∂P G
x

=
1

mγ

[

τ1y

α

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

+ P G
x − eAx

]

, (20)
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ẏ =
∂H

∂P G
y

=
1

mγ

[

−
τ1x

α

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

+ P G
y − eAy

]

, (21)

Ṗ G
s = −

∂H

∂s
=

1

mγ

[

−

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

×

{

1

α2

(

dτ3

ds
x −

dτ2

ds
y

)

(

P G
s + P G

x τ1y − P G
y τ1x

)

+
1

α

(

P G
x

dτ1

ds
y − P G

y

dτ1

ds
x

)

− e
∂As

∂s

}

+e(P G
x − eAx)

∂Ax

∂s
+ e(P G

y − eAy)
∂Ay

∂s

]

− e
∂Φ

∂s
, (22)

Ṗ G
x = −

∂H

∂x
=

1

mγ

[

−

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

×

{

τ3

α2

(

P G
s + P G

x τ1y − P G
y τ1x

)

−
τ1

α
P G

y − e
∂As

∂x

}

+e(P G
x − eAx)

∂Ax

∂x
+ e(P G

y − eAy)
∂Ay

∂x

]

− e
∂Φ

∂x
, (23)

Ṗ G
y = −

∂H

∂y
=

1

mγ

[

−

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}

×

{

−
τ2

α2

(

P G
s + P G

x τ1y − P G
y τ1x

)

+
τ1

α
P G

x − e
∂As

∂y

}

+e(P G
x − eAx)

∂Ax

∂y
+ e(P G

y − eAy)
∂Ay

∂y

]

− e
∂Φ

∂y
, (24)

where the abbreviation (18) is used.
To verify the derivations, we check Hamilton’s equations to agree with

previous results. It is shown easily that the first three equations agree with
(3). The last three equations are shown to agree with Lagrange’s equations
(9), (10) and (12). We have from (23)

Ṗ G
x = −

1

α
vs

{τ3

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− τ1P
G
y

}

+ evs

∂As

∂x
+ evx

∂Ax

∂x
+ evy

∂Ay

∂x
− e

∂Φ

∂x

= −
ṡ τ3

α
P G

s −
ṡ τ1τ3y

α
P G

x + ṡ τ1

(τ3x

α
+ 1

)

P G
y

− e

(

∂Φ

∂x
− vs

∂As

∂x
− vx

∂Ax

∂x
− vy

∂Ay

∂x

)

.
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Expressing the equation in terms of the mechanical momentum ~pC rather than
the generalized momentum ~P G according to (14) and using (7), we have

ṗx + e
dAx

dt

= −
ṡτ3

α
{(ps + eAs)α − (px + eAx)τ1y + (py + eAy)τ1x}

−
ṡ τ1τ3y

α
(px + eAx) + ṡ τ1

(τ3x

α
+ 1

)

(py + eAy)

− e
∂

∂x
(Φ − vsAs − vxAx − vyAy) − e

(

As

∂vs

∂x
+ Ax

∂vx

∂x
+ Ay

∂vy

∂x

)

= −ṡ (τ3ps − τ1py) − e
∂

∂x
(Φ − ~vC · ~AC),

which is in agreement with the first Lagrange equation (9). The Hamilton
equation for y is similarly modified from (24),

Ṗ G
y =

ṡτ2

α
P G

s + ṡτ1

(τ2y

α
− 1

)

P G
x −

ṡτ1τ2x

α
P G

y

− e

(

∂Φ

∂y
− vs

∂As

∂y
− vx

∂Ax

∂y
− vy

∂Ay

∂y

)

.

In terms of the mechanical momentum ~pC , we have

ṗy + e
dAy

dt
= −ṡ(τ1px − τ2ps) − e

∂

∂y
(Φ − ~vC · ~AC),

and it again agrees with the second Lagrange equation (10). Similarly, the
Hamilton equation for s is modified from (22),

Ṗ G
s =

ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

P G
s +

{

ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

τ1y − ṡ
dτ1

ds
y

}

P G
x

+

{

−
ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

τ1x + ṡ
dτ1

ds
x

}

P G
y

− e

(

∂Φ

∂s
− vs

∂As

∂s
− vx

∂Ax

∂s
− vy

∂Ay

∂s

)

.

