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Abstract: To analyze perturbative effects in the proximity of a reference
orbit, it is often advantageous to describe the motion in terms of a set of relative
coordinates. We study the relative motion in an attached moving Dreibein
that has freedom of torsion in configuration space. The original motion is
assumed to be due to the action of scalar or vector potentials, such as those
that arise in gravitation or electromagnetic systems. Transformation rules for
the potentials, common differential operators, and the resulting equations of
motion are derived.
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1. Introduction

In this paper, we will derive transformations of differential equations to so-
called curvilinear coordinates. These coordinates are measured in a moving
right-handed coordinate system that has one of its axes attached and parallel
to a given reference curve in space.
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While this approach at first sight perhaps seems to complicate the descrip-
tion of the motion, it has indeed several advantages. Firstly, if the chosen
reference curve in space is itself a valid orbit, then the resulting flow of the
differential equation will be origin preserving, because the origin just corre-
sponds to the reference curve itself. This fact then opens the door to the use
of perturbative techniques for the analysis of the motion in order to study how
small deviations from the reference curve propagate, for example in the setting
of perturbation theories popular in the field of beam physics [1], [2], [3]. In par-
ticular, if the system of interest is repetitive and the reference curve is closed,
then the origin will be a fixed point of the motion. If the arc length is used as
the independent variable, then after one revolution around the reference orbit,
the system is repetitive, and perturbative techniques around fixed points [4]
can be employed to study the one-turn flow of the differential equation, which
here corresponds to a Poincare map of the motion [5].

The following sections describe in detail the derivation of the motion in
curvilinear coordinates. We will describe the transformations between coor-
dinates and the right hand sides, and will then derive the forms for standard
differential operators including gradient, divergence, curl, and Laplacian in the
new coordinates. In particular these will allow the transformation of differ-
ential equations of which parts are derived from scalar and vector potentials
under preservation of the potential structure. As an application, we derive
the transformation rule for relativistic motion in gravitational or electromag-
netic fields. In a companion paper [6] we study the preservation of existing
Lagrangian and Hamiltonian structure under the transformations.

2. Non-planar Curvilinear Coordinates

Let {€1, €, €3} denote a Dreibein, a right-handed set of fixed orthonormal ba-
sis vectors, which defines the so-called Cartesian coordinate systems. For any
point in space, let (z1, 29, x3) denote its Cartesian coordinates. In order to
introduce the curvilinear coordinates, let ]%(s) be an infinitely often differen-
tiable curve parameterized in terms of its arc length s, the so-called reference
curve. For each value of s, let the vector €, be parallel to the reference curve,
ie. .

S dR

ls) = T )

We now choose the infinitely often differentiable vectors €,(s) and €(s)
such that for any value of s, the three vectors {é,€é,,¢€,} form a Dreibein,
a right-handed orthonormal system. For notational simplicity, in the fol-

lowing we also sometimes denote the curvilinear basis vectors {€y, €, €,} by
~C C C
{61 €2, €3 }
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Figure 1: Reference curve and the locally attached Dreibeins.

Apparently, for a given curve R(s) there are a variety of choices for &,(s)
and €,(s) that result in valid Dreibeins since €,(s) and €,(s) can be rotated
around €. A specific choice is often made such that additional requirements
are satisfied; for example, if the curve ﬁ(s) is never parallel to the vertical
Cartesian coordinate €3, one may demand that é,(s) always lie in the horizontal
plane spanned by é] and éj5.

The functions E(s), &(s), and €y(s) describe the so-called curvilinear co-
ordinate system, in which a position is described in terms of s, x and y via

—

7= R(s) +xe,+yeé,.

Apparently the position 7 in Cartesian coordinates is uniquely determined for
any choice of (s,x,y). The converse, however, is not generally true: a point
with given Cartesian coordinates 7 may lie in several different planes that are
perpendicular to the curve ]%(s), as shown in Figure 2.

The situation can be remedied if the curvature x(s) of the reference curve
é(s) never grows beyond a threshold, i.e. if

r = 1/m§LX|/i(s)| (2)

is finite. As Figure 3 illustrates, if in this case we restrict ourselves to the
inside of a tube of radius r; around é(s), for any vector within the tube, there
is always one and only one set of coordinates (s, x,y) describing the point 7.
Let us now study the transformation matrix from the Cartesian basis
{é1, &, &} to the local basis of the curvilinear system {é, &, &, } = {&{, &5, &S}
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Figure 2: Non-uniqueness of curvilinear coordinates.

