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Abstract
We consider semi-infinite electrostatic deflectors with

plates of different thickness, including plates with rounded
edges, and we calculate their electrostatic potential and field
using conformal mappings. To validate the calculations, we
compare the fringe fields of these electrostatic deflectors with
fringe fields of finite electrostatic capacitors, and we extend
the study to fringe fields of adjacent electrostatic deflectors
with consideration of electrostatic induction, where field
falloffs of semi-infinite electrostatic deflectors are slower
than exponential and thus behave differently from most mag-
netic fringe fields. Building on the success with electro-
static deflectors, we develop a highly accurate and fully
Maxwellian conformal mappings method for calculation of
main fields of electrostatic particle optical elements. A re-
markable advantage of this method is the possibility of rapid
recalculations with geometric asymmetries and mispowered
plates. We use this conformal mappings method to calculate
the multipole terms of the high voltage quadrupole used
in the storage ring of the Muon g-2 Experiment (FNAL-
E-0989). Completing the methodological framework, we
present a method for extracting multipole strength falloffs of
a particle optical element from a set of Fourier mode falloffs.
We calculate the quadrupole strength falloff and its effective
field boundary (EFB) for the Muon g-2 quadrupole, which
has explained the experimentally measured tunes, while sim-
ple estimates based on a linear model exhibited discrepancies
up to 2%.

INTRODUCTION
Methods for measurement of anomalous magnetic dipole

moment (MDM) and electric dipole moment (EDM) using
a storage ring rely on electrostatic particle optical elements,
including the Muon g-2 Experiment’s storage ring at FNAL,
which uses electrostatic quadrupoles with a curved reference
orbit. Accordingly, it is necessary to accurately model main
and fringe fields of electrostatic elements. In particular,
inaccurate treatment of fringe fields of electrostatic elements
provides a mechanism for energy conservation violation.

In this research, we address the problem of accurate repre-
sentation for fringe fields of electrostatic deflectors, as well
as for main and fringe fields of electrostatic quadrupoles
with the specific case of the Muon g-2 quadrupole [1] con-
sidered. Our model of the main field of the Muon g-2
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quadrupole allows rapid recalculations with geometric asym-
metries and mispowered plates, the latter being useful, inter
alia, for simulations of RF scraping and the effects of dam-
aged quadrupole resistors. For the fringe field of the Muon
g-2 quadrupole, we calculated the field map and extracted
the falloff of the quadrupole strength, which was a basis
for achieving a good agreement of calculated tunes with
experimentally measured tunes.

CONFORMAL MAPPING METHODS
We used conformal mappings for calculation of fringe

fields of electrostatic deflectors and the main field on the
Muon g-2 quadrupole [2, App. A]. A conformal mapping
(or conformal map) is a transformation f : C → C that
is locally angle preserving. A conformal mapping satis-
fies Cauchy–Riemann equations and, therefore, its real and
imaginary parts satisfy Laplace’s equation: ∆<( f ) = 0 and
∆= ( f ) = 0. Conformal mappings automatically provide
the electrostatic potential in cases where the electrostatic
element’s geometry can be represented by a polygon, pos-
sibly with some vertices at the infinity. The domain of a
conformal mapping is called the canonical domain, and the
image of a conformal mapping is called the physical domain.
A Schwarz–Christoffel mapping is a conformal mapping
from the upper half-plane as the canonical domain to the
interior of a polygon as the physical domain.

The electrostatic potential for a cross section or a lon-
gitudinal section modeled by a generalized polygon may
be found by obtaining a conformal mapping f from a suit-
able canonical domain to the polygon. A bi-infinite strip is
a suitable canonical domain if the polygon comprises two
groups of consecutive sides characterized by the same con-
stant Dirichlet boundary condition, with two constant values
in total. A rectangular part of a bi-infinite strip is a suitable
canonical domain when the physical domain is a logical (or
generalized) quadrilateral.

If the solution of the Laplace equation in the canonical
domain is φ, the solution of the Laplace equation in the
physical domain is ϕ = φ ◦ f −1. In practice, the electrostatic
potential is usually the appropriately selected, shifted, and
scaled real or imaginary part of f −1.

The solution for the electrostatic potential obtained this
way is fully Maxwellian in the sense that the analytic formula
for f or f ′ results in the solution for the potential satisfying
the Laplace equation.

