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PREFACE

This special issue of IJMPA contains papers presented at the Fifteenth International

Workshop on Beam Dynamics and Optimization (BDO 2008), which was held on

July 10–12, 2008 in St. Petersburg, Florida, USA.

The series of workshops on Beam Dynamics and Optimization began in 1994

in Saint Petersburg, Russia. Since then, fourteen workshops were held in Russia:

in Saint Petersburg, Saratov, and in Dubna. In the years 2004 and 2005, the BDO

workshops were included as separate sections into the 8th International Compu-

tational Accelerator Physics Conference (ICAP 2004), and the International Con-

ference on Stability and Control Processes (SCP 2005), respectively. The year 2008

marks the first time the workshop was held outside the borders of Russia, although

the name of the location was instantly familiar to earlier participants: BDO 2008

took place in St. Petersburg, Florida, USA.

Traditionally, the objective of the Workshop is to bring together mathemati-

cians, physicists and engineers to present and discuss recent developments in the

area of mathematical control methods, modeling and optimization and theory and

design of charged particle beams and plasma, parallel and distributed computing

in accelerator physics. Over thirty talks and poster reports were presented.

During the workshop three online sessions were organized between St.

Petersburg, Florida and DESY (Germany), Moscow Engineering Physics Institute

(Russia) and Saint Petersburg State University (Russia).

Finally, the completion of the proceedings would not have been possible with-

out the careful refereeing efforts to which many individuals contributed invalu-

able time and effort. The organizers are indebted and thankful to the efforts of

referees from Fermi National Accelerator Laboratory (USA), Argonne National

Laboratory (USA), Brookhaven National Laboratory (USA), D. V. Efremov Scien-

tific Research Institute (NIIEFA, Russia), TRIUMF (Canada), the Joint Institute

for Nuclear Research (Russia), Lawrence Berkeley National Laboratory (USA),

National Synchrotron Radiation Laboratory (China), General Atomics (USA), Cin-

vestav (Mexico), Institute for High Energy Physics (Protvino, Russia), Petersburg

Nuclear Physics Institute (Russia), Michigan State University (USA), University
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of Maryland (USA), Saint Petersburg State University (Russia), Saint Petersburg

State Polytechnical University (Russia), University of Frankfurt (Germany) and

Technical University Kaiserslautern (Germany).

We hope this special issue on beam dynamics and optimization will be useful

for many researchers in beam physics and related fields.

Dmitri Ovsyannikov, Martin Berz and Pavel Snopok

Editors
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We treat here the process of simulation of ion micro- and nanoprobes in detail using
the matrix formalism for Lie algebraic tools. Similar approach allows realizing necessary
analytical and numerical modeling procedures.

Nowadays ion micro- and nanoprobes are extensively applied in different branches
of science and industry. It is known that similar facilities are very sensitive to certain of
steering parameters of the systems. In other words, similar beam lines are high precision
systems, requiring preliminary modeling for thorough analysis of possible optimal work-
ing regimes. In this paper we consider analytical and numerical models, which allow one
to study effect of various aberrations on basic beam characteristics. Research process
performs from linear to nonlinear model with step by step including nonlinear effects of
different nature.

Previous papers of the authors consider some aspects of nonlinear models. The
present paper deals with full conception of modeling process, generalizing most essential
aberrations and providing adequate solution methods.

Keywords: Nanoprobe; matrix formalism; nonlinear model.

PACS numbers: 41.85.p, 29.27.a, 41.85.Ja

1. Introduction

Nanoprobes are high-precision systems because of their purposes. Interest in such
focusing systems has been increasing during last years. Usually parameters of the
nanoprobes are calculated for the specific needs in particular cases. Many people
want to obtain high-volume output of nanoprobes, because such systems are very
needed for many fields of application. However there are many parasitic effects in
nanoprobes which could prevent their high-volume output. In the present paper we
consider a number of undesirable effects in nanoprobes and give some recommen-
dations how to increase the system quality.

Beam lines are usually simulated using piecewise constant model of steering
fields. In many papers there were considered various models of steering fields and
found field distribution along beam axis. However there is no consistent investiga-
tion of influence of fringe field form and length. Due to the lack of information about
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fringe fields distribution along the reference axis, it is a quite complicated problem
of choosing necessary model functions. Several papers1,2 are devoted to various
models for fringe field simulation, e.g. trigonometric and polynomial functions,3 ex-
ponential functions (e. g. Enge function1). Such set of modeling functions could be
appended using classes of smoothness functions and necessary conditions on fringe
fields.3 Several examples of similar functions can be found below. The problem of
choice of convenient functions is quite essential due to the lack of information about
the influence of some classes of modeling functions on beam characteristics. With
the aid of the paper4 it is possible to find analytical solutions for some classes of the
model functions. It is necessary to investigate influence of different model functions
and their parts on basic characteristics of focusing systems.