In terms of the mechanical momentum ~pC , it takes the form

d

dt
{(ps + eAs)α − (px + eAx)τ1y + (py + eAy)τ1x}
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=
ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

{(ps + eAs)α − (px + eAx)τ1y + (py + eAy)τ1x}

+

{

ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

τ1y − ṡ
dτ1

ds
y

}

(px + eAx)

+

{

−
ṡ

α

(

−
dτ3

ds
x +

dτ2

ds
y

)

τ1x + ṡ
dτ1

ds
x

}

(py + eAy)

− e

(

∂Φ

∂s
− vs

∂As

∂s
− vx

∂Ax

∂s
− vy

∂Ay

∂s

)

,

and a little reorganization leads to

d

dt
(psα − pxτ1y + pyτ1x) + ṡx

[

d~τ

ds
× ~pC

]

2

+ ṡy

[

d~τ

ds
× ~pC

]

3

= e

[

−
d

dt
(Asα − Axτ1y + Ayτ1x) −

∂

∂s
(Φ − ~vC · ~AC)

]

,

which agrees with the third Lagrange equation (12), as it should.

4. Arc Length as Independent Variable for the Hamiltonian

As the last step, we perform a change of the independent variable from the
time t to the space coordinate s. For such an interchange, there is a surprisingly
simple procedure which merely requires viewing t as a new position variable,
−H as the associated momentum, and −P G

s as the new Hamiltonian, and
expressing it in terms of the new variables, if this is possible; for details, see
[4]. Then the equations are

dx

ds
=

∂(−P G
s )

∂P G
x

,
dy

ds
=

∂(−P G
s )

∂P G
y

,
dt

ds
=

∂(−P G
s )

∂(−H)
,

dP G
x

ds
= −

∂(−P G
s )

∂x
,

dP G
y

ds
= −

∂(−P G
s )

∂y
,

d(−H)

ds
= −

∂(−P G
s )

∂t
.

To begin, let us try to express −P G
s in terms of t, x, y,−H, P G

x , P G
y . From (19)

we obtain that

{

1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs

}2

+ (P G
x − eAx)

2 + (P G
y − eAy)

2 + m2c2

=
1

c2
(H − eΦ)2,
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so
(

P G
s + P G

x τ1y − P G
y τ1x − αeAs

)2

= α2

{

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

}

.

Considering the case that ~A = 0 and x and y are small, we demand ps should
be positive (and stay that way throughout); we also remind ourselves that
α > 0, and hence the choice of sign is done such that

P G
s = −P G

x τ1y + P G
y τ1x + αeAs

+ α

√

1

c2
(H − eΦ)2 − (P G

x − eAx)2 − (P G
y − eAy)2 − m2c2.

Thus, −P G
s and hence the new Hamiltonian Hs is obtained as

Hs = −P G
s = P G

x τ1y − P G
y τ1x − αeAs

− α

√

1

c2
(H − eΦ)2 − (P G

x − eAx)2 − (P G
y − eAy)2 − m2c2.

Here, for later convenience, note
√

1

c2
(H − eΦ)2 − (P G

x − eAx)2 − (P G
y − eAy)2 − m2c2

=
1

α

(

P G
s + P G

x τ1y − P G
y τ1x

)

− eAs = ps. (25)

Then, the equations of motion are

dx

ds
=

∂(−P G
s )

∂P G
x

= τ1y +
α(P G

x − eAx)
√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

, (26)

dy

ds
=

∂(−P G
s )

∂P G
y

= −τ1x +
α(P G

y − eAy)
√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

, (27)

dt

ds
=

∂(−P G
s )

∂(−H)
=

α
1

c2
(H − eΦ)

√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

,

(28)
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dP G
x

ds
= −

∂(−P G
s )

∂x
= P G

y τ1 − eτ3As + αe
∂As

∂x

− τ3

√

1

c2
(H − eΦ)2 − (P G

x − eAx)2 − (P G
y − eAy)2 − m2c2

− αe

1

c2
(H − eΦ)

∂Φ

∂x
− (P G

x − eAx)
∂Ax

∂x
− (P G

y − eAy)
∂Ay

∂x
√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

, (29)

dP G
y

ds
= −

∂(−P G
s )