Figure 3: Uniqueness of curvilinear coordinates within a tube.
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The transformaAtion between these basis vectors and the old ones is described
by the matrix O(s) which has the form

) ) ( Y
) )

) ) (-
Because the system {&;, &, &,} is orthonormal, so is O(s), and hence it satisfies

O(s)-O(s)! =1 and O(s)-O(s) = 1. (4)
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Since both the old and the new bases have the same handedness, we also have

~

det(O(s)) = 1, (5)

and hence altogether, O(s) belongs to the group SO(3). We remind ourselves
that elements of SO(3) preserve cross products, i.e. for O € SO(3) and any

vectors a, b, we have
(Od) x (0Ob) = O(a x b). (6)
One way to see this is to study the requirement of orthonormality on the
matrix elements of O. The elements of the matrix O describe the coordinates of
the new parameter dependent basis vectors in terms of the original Cartesian
basis; explicitly, we have
€]k = Ok1,  [€x)k = Oka,  [€y]k = Oks. (7)

The demand of the right-handedness then reads

3
=C ., C ~C
e X €, = E €lmnCy »

n=1

where €5, is the common totally antisymmetric tensor of rank three defined as

1 for (i,7,k) = (1,2,3) and any cyclic permutation thereof
€ijr = ¢ —1 for other permutations of (1,2, 3) ,
0  for two or more equal indices

and reduces to a condition on the elements of the matrix O

3 3
Z 6z'jkOilem = Z 6lmnOkn- (8)
ij=1 n=1

We remind ourselves that the symbol €;;;, is very useful for the calculation of
vector cross products; for vectors d, b, we have

3
[5: X b]k = Z eijkaibj.

1,7=1
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Using condition (8), we readily obtain (6).

For the following discussion, it is useful to study how the transformation
matrix O changes with s. Differentiating (4) with respect to the parameter s,
we have

N N N t N
d oA dO' . dO [ A0\ ,dO

So, the matrix T =0!doO /ds is antisymmetric; we describe it in terms of its
three free elements via

A 0 —T3 T2
OthZ—O:T: T3 O —T1 . (9)
s —T3 1 0

The three elements we group into the vector 7, which has the form

T
T2
T3

ml
Il

We observe that for any vector d, we then have the relation
T-d=7xa.

The components of the vector 7, and hence the elements of the matrix T, can
be computed as

n=g -Ba__g. %
ds ds
7_2:6_,8'%:_6}'6[65’
ds ds

L des . dé, 10

T3 = €y i es'ds' (10)

These relationships give some practical meaning to the components of the
vector 7: Apparently, 7y describes the current rate of rotation of the Dreibein
around the reference curve ﬁ(s); Ty describes the current amount curvature
of ﬁ(s) in the plane spanned by €, and €;; and 73 similarly describes the
curvature of ﬁ(s) in the plane spanned by €, and €. In more mathematical
terms, because of

de;

eshds_’ ex'ds_’ % ds

de, . de,

— —

—0, (11)
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we have
ng — —
— T3€; — To€

ds v
—— — —T3€g T1€
ds v
de,

Yy — —
— = T9€s; — T1€, 12
dS Y ( )

as successive multiplication with €, €, and €, and comparison with (10) re-
veals.

3. Differential Operators in Non-planar Curvilinear Coordinates
As the first step in the transformation of the differential equation to the curvi-

linear coordinates, it is necessary to study the form of common differential
operators in the new coordinates. From (7), which has the form

3 3
r= Zxke?k = Z {R : é}c + Z‘Okg + yOkg} é}g,

k=1 k=1
we see that the Cartesian components of 7" are

2 =R & + 205 + yOys, for k=1,2,3. (13)

Hence the partial derivatives of x; with respect to s, x and y are

&vk . dR(S) - d0k2 dOkg o dOkQ dOkg
ds  ds et T ds ty ds = Ontu ds ty ds
oxy, Oxy,

_— d —_— =

ax Ok‘Qa an ay Ok‘3a

where (1) and (7) have been used. Thus, the Jacobian matrix C' is

Oxry Oy Oxs

0 0 0
S a(xl,l'g,l'g,) o 3;1 852 853 B 011 021 031
C=Tozw )| 70 @ @ || On 02 On
o axl ax2 3:63 013 023 033

dy Oy Oy
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dO doO dO dO doO dO
2 13 22 23 82 33