As the basic nanoprobe, structure we consider the well known “Russian
quadruplet”5,6 which consists of four quadrupole lenses and has power supply sym-
metry. However one can use the methodology which described in the present paper
almost for any structure of focusing system with different magnet elements.

2. The Logic Scheme of a Modeling Process

Because of a complexity of beam lines and bundle of parameters and quality criteri-
ons, it is useful to consider scheme of modeling process. This process starts with the
simplest steering field model (the piecewise constant) with ignorance of the non-
linear effects. Then the process performs with step by step including of tolerances,
nonlinear effects and fringe fields effects. On the last step one should investigate
the most complicated model of steering fields with many effects. Scheme of the
modeling process is following:

• the piecewise constant model for steering fields and the corresponding solution
in linear case;

• the piecewise constant model for steering fields, solution in linear case and holding
tolerances;

• the piecewise constant model for steering fields and solution in nonlinear case
(aberrations could be considered up to second, third, fifth or even more order);

• the piecewise constant model for steering fields, solution in nonlinear case and
holding tolerances;

• fringe fields effects and the corresponding solution in linear case;
• fringe fields effects and the solution in nonlinear case;
• fringe fields effects, solution in nonlinear case and holding tolerances;
• the previous step items and the correction of parasitic nonlinear effects.

It is required to introduce a working point. The working point is an optimal
(in a manner) point, which could be used for providing essential system charac-
teristics. Each stage of modeling process finishes with obtaining a set of optimal
solutions (working points), which are convenient for practice and satisfied neces-
sary requirements for basis beam and system characteristics. In order to drop too
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sensitive points it is necessary to include holding tolerances in the model. Also one
can use correction procedure for getting better beam characteristics using matrix
formalism.7,8,9

The main contribution of nonlinear aberrations of third order leads to increas-
ing of the beam size and changes the circular symmetry. One of the most essential
parasitic nonlinear effects are spherical and geometrical aberrations, but their in-
fluence could be decreased using special correctors. As the correction elements one
could choose sextupole and octupole lenses, which help to reduce size of beam spot
and may also improve circular symmetry.9

The fringe fields effects lead to displacement of working points from optimal
in the sense of model on previous stage. It is necessary to move working points in
order to keep optimal final beam characteristics. It is required to obtain the set of
optimal working points with taking into account of fringe field effects, nonlinear
effects and tolerances.

We should consider beam dynamics and solution of motion equations before
introducing several requirements for nanoprobe focusing system.

3. The Mathematical Model

Let us describe the modeling process and give the necessary mathematical infor-
mation.

3.1. Beam dynamics

It is known that motion equations for a particle beam in focusing systems can be
represented in the following general form

dX(s)
ds

= F
(
X, s

)
, (1)

where X is a phase vector, F (X, s) is an evolution operator which can be obtained
using the transition from the Newton–Lorentz equation to a special coordinate
system refereed to an optical (reference) axis of the beam line.

3.1.1. Solution of linear motion equations

For the linear approximation, one can write down the motion equations for a system
with drifts and quadrupole lenses in the form{

x′′ + k(s)x = 0, x′ = dx/ds,

y′′ − k(s)y = 0, y′ = dy/ds,
(2)

where k(s) is a function describing field distribution along the reference axis. Solu-
tion of (2) can be represented with the aid of matrizant10,11

X(s) = R(s|s0)X0, (3)
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where X0 = X(s0) is the initial phase vector. A set of diaphragms form an initial
phase manifold M0, X(s0) ∈ M0. The parameters of the diaphragms system can be
varied with the aim of increasing of the beam emittance. A total matrizant R(sN |s0)
for the nanoprobe can be presented using the group property as a product of partial
matrizants corresponding to individual intervals on the references axis:

R(sN |s0) =
N∏

k=1

R(sk|sk−1), (4)

where s0 and sN stand for initial and final values of the variable s, measured along
some trajectory. Eq. (4) is the exact presentation for any N and does not depend
on types of fragmentation and satisfies an initial value problem.