∂y
= −P G

x τ1 + eτ2As + αe
∂As

∂y

+ τ2

√

1

c2
(H − eΦ)2 − (P G

x − eAx)2 − (P G
y − eAy)2 − m2c2

− αe

1

c2
(H − eΦ)

∂Φ

∂y
− (P G

x − eAx)
∂Ax

∂y
− (P G

y − eAy)
∂Ay

∂y
√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2

, (30)

d(−H)

ds
= −

∂(−P G
s )

∂t

= eα









∂As

∂t
−

1

c2
(H − eΦ)

∂Φ

∂t
− (P G

x − eAx)
∂Ax

∂t
− (P G

y − eAy)
∂Ay

∂t
√

1

c2
(H − eΦ)2 − (P G

x − eAx)
2 − (P G

y − eAy)
2 − m2c2









.

(31)

For the sake of convenience and checking purposes, we replace P G
x , P G

y and H
by ~pC using (14) and (19) and with the help of (16) and (25). Then we have
from (26), (27) and (28)

dx

ds
= τ1y + α

px

ps

, (32)

dy

ds
= −τ1x + α

py

ps

, (33)

dt

ds
= α

1

ps

√

(~pC)2 + m2c2

c
.

And we have from (29)

dpx

ds
+ e

dAx

ds
= (py + eAy)τ1 − eτ3As + αe

∂As

∂x
− τ3ps
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−α
e

ps

{

√

(~pC)2 + m2c2

c

∂Φ

∂x
− px

∂Ax

∂x
− py

∂Ay

∂x

}

,

and organizing the expression using (7), (3) and (16) we find

dpx

ds
+

[

~τ × ~pC
]

x
= e

[

−
dAx

ds
−

1

ṡ

∂

∂x
(Φ − ~vC · ~AC)

]

. (34)

In a similar way, we obtain from (30)

dpy

ds
+

[

~τ × ~pC
]

y
= e

[

−
dAy

ds
−

1

ṡ

∂

∂y
(Φ − ~vC · ~AC)

]

, (35)

and from (31)
dH

ds
=

1

ṡ

∂

∂t

[

e(Φ − ~vC · ~AC)
]

.

This concludes the derivations of dynamics in curvilinear coordinates. In
particular, we have obtained the relativistic equations of motion for motion in
gravitational and electromagnetic fields in curvilinear coordinates, with the arc
length s as the independent variable. Moreover, we know that these equations
of motion are Hamiltonian in nature, which has important consequences for
the theoretical studies [5], [6], [7], [4].

5. Planar Motion

As an application of the concepts just derived, let us consider a particularly
important special case, namely the situation in which the reference curve stays
in the x1-x2 plane. This so-called planar curvilinear system occurs frequently
in practice, in particular if the reference curve is an actual orbit and the fields
governing the motion have a symmetry around the horizontal plane. The basis
vectors in this 2D curvilinear system can be expressed by the Cartesian basis
vectors via

~ey = ~e3 ,

~es = cos θ~e1 − sin θ~e2 ,

~ex = sin θ~e1 + cos θ~e2 ,

where θ depends on the arc length s; denoting its derivative by h, i.e.

h = h(s) =
dθ(s)

ds
.

All the elements of the matrix Ô are determined as

Ô =





cos θ sin θ 0
− sin θ cos θ 0

0 0 1



 .
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So, the antisymmetric matrix T̂ of (2) has the form

T̂ = Ôt ·
dÔ

ds
=





cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 ·





− sin θ · h cos θ · h 0
− cos θ · h − sin θ · h 0

0 0 0





=





0 h 0
−h 0 0
0 0 0



 ,

thus the elements of T̂ and hence ~τ are given as

~τ =





τ1

τ2

τ3



 =





0
0
−h



 ;

finally, we have
α = 1 − τ3x + τ2y = 1 + hx.