+ . ds y ds . ds Ty ds v ds Y ds
0 0 0
0 0 0
0 =z Yy Nt 0 x Yy It
A dO . dO N
=0'"+( 0 0 0 Sl 410 0 0 -d—~(0-ot)
00 0 5 000 5
R 0 =z vy X X 1l—mr+mny —my Nz )
=7+l 000 | -7} O = 0 1 0 -0,
000 0 0 1

It is convenient to denote the first part of the Jacobian matrix C by A, ie.

1— T333'+7'2y —nyYy nx

~

A= 0 1 0 :
0 0 1
then the Jacobian matrix can be written as
C=A-0
The inverse matrix of A is found easily; we obtain
1 Y — 1T
A1 = l—mr+mny 1l—mr+ny 1—m2+ 0y
0 1 0
0 0 1

For later convenience, it is advantageous to introduce the abbreviation
a=1—Tmz+ ny. (14)

We note that for x and y sufficiently close to zero, a does not vanish and is
positive. Hence besides the restriction for the motion to be inside a tube of ra-
dius 1 imposed by the need for uniqueness of the transformation to curvilinear
coordinates in (2), there is another condition; defining

1 1,1 ) (15)

o = — 1n(
S
then if we restrict x, y to satisfy |z|, |y| < rq, the quantity « never vanishes.

In this case, for the inverse matrix of the Jacobian matrix C' we have

1 ny —mne
-1 _ A 1-1 _ A Q (0% (@7
0 0 1

Now all the necessary preparations are made for the calculation of partial
differential operators such as gradient, divergence, curl and Laplacian in the
curvilinear coordinate system.
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3.1. The Gradient

Let f be a scalar function, expressed either in the Cartesian coordinates
(1,9, 23), or the curvilinear coordinates (s,z,y). From the chain rule, we
have

g 8:1:1 81'2 8.1'3 i

v f: X1 X2 X3 . v f — Cv.ﬁctf’
ox or Ox Ox 0s

2 al'l 8:102 8x3

dy dy Oy Jy O3

where V¢ is the Cartesian differential operator vector. Multiplying with C'~ !,
we obtain the expression of this vector in terms of partial derivatives with
respect to the particle optical coordinates as

9 0
8951 %
Ve = 9 f=C"". 9 f
0o ox
4 9
Dy Oy
1 g + T i —T xg
a\as  Yor ! y
- 0 2 /.
J
dy

where (16) was used. We now define the vector differential operator VY as

l(ﬁ+ﬁyﬁ_ﬁ%§>
V? V. a \ 0s Ox dy
Ver=(ve ) r=|v. |- 9 It
V¢ v, O
dy
(17)

Then we have . o B o
Vef=0-V9 and VOf = O' -V, (18)

or, for later use, in components,

3 3
Vif=> OuVy fand Vi f =Y OuxVi'f. (19)
=1 =1
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Let us consider a vector function A; we express it in both Cartesian and
curvilinear coordinates:

A= A8 + Agy + Agly = A8, + A8y + Ayé,.

We denote the component vectors in Cartesian and curvilinear coordinates
with A and A°, respectively, and have

) A ) AS A,
At=| A, |, A= 49 | =| A,
As AS A,

Then, because of (3)
A = AG + A8+ Ayé, = A (08) + AL (08) + A, (Ods)

~

- O . (Aséi —|— Azéé —|— Aygg),
and so we have
A% =0 AC as well as A = O' - A (20)

As a first step, we now want to determine the form of the gradient operator
in curvilinear coordinates. In the Cartesian system, the gradient operation is

of

dx,

oaf | _ ﬁa + ﬁe“z + ﬁe}

aZL'Q 8x1 8.1'2 8.1'3

af

D3

As in the situation with the more common coordinate systems, the gradient
operator in the curvilinear system should determine the Cartesian gradient of
a function, and then expresses it in terms of curvilinear coordinates; so we

must have

graddf = ﬁdf =

grad® f = O' - grad®f.
We find that VCf defined in (18) satisfies this demand; so the gradient oper-

ation in the curvilinear system is
1 /0 0 0
— | =+ny=——nzr— | f
S x Yy

grad®f = VO f = < :

that is

1 /0 0 0 0 0
gradcf = |:a (& + le—x — Tll'—y> f:| é; —+ —igz -+ —ggy (21)
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3.2. The Divergence