3.1.2. Solution of nonlinear motion equations

For the nonlinear approximation, solution of motion equation (1) can be written as
following12

dX(s)
ds

=
∞∑

k=1

P
1kX[k], (5)

where X[k] is the Kronecker k-th power for the phase vector X. Here P1k(s) are
the (n × d[n, k]) matrices with d[n, k] =

(
n+k−1

k

)
and with the entries equal to

k-th derivative of the components of vector function F(X, s). It is known12 that
Pkj(t) ≡ 0 when k > j and

P
kj = P

1 (j−k+1) ⊕ P
(k−1) (j−1), j ≥ k, (6)

Eq. (5) can also be represented in the following form

dX∞

dt
= P

∞(t)X∞,

where P
∞(t) has an upper triangular block representation:

P
∞ =




P11 P12 . . . P1k . . .

O P22 . . . P2k . . .
...

...
. . .

...
. . .

O O . . . P2k . . .
...

...
. . .

...
. . .



,

where block matrices O are zero matrices and Pkj can be evaluated using (6).

3.1.3. Description of the beam initial manifold

Eqs. (1) and (4) describe motion for a single particle—a so-called one-particle ap-
proximation. As a matter of fact, the particles beam is presented as a manifold
occupied by phase points, so the problem is to describe the behaviour of the whole
manifold. This can be done with the help of the following representations:
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• Pointwise description.
A set of phase vectors MN

0 = {X1
0, . . .X

N
0 }∗, where Xi

0 represents the phase
vector of the i-th particle and operation ∗ means transposition. In other words,
we transfer from one particle description X0 to the set of particle description
MN

0 . Solution (3) should be replaced with

M(s) = R(s|s0)MN
0 , (7)

where M(s) is a final set of phase vectors corresponding to the particles on the
target.

• Description in terms of a beam envelope matrix S.
We will treat two variants of this matrix. For the first variant, the corresponding
elements σenv

ik are defined as follows

σenv
ik = xi(k − max(M))xk(i− max(M)),

where xi(k − max(M)) is the i-th component of the phase vector X with the
maximal k-th component on the beam transverse manifold M. It is required to
consider the restriction of components of the phase vector

x2 = sup
j

sup
M(s)

x2
j ≤ a2,

where a is an aperture radius.
For the second variant, the σ-matrix is taken to be the well known rms-envelope
matrix

S
rms(s) =

∫
M(s)

f(X, s)XX∗dX, (8)

where f(X, s) denotes distribution function.
For the linear beam line model, the propagation of σ-matrix is described by
following equation (valid for both Senv and Srms)

S(s) = R(s|s0)S(s0)R∗(s|s0), (9)

For the nonlinear case, we can use the nonlinear version9 of the equality (9):

S
11(s) =

∞∑
i=1,k=1

R
1,i(s|s0)Sik(s0)

(
R

1k(s|s0)
)∗
, (10)

where “nonlinear components” Sik, i, k ≤ 1 of the σ-matrix in (10) can be eval-
uated using the analogue of the equality (8)

S
ik(s) =

∫
M(s)

f(X, s)X[i]
(
X[k]

)∗
dX, (11)

where X [i], X [k] are the Kronecker powers of the phase vector X of the corre-
sponding orders.



February 24, 2009 8:46 WSPC/Guidelines-IJMPA 04431

804 S. N. Andrianov, N. S. Edamenko & Yu. V. Tereshonkov

• Description in terms of a distribution function f0(X0, s).
Let us consider the distribution function as the function of quadratic form κ

2
0 =

X∗
0A0X0,

f0(X0, 0) = ϕ0(κ2
0) =

∞∑
k=0

a0
kκ

2k
0 ,

where a0
k are scalar coefficients, describing the form of distribution function on

ellipsoid, bounded the beam initial manifold. Using the Lie algebraic tools,13,14

one can write down the following equation

f(X, s) = f0(M−1(s|s0;V) ◦ X),

where M(s|s0;V) is an evolution operator, generated by the beam line and
V(X, s) is the Lie operator V(X, s) = F∗(X, s) ∂/∂X.
For instance, one can use the following distribution functions:

f(X, s) = fn exp
(
−X∗S−1X

2

)
,

f(X, s) = Pn(κ2
0) exp

(
−Qm(κ2

0)
2

)
Θ(1 − κ

2
0),

where fn is a normalizing factor, κ2
0 = X∗

0S
−1
0 X0, while Pn and Qm denote the

polynomials of corresponding degrees, and Θ stands for the Heaviside function.