As described in [3,4], inverse conformal mapping g = f −1

may be obtained by
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Figure 1: The electrostatic field falloffs Ex (z) in cases 2
(solid cyan), 3 (solid brown), 5 (solid orange), 6 (dashed
blue), 7 (dashed green), and 8 (dot-dashed red).

1. solving the equation
f (g (w)) − w = 0 (1)

using the Newton–Raphson or another numerical
method; or

2. solving the ODE [2, App. A]
dg (w)

dw
=

1
f ′ (g (w))

, g (w0) = z0. (2)

DIFFERENTIAL ALGEBRA

The tracking code COSY INFINITY [5] has a rigorous and
efficient implementation of differential algebra (DA) [6, pp.
86–102]. Mathematica also has a DA implementation, where
DA values are encoded in SeriesData objects. One of the
advantages of DA computations is that Taylor series expan-
sions can be produced automatically for a highly complex
analytic function by substituting its comprising functions
with their DA values. Another advantage is the DA fixed-
point algorithms, e.g., for the inversion of a Taylor series
expansion, that complete in finitely many steps.

FRINGE FIELDS OF ELECTROSTATIC
DEFLECTORS

Using conformal mappings, we obtained electrostatic field
falloffs for semi-infinite capacitors with infinitely thin, in-
finitely thick, and finitely thick plates [2, Ch. 2]. For finitely
thick plates, we considered plate thicknesses D/4 and D/20
in terms of the aperture D, as well as cases with rectangular
and realistically rounded plate edges. The rounded edges
were approximated by piecewise linear curves with 42 line
segments, which is a good approximation.

In each case, we obtained a conformal mapping from the
bi-infinite strip 0 ≤ = (w) ≤ 1 to the physical domain of the

form [3, p. 46]
f (w) = f (w0)+

+ c

ŵ

w0

exp
[ π
2
(α− − α+) ζ

] n∏
j=1

[
sinh

π

2
(
ζ − wj

) ]αj−1
dζ,

where the number of vertices n and angles πα are parameters
of the polygonal model and the parameters w were found
using the MATLAB package Schwarz–Christoffel Toolbox
(SC Toolbox) [7].

To validate the fringe fields of semi-infinite electrostatic
capacitors obtained using conformal mappings, we com-
pared the results with the electrostatic field of finite rectan-
gular electrostatic capacitors with finitely thick plates and
different plate sizes, which were computed by Helmut Solt-
ner (FZ Jülich) using COULOMB’s [8] boundary element
method (BEM) field solver. This comparison shows good
agreement.

Overall, the fringe fields for the following cases of one
electrostatic capacitor were calculated:

1. Semi-infinite capacitor with infinitely thin plates, man-
ually obtained conformal mapping;

2. Semi-infinite capacitor with infinitely thin plates, SC
Toolbox calculations;

3. Semi-infinite capacitor with infinitely thick plates, SC
Toolbox calculations;

4. Semi-infinite capacitor with plates of D/20 thickness,
SC Toolbox calculations;

5. Semi-infinite capacitor with plates of D/20 thickness
and rounded edges, SC Toolbox calculations;

6. Semi-infinite capacitor with plates of D/4 thickness
and rounded edges, SC Toolbox calculations;

7. Large rectangular capacitor with plates of D/4 thick-
ness, COULOMB calculations; and

8. Small rectangular capacitor with plates of D/4 thick-
ness, COULOMB calculations.

A comparison of the fringe fields of electrostatic capacitors
in cases 2–8 is shown in Fig. 1.

Because of electrostatic induction, the field of two adja-
cent electrostatic deflectors differs from the superposition of
the fields of these deflectors as they would be in empty space.
To study this effect, we modeled fringe fields of two adjacent
semi-infinite capacitors with finitely thick plates and sym-
metric, antisymmetric, and different voltages (see Figs. 2
and 3). For adjacent electrostatic capacitors with symmetric
and antisymmetric voltages, making use of the symmetries,
we obtained the field using a conformal mapping from the
bi-infinite strip the same way as for one electrostatic ca-
pacitor. In the case of adjacent electrostatic capacitors of
different voltages, we used a composite conformal mapping
that is suitable for solving the Laplace equation with multiple
Dirichlet boundary conditions as detailed in [3, pp. 77–83].