The divergence in the curvilinear system is calculated as follows. In the Carte-
sian system,
. » O0A;  0Ay O0A;
divA = + + .
v al'l al'g 8303

Our goal is to express it in terms of the curvilinear system. For this purpose,
we apply (19) to the three components A = Y O, AS,

divA = (V- A = > Vit AL =Y " 0u vy (Z okmASn>
k k l m
= ) OnOmVIAS +D ) " 0u(V{ Opm) AS,.
k Im k Im

Since O = O(s), we have

1 dOkm

v Okm - 5lsv Okm - 5ls
ds

(22)

Using this relationship, we obtain

divA = " " 040 Vi A, + Z Z Opidis — ! dO'“m A

Im k

= Z (5lmVlCAgl + Z TsmAC Z VC AC 7-3A + TQA )

1[0 0 0 8Am 04, 1
( > Ag + o T n + a(—ngx + 1 Ay).

Thus, the divergence expressed in the curvilinear system is obtained as

| 0 0 0 0 0
divA = a { <% -+ le% — Tl.fll'a—y) AS -+ %(O[Az) -+ a—y(OéAy)} . (23)
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3.3. The Curl

The derivation of the curl in the curvilinear coordinates is a little more in-
volved. In the Cartesian system,

CUI'ICt/T = 601: X gd = [6“ X /YCt]lé)l -+ [ﬁCt X A‘Ct]gé)g -+ [ﬁCt X gd]gé:'g

0ds 04y
al'g 8303
| oAl o
N 8.1'3 8x1
04, oA,
8:1:1 81'2

The curl in the curvilinear coordinates, which we denote by curl® A and which
has the components

[curlch
curl A = [curlcff] ,
[curlch
y
has to satisfy the condition
curl?A = O - curl°A. (24)

First, let us express each component of curl®A in terms of the curvilinear

system, again using the transformation rules for derivative components (19).
We obtain

[eurl Ay, = [V x Al = > e VAL =3 €500V (05 AS)

/[:7]' l7m

(]
= Z Z GijkOilemvchSL + Z Z Ez'jkOil<vlCij>Agl

l,m i,j lam iv.j

- Z (Z GlmnOkn> Vi AL+ Z Z €ijkOadis - s AL
lm n

— a ds
Ilm 1,9

l,m m Zv.]

where (8) and (22) are used to obtain the third line. Making use of the fact
that

dO o dé,cn
Zeijkoisd—; = [el x E]k

i3
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as well as the relationships in (12) which entail

L dé, n de, . de, .
g X — = ’7'36 7'261 63 X — = 7'161 ana €g X — = —T1€
ds Y ’ ds ’ ds v
we obtain
[curl® Ay,

1
= Z On[VE x A°],, + a{(TgOk:s + 720p2) Ay — 11Ok Ay — 11Op3Ay }

1
= Z Okn X AC + E{OkQ(T2AS — TlAz) -+ Okg(TgAs — TlAy)}.

So
[60 % Ab] 1 1 0
curlA = O - [ﬁc X ffc] , + o T Ay, — T A,
[ﬁc % A‘C]g 7'3As — TlAy

Now transforming the curl vector to curvilinear coordinates according to (24),
we have

=C AC
. R . [Y % /}) L 1 0
curl’A = O - curl® A = [Vc X AC} , +— | RA;—1A,
a
[ﬁc % zé_fci| TgAs — TlAy
3
V.A, — V, A,

1

— VyAS — VSAy —f- E(TQAS — TlAm)
1

VA, — V, Ag + E(T;),AS —14,)

So altogether, expressed in terms of partial derivatives with respect to the
curvilinear coordinates, we have

0A, 6Am
Or
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8A 0A,
“or ¢ Jy
1 0 0 0 0
= a a—y(OZAS) — 7'1143j — (& + le% — Tll’a—y) Ay . (25)

0 0
—a—x(O{As) + (% + lea_l‘ — Tll'a—y> Az — TlAy
3.4. The Laplacian

The Laplacian operator in the Cartesian system is

ctp ct | ct — ct t' ct —
AT = (VN = (V) VI =55+ G5+ 55

In terms of the curvilinear system, utilizing (19), we have
NCf = (V- VI f = Z Z OuV{ (OmVE) f