3.2. Fringe Fields Modeling

Fringe fields are intrinsic effects in

Fig. 1. A piecewise continuous approxima-
tion of the fringe field.

any type of beam forming and focusing
systems. Usually every kind of beam lines
has a lot of control elements, so it is nec-
essary to take into account a superposi-
tion of fringe fields for nearby magnets.
The present paper deals with ordinary
sum of fringe fields functions without in-
vestigation of induced fields in nearby el-
ements. We consider symmetrical fringe

fields relatively the center sc = (s2 − s1)/2 of each element according to an exper-
imental data (see Fig. 1). Also Leff is supposed to be a constant. Assuming fringe
field as a piecewise function, we can write down

f(s) = f0



fl(s), s ∈ [s0, s1),

1, s ∈ [s1, s2],

fr(s), s ∈ (s2, s3],

(12)
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where fl(s) and fr(s) are the left (input) and right (output) parts of fringe field
modeling function, f0 is a maximum focusing strength (kmax). In order to make
f(s) smooth in joints, it is necessary to imply several additional restrictions

fl(s0) = fr(s3) = 0, fl(s1) = fr(s2) = f0,

dfl(s0)
ds

=
dfl(s1)

ds
=

dfr(s2)
ds

=
dfr(s3)

ds
= 0.

(13)

In order to consider a broader class of modeling functions for fringe fields one
can also use asymptotic conditions instead of (13), using, for instance, the Enge
function1)

lim
s→+s0

fl(s) = 0, lim
s→−s1

fl(s) = f0,

lim
s→+s0

dfl(s)
ds

= 0, lim
s→−s1

dfl(s)
ds

= 0,

lim
s→+s2

fr(s) = 0, lim
s→−s3

fr(s) = f0,

lim
s→+s2

dfr(s)
ds

= 0, lim
s→−s3

dfr(s)
ds

= 0.

(14)

With the aid of conditions (13) or (14), we can construct smooth approximation
of a quadrupole gradient distribution along the optical axis. This approach (see
Fig. 2) is used in the special software for fringe field modeling. In the present paper
we consider superposition of fringe fields as the direct sum of each fringe field.

Fringe fields of neighbour magnet lenses can be described as:

f1(s) = f1
0



f1
l (s), s ∈ [s1, s2),

1, s ∈ [s2, s3),

f1
r (s), s ∈ [s3, s5],

f2(s) = f2
0



f2
l (s), s ∈ [s4, s6),

1, s ∈ [s6, s7),

f2
r (s), s ∈ [s7, s8].

(15)

The resulting fringe field of the two neighbour lenses takes the form

f(s) =



f1(s), s ∈ [s0, s4),

fsup(s), s ∈ [s4, s5),

f2(s), s ∈ [s5, s8],

(16)

where fsup(s) = f1
r (s) + f2

l (s).
As above mentioned, fragmentation of the whole system Fig. 1 could be done

using representation of the field along the beam axis. The solution of motion equa-
tions with fringe field effects could be obtained using Eq. (4), where s0 is an initial
point and sN is the final point (target).
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Other points si can be selected, for instance, in the beginning and in the end of
a drift, between the start and the end points of fringe field of each magnet lens.

Although the segmentation of

Fig. 2. An example of the fringe field superposi-
tion.

the fringe field can be performed ar-
bitrary, one should take care of the
accuracy of the approximation of the
fringe field (see Fig. 1). In order to
get necessary precision of the solu-
tion it is required to check the exact
and the approximate matrizants.

Efficiency of function approxima-
tion could be estimated using two equivalent norms (see Fig. 1):

‖f − g‖C = sup
s∈[s0,s3]

|f(s) − g(s)|, ‖f − g‖L2 =

s3∫
s0

(
f(s) − g(s)

)2

ds. (17)

In order to estimate number of intervals for splitting of beam line (or its part), one
can also use the following equation

‖Rn(st|s0) − Rm(st|s0)‖
‖Rn(st|s0)‖ + ‖Rm(st|s0)‖ < ε, ∀n,m > N(ε), (18)

where s0 is an initial point, st is a final point, {m,n,N} ⊂ N are the number of
intervals. It is possible to use N or more intervals for unsure the necessary accuracy
ε. It is more convenient to use estimation for matrizant because this parameter could
be determined in practice.

Here we use a piecewise approximation of a fringe field (see Fig. 1) for necessary
evaluations of the matrizant. This approach allows one to exploit the analytical
formula for matrizant for any model of the fringe field. Usually in practice Leff is
used instead of the actual magnet length. This effective length could is introduced
as

Leff =
1

kmax

∫ s3

s0

k(s)ds = γLiron,

where kmax is the maximum focusing strength of the field, γ is the experimental
parameter for some type of magnet lens and Liron is a real (“in iron”) corresponding
length of a magnet element.