We found that, unlike fringe fields of most magnetic
elements, fringe fields of electrostatic deflectors fall off
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Figure 2: The electrostatic field and equipotential lines of
two adjacent semi-infinite capacitors with plates of 3D/4
thickness, symmetric voltages, and rounded edges.
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Figure 3: The electrostatic field EA&B (z) (blue) of two ad-
jacent semi-infinite capacitors with plates of D/2 thickness
and different voltages VA = 1 and VB = 3, individual fields
EA (z) (orange) and EB (z) (green) of each capacitor as in
empty space, and the difference EA&B (z) − EB (z) (dashed
red) that would be equal to EA (z) without electrostatic in-
duction.

slower than exponentially. Thus, Enge functions of the form

FN (z) =
[
1 + exp

(∑N
j=1 aj

(
z
D

) j−1
)]−1

, where z is the lon-
gitudinal coordinate and D is the aperture, are not suitable
for accurate modeling of the asymptotic behavior of field
falloffs of electrostatic deflectors, as Fig. 4 illustrates. How-
ever, a piecewise function consisting of an Enge function

at z/D < c and G (z) =
[∑N2

j=1 bj

(
z
D

) j−1
]−1

at z/D ≥ c for
some c > 0, smoothly glued as

H (z) =
1

1 + exp
[∑N1

j=1 aj
( z
D

) j−1
] 1

1 + exp
[ ( z

D − c
)2] +

+
1∑N2

j=1 bj
( z
D

) j−1
1

1 + exp
[
−

( z
D − c

)2] ,
models field falloffs of electrostatic deflectors accurately [2,
Ch. 2], as shown in Fig. 5.
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Figure 4: The plot on the left shows a 5-parameter Enge
function F5 (z) (dashed red), fitted to the x component of the
electrostatic field falloff Ex (z) (solid blue) of a semi-infinite
capacitor with infinitely thin plates.
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Figure 5: The plot on the right shows a function (dashed
red) of the alternative form H (z), fitted to Ex (z) (solid blue)
and enhanced in the interval −3.5 ≤ z/D ≤ 6.5 by adding
a Fourier exponential series expansion of the difference
Ex (z) − H (z).

MAIN FIELD OF THE MUON g-2
COLLABORATION QUADRUPOLE

The main field of an electrostatic element such as the
Muon g-2 collaboration quadrupole can be obtained using
the following general method [2, 9–13]:

1. Calculate the electrostatic potential using conformal
mapping methods with one plate at 1 V and the other
Dirichlet boundary conditions (the remaining plates,
the rectangular enclosure, and the trolley rails) of 0 V.

2. Apply plate distance errors as perturbations to four
copies of the potential, each copy corresponding to one
plate at 1 V and the other Dirichlet boundary conditions
of 0 V.

3. Apply appropriate rotations to these four copies of the
potential, scale the copies (e.g., by ±2.4 × 104 or with
mispowered values), and use their superposition.

We considered two polygonal models of the cross section:
(1) the nominal case with symmetric voltages and no ge-
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Figure 6: The polygonal model of the Muon g-2 quadrupole
in the SM case.

ometric asymmetries (“SM”), and (2) the general case of
mispowered plates and geometric asymmetries (“NSM”). In
the former case, we simplified the polygonal model using
the four-fold rotational symmetry and the four mirror sym-
metries, as Fig. 6 shows. The conformal mapping theory
for physical domains as n-connected regions for n ≥ 2 is
quite challenging or restricted (see, e.g., [14] and [3, pp.
64–70]) compared to simply-connected regions. We approx-
imated the cross-sectional geometry in the NSM case by a
simply-connected region shown in Fig. 7 using connecting
rods between the rectangular enclosure and the four plates,
which were placed in the middle of the back side of each
plate to minimize their impact on the multipole terms.

In both cases, considering two constant Dirichlet bound-
ary conditions are interposed by two von Neumann boundary
conditions, forming a logical quadrilateral, we used a con-
formal mapping from a rectangular part of a bi-infinite strip.
The derivative of the conformal map f from the canonical
domain to the physical domain was [3, p. 49]

f ′ (z) = c cn (z |m) dn (z |m)
n∏
j=1

(
sn (z |m) − sn

(
xj + iyj |m

) )αj−1
,

where sn, cn, and dn are the Jacobi elliptic functions1, K is
the complete elliptic integral of the first kind2, the number
of vertices n and angles πα are parameters of the polygonal
model, and the parameters x, y, m, and c were found using
the SC Toolbox.

Knowing the analytic expression for a derivative f ′ of
a conformal mapping f and the constant part (the scalar

1 Definitions of the Jacobi elliptic functions can be found at http:
//mathworld.wolfram.com/JacobiEllipticFunctions.html.