The partial differential operators in this 2D curvilinear system are, from
[1],

~∇Cf =





∇s

∇x

∇y



 f =















1

1 + hx

∂

∂s
∂

∂x
∂

∂y















f ,

gradCf =
1

1 + hx

∂f

∂s
~es +

∂f

∂x
~ex +

∂f

∂y
~ey ,

div ~A =
1

1 + hx

∂As

∂s
+

1

1 + hx

∂

∂x
{(1 + hx)Ax} +

∂Ay

∂y
,

curlC ~A =















∂Ay

∂x
−

∂Ax

∂y
∂As

∂y
−

1

1 + hx

∂Ay

∂s
1

1 + hx

∂Ax

∂s
−

1

1 + hx

∂

∂x
{(1 + hx)As}















,

4Cf =
1

1 + hx

∂

∂s

(

1

1 + hx

∂f

∂s

)

+
1

1 + hx

∂

∂x

{

(1 + hx)
∂f

∂x

}

+
∂2f

∂y2
.

The velocity expressed in this system is, from (3)

~vC =





vs

vx

vy



 =





ṡ (1 + hx)
ẋ
ẏ



 .
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The electromagnetic fields and the Lorentz force expressed in this system are,
from [1],

~EC =





Es

Ex

Ey



 =















−
1

1 + hx

∂Φ

∂s
−

∂As

∂t

−
∂Φ

∂x
−

∂Ax

∂t

−
∂Φ

∂y
−

∂Ay

∂t















,

~BC =





Bs

Bx

By



 =















∂Ay

∂x
−

∂Ax

∂y
∂As

∂y
−

1

1 + hx

∂Ay

∂s
1

1 + hx

∂Ax

∂s
−

1

1 + hx

∂

∂x
{(1 + hx)As}















,

~fC =





fs

fx

fy



 =





Es + vxBy − vyBx

Ex + vyBs − vsBy

Ey + vsBx − vxBs



 =





Es + ẋBy − ẏBx

Ex + ẏBs − ṡ(1 + hx)By

Ey + ṡ(1 + hx)Bx − ẋBs





= −
d

dt





As

Ax

Ay



 −















1

1 + hx

∂

∂s
∂

∂x
∂

∂y















(Φ − ~vC · ~AC) +







Asd/dt(−hx)

1 + hx
0
0






.

Thus, the equations of motion expressed in this system are, using Newton’s
equation derived in [1],

d

dt





ps

px

py



 + ṡ





0
0
−h



 ×





ps

px

py



 =













dps

dt
+ ṡhpx

dpx

dt
− ṡhps

dpy

dt













= e















−
d

dt





As

Ax

Ay



 −















1

1 + hx

∂

∂s
∂

∂x
∂

∂y















(Φ − ~vC · ~AC) +







Asd/dt(−hx)

1 + hx
0
0





















.

Furthermore, the equations of motion after space-time interchange in this sys-



418 M. Berz, K. Makino

tem are, from (32), (33), (34) and (35)

dx

ds
= (1 + hx)

px

ps

, (36)

dy

ds
= (1 + hx)

py

ps

, (37)

dpx

ds
− hps = e

[

−
dAx

ds
−

1

ṡ

∂

∂x
(Φ − ~vC · ~AC)

]

=
e

ṡ
fx = e

[

1

ṡ
Ex +

dy

ds
Bs − (1 + hx)By

]

, (38)

dpy

ds
= e

[

−
dAy

ds
−

1

ṡ

∂

∂y
(Φ − ~vC · ~AC)

]

=
e

ṡ
fy = e

[

1

ṡ
Ey + (1 + hx)Bx −

dx

ds
Bs

]

. (39)

It is customary to have the equations of motion regarding the momentum
slopes a = px/p0 and b = pb/p0, instead of px and py, where p0 is the initial
momentum of the reference particle. Then the equations (36) and (37) can be
expressed as

dx

ds
= (1 + hx)

a

ps/p0
, (40)

dy

ds
= (1 + hx)

b

ps/p0
, (41)

where ps/p0 =
√

(p2 − p2
x − p2

y)/p
2
0 =

√

(p/p0)2 − a2 − b2 can be utilized. Be-

cause p0 is s-independent, the equations (38) and (39) can be expressed as

da

ds
= h

ps

p0
+

e

p0

[

1

ṡ
Ex +

dy

ds
Bs − (1 + hx)By

]

, (42)

db

ds
=

e

p0

[

1

ṡ
Ey + (1 + hx)Bx −

dx

ds
Bs

]

. (43)
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