Also fringe fields could be approximated with piecewise linear functions. Because
of such approach real magnet field of steering elements is approximated with a set
of trapezes. It is known that such representation is better than piecewise constant
model. Using piecewise linear model, partial matrizants could be found in Airy15

functions. For example, the following equations{
x′′ + (ms+ a)x = 0, x′ = dx/ds,

y′′ − (ms+ b)y = 0, y′ = dy/ds,
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where m, a, b are constants have solutions in the form



x(s) = C1Ai

(
−ms+ a

m2/3

)
+ C2Bi

(
−ms+ a

m2/3

)
,

y(s) = C1Ai

(
ms+ a

−m2/3

)
+ C2Bi

(
ms+ a

−m2/3

)
,

where C1, C2 are constants, Ai and Bi are the Airy special functions. For numerical
calculations, series of Airy functions could be restricted by necessary number of
terms (e. g. 6–8 terms). Because of the polynomial structure of Airy functions series
it is easy to integrate, e. g. first 6–8 terms of the series analytically. Usually it is
enough to keep 6–8 terms for necessary accuracy. Moreover, analytic formulas could
be saved in data bases for using in computations. With the such base of integrated
analytic functions and group property of matrizant, one can calculate full matrizant
almost the same as for piecewise constant approximation. Also it is possible to use
numerical methods for calculation of integrals, but using the analytical formulas is
better because of its accuracy.

The fringe fields could be approximated with curvilinear trapezoids as well.
However when it is necessary to approximate them even with second-order parabolic
curves partial matrizants could be expressed with hypergeometric functions. Such
matrizants are more complicated for calculations than matrizants for piecewise
constant or piecewise linear model.

Using the experimental data and restrictions (13), we can approximate left-hand
side (right-hand side could be found after mirroring left part relative to sc) of real
fringe fields for example with some approximation functions below:
• fl(s) = A sin(νs+ ψ) +B is a trigonometric one,

• fl(s) = As3 + Bs2 + Cs+D is a polynomial one.
We also consider more complex approximation functions satisfying (14)

• fl(s) = 1/ [1 + exp (1/P5(s))], where P5(s) is a five degree polynomial As5 +
Bs4 + Cs3 +Ds2 + Es+ F .

Also fringe field modeling function could be composite e. g. it may consist two
or more parts. Some examples of such functions are following. One can obtain
analytical solution for each such function,4 so it is convenient to approximate real
fringe field with them because of decreasing of calculating expenditure. Let us
consider strictly increasing function F (s) defined on (s1, s2). It is growing from
zero (or neighborhood of zero) to its maximum value. Usually it is convenient to
consider normalized function, when the maximum value is equal to 1. It is helpful
to use reflection and sewing together transformations. One can reflect F (s) using
Fr(s) = F (−s+s1 +s2) transformation or sewing together two functions F1(s) and
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Fig. 3. Examples of piecewise-smooth functions which satisfied (13). Part a) represents model
function (20) and part b)—model function (21).

F2(s). They could be found using the following equations

F1(s) =
F (2s)

2
, F2(s) = −F

(
2(−s+ s2 − s1)

)
2

+ F (s2). (19)

There are some classes of functions for fringe field modeling for which it is known
the analytical matrizants. As an example it is possible to use the following function

F (s) =
1
2

1
(a+ bs)4

. (20)

The approximation plot for (20) is presented on Fig. 3a). After reflection the pa-
rameters for (20) could be e. g. a = 1, b = 10. For Fig. 3b) the model function F (s)
is following

F (s) =
1 + 2n− s2 + (e2s2

)
[Hn(s)]4

, Fm(s) = 72.4s2 +
72.4(e2s2

)
(16s4 − 48s2 + 12)4

, (21)

where Hn(s) is a Hermitian polynomial of degree n, Fm(s) is an example of model
function (see Fig. 3b) ). Hereinafter we will use F (s) for a class of functions and
Fm(s) for a model function from the corresponding class with specified parameters.
Also F1(s) and F2(s) could be obtained from Fm(s) using (19).

Fig. 4a) represents the plot for the following model function F (s)

F (s) = α2
(
1/2 − cos2 αs+ 3/4 tan2 αs

)
, α = 10, Fm(s) = (−F+50)/523, (22)

where Fm(s) is an example of model function with α = 10 (see Fig. 4a) ). The
following model function is corresponding to Fig. 4b)

F (s) = −
(n(n− 1)

s2
+m2s2m−2 +m(m+ 2n− 1)sm−2

)
, (23)

where n = 1, m = 5, Fm(s) = 20.37F . The plot of the following model function

F (s) = −α2
[
n− n(n− 1) tg2 αt

]
, α = 10, Fm(s) = (−F + 200)/1168. (24)
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Fig. 4. Examples of piecewise-smooth functions satisfying (14). Part a) represents model function
(22) and part b)—model function (23).