2 The complete elliptic integral of the first kind is defined at
http://mathworld.wolfram.com/
CompleteEllipticIntegraloftheFirstKind.html.

Figure 7: The polygonal model of the Muon g-2 quadrupole
in the NSM case.

value)
g0 = cons (g (0)) ∈ C

of the DA value of g = f −1 at the origin w = 0, we can
obtain the DA inverse g (0) at the origin as

g (0) = g0 +
(
∂−1 f ′ (g0)

)−1
.

In the SM case, the derivative f ′ of the conformal map-
ping has a branch point at the preimage of the origin, which
corresponds to the reference orbit. This presents certain
difficulties in the analysis. For example, it is not possible to
obtain the electrostatic potential multipole terms by obtain-
ing f via a Taylor series expansion of f ′ and then calculating
the inverse series. The same applies to the calculation of DA
values of f at point z = g0.

In view of this, for the SM case, we obtained the multipole
expansion for the Muon g-2 quadrupole up to order 24 in
the form

ϕ (r, θ) =
A0
2
+

N∑
j=1

r j
(
Aj cos ( jθ) + Bj sin ( jθ)

)
+O

(
rN+1

)
of the electrostatic potential by solving the restriction of
the ODE from Eq. (2) to the vertical edge of the polygonal
model, using the solution as a boundary condition in solving
the Cauchy–Riemann PDE in Mathematica, and performing
Fourier analysis.

We also calculated the multipole expansion in MATLAB
in the SM case up to order 24 by computing the inverse
values of the conformal mapping object f at an equidistant
discretization of a circle of radius R into N = 1001 arc
intervals of length 4t = 2πR/N as

u =
(
f−1

(
R cos ( j4t) ,f−1 (R sin ( j4t))

)N−1

j=0

)
,
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Figure 8: A heatmap plot of the multipole expansion of the
electrostatic potential in the NSM case, up to order 24.
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Figure 9: A contour plot of the multipole expansion of the
electrostatic potential in the NSM case, orders 3 to 24.

taking the discrete Fourier transform (DFT) of the electro-
static potential ϕ around the circle, and obtaining the Fourier
modes using the Hermitian symmetry.

For the NSM case, we obtained the multipole expansion
up to order 24 using the DA inverse of the conformal map-
ping using COSY INFINITY (see Figs. 8 and 9) and Mathe-
matica, as well as using Fourier analysis applied to its con-
ventional inverse in MATLAB. In particular, we produced
a COSY INFINITY program called mterms, as well as its
variant written in Python, that calculates the multipole terms
of the Muon g-2 quadrupole for a given set of mispowered
plates and plate misalignments.

Our a posteriori error analysis indicates that the DA
method is accurate. This application of the conformal map-
pings method was near its limit in terms of the complexity
of geometry due to the crowding phenomenon [15], where
crowding refers to a close colocation of preimages of the

polygon vertices. However, the method can be expanded to
significantly more complex geometries using the cross ratios
of the Delaunay triangulation (CRDT) algorithm [3, 16, 17].
The conformal mappings method has the advantage of an
analytic, fully Maxwellian formula and allows rapid recalcu-
lations with adjustments to the geometry and mispowered
plates [2, Ch. 3].

The multipole terms we calculated for the Muon g-2
quadrupole were used to study the effects of an unpowered
plate [18] and for RF scraping studies [19]. We used these
multipole terms to explain the so-called oomph effect [20],
which refers to the power of Muon g-2 quadrupoles being
apparently 4% higher than the voltage to which they are set.
More recently, the multipole terms were used to study the
effect of damaged resistors with affected RC time constants
on beam dynamics variables such as the beta function, tunes,
and coherent betatron oscillation (CBO) frequencies in the
Muon g-2 storage ring [21].

FRINGE FIELD OF THE MUON g-2
COLLABORATION QUADRUPOLE

In the fringe field of an electrostatic particle optical ele-
ment, due to the dependence of the field on the longitudinal
component s, the expansion of the electrostatic field takes
the general Taylor–Fourier form [2, 22, 23]

ϕ (r, θ, s) =
+∞∑
k=0

+∞∑
l=0

Mk ,l (s) cos
(
lθ + θk ,l

)
rk .

Multipole terms Mk ,l (s) vanish for k < l and k = l + 1, l +
3, . . . in the general case.