=5 010 VE( vC ) + Z Z Ou(V§ Om) (Vo f)

Im k

dO m
= %‘ OV (Vi) + ij 2 0, (V)

=3 (6 AT ) (V5D
= Vo (V) + (Vo= 2) (Vab) + (Vs +2) (Vo)

where (4) and (22) are used from the second to the third line. Thus, the
Laplacian operator in the curvilinear system, expressed in partials of curvilin-
ear coordinates, has the form

1 /0 0 0 of of of
A=~ — —na— 97
d (a Y Tlx@y) { (as Wy ~ T 8y>}
10 of of
T3 a dr ( 8x> * ady ( 8y) (26)
3.5. The Velocity Vector

The final differential quantity we want to express in terms of curvilinear coor-
dinates is the velocity vector ¢. It is expressed as

—

U = 01€] + V2€ + V3€3 = V€5 + V€, + vyey,
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and similarly before, we define

U1 Vs
=1 v |, ®“= v |,
V3 Vy

and we have 7 = O - #°. To determine the velocity expressed in curvilinear
coordinates, we differentiate the position vector ¥ with respect to time ¢; from
(13), we have

J7 3
dr d - >
d_ kz d_ R <€, + 2049 + yOkB}ek
3
dO dO -
:Z{Ok18+0k2$+0k3y+3 St kgy} o
k=1 ds s
§ 0 s 5 (0
. d A d
=0-| & —I—s—O- r | =0- & | +30" ° L
. ds ; ds
Y Yy
) § [0 [ $ (A —ma+7y)
=0- T | +sT-[ z =0- T — STy ,
" y Y+ smz

where (1) is used from the first line to the second line. Comparing with the
previous equation, we see that the velocity expressed in terms of curvilinear
coordinates is given by

Vs 5+ (1 = 1z + ™y) S
“ = v | = i — Ty = i—sny |, (27)
Uy Y+ smx Y+ smx

where o = 1 — 732 + 1oy as (14). For future reference, we note that because of
the orthonormality of O, we also have the relationships

2 1—}'ct 3 ,17015 —C O (28)

gt At = ¢ A, (29)

4. Transformation of Fields

In this section, we study the transformation rules for fields derived from scalar
and vector potentials. In particular, this covers the cases of gravitational
as well as electromagnetic interaction. Let us assume that in the Cartesian
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system, the fields E and B are expressed in terms of a scalar potential ® and
a vector potential A as

. oA o DA
Ect - _ dctq) _ — ctq) .
sra ot v ot

B = curlA = V¢ x A<,

Choosing ¢ and A as the electric and magnetic potentials, this covers the case
of dynamics in electrodynamics. Choosing ® as the gravitational potential and
A= 0, covers the gravitational case. Our goal here is to express these fields
and the resulting force laws in terms of the curvilinear coordinates. We need
to find EC and BC and their relationships to the potentials such that

Et = O-EC, and B = O-éc,

where
El Es Bl Bs
Ft=|E, |, EC=| E, |,andB*=| By |, B“=| B,
Es E, Bs B,

Using the differential operators from the last section, we have

Act At
EC — OtEct — Ot _vct@ o 0A — —OtVCt@ o OtaA
ot ot
. AC Vs As
:—v%—g(omd):—v%—%:— Ve o0 A, |,
ot ot ot
vy Ay

or explicitly expressed in terms of partials of curvilinear coordinates:

L(0 00N, oA,
a\ds Yoz Tlxay ot

e = 0% 04, (30)
dx ot
_90% _ 04,
dy ot

The field B%can be determined in a straightforward way from the transforma-
tion rule for the curl (25), and we have

VA, =V, A,
1
BC = curl° A = VyAs = VA, + E(TQAs —nA,)
1
VSA:E - vas + 5(7'3143 - TlAy)
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04, 0A;
Or Jy
0A, 1 [0 0 0 1
= — — —nzr— | 4, A, — 1A )
y « 83 + le@x Tlx@y) * 04(7—2 ) (31)

1 0 0A, 1
- ( + lea Tll'a—y) A, — e + E(T;;AS —nAy)