Fig. 5. Piecewise-smooth functions satisfying (14). Part a) represents model function (24) and
part b)—model function (25).

is given on Fig. 5a). Finally, Fig. 5b) represents the following model function

F (s) =
n(2m+ 1 − s2)

4s2
− n(n− 1)

(
t− 2m

Hm−1(s)
Hm(s)

)2

, (25)

where n = 1, m = 1, Fm(s) = 72(3 − F (s)).
All the above described functions are symmetric,

Fig. 6. An example of the
fringe field modeling function.

but one can create custom composite function, which
can consist of two or more parts. For example it is pos-
sible to construct the modeling function of fringe field
like on Fig. 6 by variation of the corresponding parame-
ters. Using the experimental data, reflection and sewing
together transformations for functions that have ana-
lytical solutions (e. g. some above mentioned) one can
build necessary modeling functions. These functions help investigating real steer-
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ing fields with fringe fields effects. Also it is possible to use functions which do
not have analytical solution, one can use the described above approaches of func-
tions approximation using piecewise constant, piecewise linear model, second-order
parabolic curves or even more smooth.

4. Nanoprobe Requirements

As above mentioned as the basic

Fig. 7. A “russian quadruplet” focusing system.

system for nanoprobe we use “Rus-
sian quadruplet” (RQ). In the present
paper we consider RQ with the same
length of magnet lenses Leff and with
drift length λ1 between first and sec-
ond, and third and fourth lenses. Be-
tween couples of lenses drift length

is λ2. A drift gap (“pre-distance”) has the length a, a focusing component—
“objective” (has the length st − s0), a drift gap with the length g—“working
distance”. Control system of quadrupoles satisfies “symmetry on power supply”
condition, which can be written in the form of the following equality

k(s) = −k(st − s), s ∈ [s0, st], (26)

where s is a length parameter measured along with optical axis of the system, s0
is an initial point, st is an end point (see Fig. 7), k(s) is a distribution function of
gradient along the optical axis of the system. The matrizant R(s|s0) (see eq. (3))
is the corresponding matrix propagator of the system, which can be presented as
follows

R(st|s0) = RgM(s1|s0)Ra, (27)

where partial propagators have a block-diagonal structure. Condition (26) is im-
posed on objective leads to contract between elements mik of the transfer matrix
M in the following form:

m11 = m44, m12 = m34,

m21 = m43, m22 = m33.
(28)

It is obviously that if the condition

m11 = m22, (29)

is correct, then we can get identical equality between transfer matrices in both
planes {x, x′}, {y, y′} from (28). It is also evidently that if the condition (29) is
correct, full-length propagators will be equal in mentioned planes. Let us formulate
requirements for nanoprobe:
• Demagnification requirements: |r11| = γ, where γ is a desired demagnification

parameter. Usually for nanoprobes it is less than 0.01 e. g. 0.001.
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• Restrictions on working distance: g ≥ gtechn > 0, where gtechn is a technological
restriction on the working distance (other values of the length parameters should
be also more than some technological restrictions).

• “Round to round beam condition”: find control gradients of magnets, their
lengths, lengths of drift gaps for ensure condition (29) in order to get round
beam;

• “Point to point” condition: r12 = r34 = 0, it could be obtained from (29).

5. Computer Modeling

Because of requirements of nanoprobe high precision it is necessary to consider a lot
of effects, find the most essential of them (one can compare an influence of various
effects) and simulate the real focusing system. It is required to perform preliminary
modeling of nanoprobe in order to save time and money. Let us illustrate an influ-
ence of fringe fields on the examples of load curves distortion and degradation of
particle beam characteristics.

5.1. Load curves distortion induced by fringe fields effects

The load curves definition was introduced in A. D. Dymnikov and S. Ya. Yavor
paper,5 then it was used in papers of A. D. Dymnikov and S. N. Andrianov. These
curves describe additional restrictions, which imposed on beam characteristics. The
restrictions are associated with the same beam demagnification in both {x, s} and
{y, s} planes. In some cases the restrictions could be more complicated and lead
to load surfaces, which could describe particles distribution in the beam. The load
curves concept demonstrated its efficiency, because it allows investigating geomet-
rical properties of the corresponding curves and make conclusion about beam char-
acteristics. In the present paper “load curves distortion” means a modification of

Fig. 8. The load curves distortion for fringe field parts are equal to 1
32

(dash-dot curve) and 1
16

(ordinary curve) for plot a) and 1
8

(dash-dot curve), 1
4

(ordinary curve) and 1
2

(dash curve) for
plot b).
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the load curves from the initial stage (when fringe field length are equal to zero) to
curves, which were created with taking into account of fringe fields. The fringe fields
induced significant load curves transformation, so authors use the term “distortion”
in order to emphasize of fringe field influence.