We compare it with the Fourier expansion of the electro-
static potential

ϕ (r, θ, s) =
a0 (r, s)

2
+

+∞∑
l=0

al (r, s) cos (lθ + θl) ,

where we assume the constant part a0 (r, s) /2 to be zero,
considering the gauge invariance of the electrostatic poten-
tial.

Thus, for a set of radii rj for j = 1,2, . . . ,N ,

al
(
rj

)
=

+∞∑
m=0

Ml+2m,lr
l+2m
j , (3)

and we can extract an approximation of the 2l-pole strength
Ml,l from Fourier modes al by solving a matrix equation
[23].

We developed a Python program called STEP File Gener-
ator (or stepfg). This program produces 3D STEP (ISO
10303-242 [24]) files from polygonal models specified by
vertices. Compared to performing this process manually in
CAD software, our software has workflow efficiency advan-
tages. The resulting STEP file can be used in many general
3D, including BEM or finite element method (FEM) solver,
programs.

Using the STEP File Generator, we effectively extruded
a polygonal model of a 90◦ section of the full cross section
of the Muon g-2 quadrupole. Due to the curvature radius
R = 711.2 cm being relatively large compared to the half-
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Figure 10: Falloffs of 2nd order Fourier modes a2
(
rj

)
cal-

culated at radii r =1.8, 2.1, 2.4, 2.7, 3.0 cm from Wu’s field
data. Curves with larger magnitudes correspond to larger
radii.

aperture d = 5 cm, the approximation of a straight reference
orbit is quite accurate for the purpose of calculating the
fringe field.

The electrostatic potential was calculated by Helmut Solt-
ner using COULOMB’s BEM field solver at a grid-point set
of coordinates at a set of radii

r = 1.8, 2.1, 2.4, 2.7, 3.0 cm (4)
and longitudinal coordinates with the discretization size
ranging from 4z = 0.625 cm generally to 4z = 0.078 cm
near the edge of the quadrupole, where the field falloff is the
steepest.

From this field data, we calculated the Fourier mode
falloffs using the DFT and the Hermitian symmetry at the
set of radii listed in Eq. (4). These Fourier mode falloffs
are shown in Figs. 10 and 11. We extracted the quadrupole
strength falloff and its effective field boundary (EFB) zEFB =
1.2195 cm for the Muon g-2 quadrupole by applying the
method outlined above. We also fitted Enge function co-
efficients using the Levenberg–Marquardt Gauss–Newton
method to the falloff of the quadrupole strength [2, Ch. 3].

For a comparison, we applied [25] the same method of
calculating multipole strengths to the electrostatic field data
that was obtained for the Muon g-2 quadrupole using Opera-
3d’s [26] FEM field solver by Wanwei Wu (University of
Mississippi), which accounts for the curvature of the refer-
ence orbit. In particular, we interpolated Wu’s field data and
applied the multipole terms extraction method. Additionally,
we fitted a nonlinear model defined as the multipole expan-
sion to the raw field data in each cross section and obtained
similar results. The field falloffs and the EFBs obtained from
Soltner–Valetov and Wu field data are in good agreement,
as Fig. 12 shows.

The discrepancies of simple estimates of the tunes based
on linear models (Methods 1–3 in [27, 28]) were 1% to 2%
in the case of vertical tunes, while for horizontal tunes they
were 0.1% to 0.2%. In both cases, the differences between
the calculated and the measured tunes exceeded the data

Figure 11: The Fourier modes a2
(
rj

)
(dashed plot style,

scaled to 1 well inside the quadrupole) alone fall off more
quickly than the true quadrupole strength M2,2 (solid red).
This is because the second derivative of M2,2 (s) is negative
in the beginning of the fringe field and positive on the out-
side, impacting the additional terms based on the second
derivative of M2,2 in Eq. (3).

Some computational noise
is noticable here in Opera-3d.

Figure 12: The falloff of the multipole term M2,2 agrees
well between calculations based on Soltner–Valetov field
data (zEFB = 1.2195 cm; solid blue) and field data by Wu
(zEFB = 1.1233 cm; dashed red).

errors of the measured tunes. The consideration of fringe
fields or EFBs (Methods 5 and 4 in [27, 28], respectively)
significantly improved the agreement between the calculated
and the experimentally measured tunes for each quadrupole
voltage. A consistency between horizontal tunes that were
calculated with consideration of the fringe fields and experi-
mentally measured tunes was reported in [29].
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