5. Relativistic Motion in Gravitation or Electromagnetic Fields

As an important application of the methods, we study the transformation of
the relativistic equations of motion describing the dynamics in gravitational
fields, which are derivable from a scalar potential, as well as electromagnetic
fields derivable from scalar and vector potentials. We begin with the transfor-
mation for the Cartesian quantity

J?ct_E_’ct_}_i—}*ct « B’ct
- 9

which in the electromagnetic case corresponds to the Lorentz force per unit
charge, and in the gravitational case, with Bet = 0, to the gravitational force
per unit mass. We want to find f FC such that f fet = O fe, FC where we write the
components as

; hi _ fs
=1 |, =1
f3 fy

Because of the orthonormality of O, we first observe
f€ =0 = OYE® + 7 x BY) = OY(OE® + (0%°) x (OB%))
Es+v, By —v,B,
=E°+“xBY=| E,+v,B,—v.B, |,
Ey,+vB; — v, B
where the invariance of the cross product under SO(3) transformations (6) was

used. Expressed in terms of curvilinear coordinates, we have explicitly for the
components of f¢ the forms

fs = Es +v,B, — v, B,

0A, 1
T + v, {VsAx — V., A, + a(rgAs — rlAy)}
1
— Uy {VyAS - VSAy + E(TQAS - 7'1143;)}
dA, 0A, .0A, .0A, DA,
= Vb Ty Ty i, TV mw s
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UZ‘ aAs U

+ E(TgAS —n4,) — vya—y +v,V,A, — Ey(TQAS —nA,)

dA;
= - dt - vs(q) - UsAs - UzA:v - UyAy) - Asvsvs - szsvx

Us 0A; ) 0A; 0A;

— A, Vv, — v,V As + ~ s + (v + Sle)ﬁ—x + (vy — $TT)—— o

8A8 Ve aAs (%
— ’l)x% + E(TgAs — TlAy) — Uy ay Ey(TzAS — TlAz),

where (27) is used in the last step. Utilizing the relationships

1 ( drs dry >
Vs = — | ——20 + §—2y — §T T3y — ST

o ds ds
1( 9
— —s—y + 371
«
1 75! .
— s—x ST
o« ds 1y
1 0A, n 0A,
a \ Os le 8 e oy )’
we have
dA .
= : d — 9. A
fo= =2 = VL@ -0 )
As [ . drs dTy
+ —(s—x — s—y + STIT3Y + STITox + VT3 — VyTo
o ds ds
A, A
+ . (s%y — 572w + vyﬁ) + Ey (—s%x — 1y — vmﬁ)
dA .
_ s . d ~C AC
o V(@0 )

1 d d d
+_{A dt(TBx oY) + As dt(le)+Aydt( 7133)}-

fz and f,, are computed in the similar but more straightforward way to yield

fo= -2 @i )
fy= —‘%ﬂ —V,(® — ¢ - A9).
Thus, the Lorentz force expressed in curvilinear coordinates is
o gy g A o e qo

dt

1 d d d .
+ 2 (A = ) + A ) + 4, () |

(32)
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knowing the Lorentz force is also the first step towards determining Newton’s
equations of a charged particle in the curvilinear system.
The momentum of the particle p'is expressed as

ﬁ: pléi + p2€2 + p3€3 = psgs + pxgx + pygya

and similarly before, we define

. b1 e Ds
e = D2 y P= Dz >
b3 py

and have as before that g = O - €. In the Cartesian system, a particle with
the charge e obeys Newton’s equation

d ret
=l (33)

Now we merely have to express the momentum derivatives in terms of curvi-
linear coordinates:

dt — dt at dt dt d
. d—C R R d—C
~0 (%HT;;C) ~0. (W—i—sr”xpc),
and then (33) can be written as O - (dp®/dt 4 57 x p€) = ¢ O - fC, or directly
dp® =
WP 57w g€ =e fO. (34)
dt
Explicitly we then have
d Ps 71 Ds Es Us Bs
dt Y2 +5- T2 X Dz =e- E, + Uz x B,
py 73 py Ey ’Uy By
i 1/0 N 0 0
— | =+ ny=——nr—
p A, a\ds  Wor ™ dy
—er |- | A ) - aﬁ (@ —C - A9
A, o
I dy

1 d d d .
b { A = ) + Ay + 4, (o -2 . (35)
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