The fringe field modeling function could be built with different parameters, also
length of fringe field could be varied. For example, in the present paper authors
used fleft = A sin(νs + ψ) + B for left part of fringe field modeling function (see
Fig. 1), where A, ν, ψ,B are parameters. The right part of fringe field could be easily
obtained by reflecting over the center point sc (see Fig. 1). Using (13) one can get
A = −kmax/2, B = kmax/2 (where kmax is the maximum focusing strength of the
field) and

ν =
π

Lfr
, ψ =

π(3Lfr − 2sc + L0)
2Lfr

,

where Lfr = s1 − s0 is the fringe field length, L0 = Leff − 2Lfr is the length of
constant field part, sc = s0 +Lfr +L0/2 is the center point coordinate (see Fig. 1).

The load curves could be constructed with taking into account of fringe fields
effects. One can easily change fringe field length Lfr then recalculate modeling
function for this length, approximate modeling function with e.g. piecewise con-
stant model, calculate necessary matrizant for objective (see Eqs. (27)–(29)) and
construct the load curves (see algorithm3).

The fringe field presentation and the corresponding beam line segmentation are
presented on Fig. 1. One can split the beam line on several parts. Each quadrupole
(for RQ system in the present paper) could be split like on Fig. 1. Using (4) full
matrizant can be presented as a production of all partial matrizants. In the present
paper we exploit well-known matrizant presentation for a piecewise constant model.
Height of each rectangle is defined by value of modeling fringe field function in the
middle of correspondent interval. Using model functions of fringe fields one can
include experimental data into model, it is better than recalculation of matrizant
for the whole system because it is easier to add some correction in fringe field
model from real experimental data than recalculate all matrizants. This approach
gives a necessary flexibility for researcher as opposed to full recalculation using only
experimental data.

5.2. Demagnification with fringe fields effects

Fringe fields effects are intrinsic and could heavily impact on beam characteristics.
One can find a set of optimal working points with different sensitivity using de-
scribed above scheme of modeling process. For example if fringe field length Lfr

increase from zero to 0.001 part of Leff beam spot size could increase tenfold. In
the Fig. 9 one can see Lfr, which means fringe field length, r11 and r33 are to-
tal matrizant elements, which describes demagnification in {x, s} and {y, s} planes
correspondingly.
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Fig. 9. The curves are corresponding to demagnification in {x, s} and {y, s} for three working
points with different initial demagnification value: r0

11 = 0.0039 is an ordinary curve, r0
11 = 0.0057

is a dash curve and r0
11 = 0.046 is a dash-dot curve.

5.3. A working point movement

It is necessary to move working point in order to improve beam characteristics with
fringe fields effects. If all system parameters are constant with taking into account of
fringe fields effects beam characteristics will be significantly worse than in piecewise
constant model of the steering field.

If we put effective length of each lens Leff = 1 and get some parameters from pa-
per about Kiev’s nanoprobe,16 it is easy to calculate other parameters a = 135.5625,
λ1 = 3.3, λ2 = 5.5. All lengths of magnet lenses are parameterized using Leff = 1,
so they become nondimensional parameters.

One can calculate working dis-

Fig. 10. The example of initial and improved working
points.

tance g using r12 = 0 equation,
where rij are the elements of total
matrizant of the system. Selection
of working point could be illus-
trated on Fig. 10. If we choose
κ1 = 1.415 and κ2 = 0.608 it it
easy to calculate that g = 0.47,
demagnification in {x, s} plane
DMx = 0.0042 and demagnifica-
tion in {y, s} plane DMy = 0.0042.
Even through fringe field length of
each lens is Lfr = 1/32Leff demag-
nification parameters are DMx = 7.603 and DMy = 1.49 for {x, s} and {y, s}
planes correspondingly. One can construct the load curve for 0 ≤ Lfr ≤ 0.5Leff

using algorithm.3 Fig. 10 represents load curves for Lfr = 0 and Lfr = 1/32Leff. It is
required to move working point e.ġ. to κ1 = 1.415 and κ2 = 0.63 then one can ob-
tain DMx = 0.0082 and DMy = 0.0083. In other words system parameters could be
corrected in order to get more optimal beam characteristics, on Fig. 10 one should
use the working point on the load curve which is corresponding to Lfr = 1/32Leff.
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6. Conclusion

There are a lot of models for fringe field presentation. One can select some of them,
which better approximate real fringe fields using e.g. functional norms. Also re-
searcher can construct his own modeling function and using the described above
methodology evaluate fringe field influence. Beam lines constructors (after the in-
vestigation of fringe field influence) can modify magnet lens or lens arrangement in
order to improve beam characteristics. The working point could be moved from the
initial load curve to load curves with taking into account of fringe fields by conti-
nuity. If fringe field length a little grow so the working point a little move, but it
should be on the other load curves (including fringe fields in calculations). In most
cases the optimal working point means the point with the better demagnification
values. The following list is summarizing the most essential ideas:

• After obtaining a set of optimal solutions it is required to drop too sensitive
points.

• The fringe fields effects should be considered because they could heavily impact
on beam characteristics.

• It is required to move working point from initial load curve to other load curve
which was constructed with taking into account fringe fields effects in order to
improve nanoprobe characteristics.

• Nonlinear effects and aberrations influence could be decreased using correction
procedure with multipoles.

• It is necessary to realize comparative analysis of many effects in nanoprobe and
struggle against the most essential parasitic effects.
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The problem of constructing self-consistent stationary particle distributions in four-
dimensional phase space is considered for an azimuthally symmetric charged particle
beam in a longitudinal magnetic field. In the general case of a longitudinally nonuniform
beam, it is assumed that the magnetic field and the radius of the beam cross-section
can slowly vary in the axial direction. The simplest case of a longitudinally uniform
beam is studied in more detail. The approach applied here is to analyze the particle
density in the space of integrals of motion. The relations between this density, the phase
density, and the density in the configuration space are obtained. The set of admissible
values of integrals of motion for a radially confined beam is examined. The construction
of new self-consistent distributions consists in the specifying of some function defined
on this set. Wide classes of new distributions are found. In particular cases, some of
these distributions are identical to those known before, for example, the Kapchinsky-
Vladimirsky distribution.

Keywords: Charged particle beam; Vlasov equation; self-consistent distributions; phase
density.

PACS numbers: 41.75.-i, 52.27.Jt, 52.65.Ff

1. Introduction

The problem of constructing self-consistent distributions for a charged particle beam
arises at high particle densities where the particle interaction essentially affects their
dynamics. In this case, it is assumed that the distribution density of particles in
the phase space evolves according to the Vlasov equation, which corresponds to
the concept of self-consistent field; meaning that the force acting on a particle is
determined as the mean force of the whole ensemble of particles. On the other
hand, it is assumed that the particle density is small enough to neglect the particle
interaction at close ranges by non-Coulomb forces, which can be allowed for by
introducing the collision integral into the Vlasov equation.

The problem of finding stationary solutions to the Vlasov equation for the beam
propagating through a longitudinal magnetic field was discussed in many works.1–18

816
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The most known solution is the Kapchinsky-Vladimirsky (KV) distribution,1 where
the particles are evenly distributed across the beam and have the same energy of the
transverse motion, so that their phase space distribution is described by the delta-
function, and the dimension of the support of the distribution density function
in the four-dimensional phase space of the transverse motion is equal to three.
The simplest, and also well-known, case is the Brillouin flow,3 where all particles
rotate around the beam axis with the same angular velocity. In the latter case,
the dimension of the support of the distribution density function is equal to two.
Another known distribution is the water-bag distribution.1,6,15 Its phase density is
constant in that region of the phase space of the transverse motion where the energy
of the transverse motion of a particle H is less than some given value of H0, and
equal to zero for H > H0. A wide class of distributions can be obtained by making
use of the density inversion theorem,15 where one can find the relevant phase density
of particles for a given density in the configuration space. This theorem also applies
to the distributions characterized, as the water-bag distribution, by the fact that
the phase density of particles is equal to zero for those regions of the phase space
where the energy of the transverse motion of particles is greater than a given value
of H0, H > H0, and it is not constant at the values smaller than H0, H < H0,
as for the water-bag distributions, but varies so that it depends only on H and is
independent of the angular momentum of particles, M.

The distributions were also investigated2,15 for which the phase density depends
on the linear combination H + kM , where k is some constant instead of H (so-
called rigid rotor distributions). Thus, the analog of the KV distribution is the
distribution for which all particles have the same value of H + kM. The density
inversion theorem is also extended to this case and applies to the distribution for
which the phase density depends only on the combination H + kM, and is equal to
zero when H + kM is greater than some limiting value.

Furthermore, the distributions have been investigated for the beam propagating
through a periodic focusing magnetic field, and new distributions that are similar
to the KV distribution and rigid rotor distributions have been found.11,12,14,15,17

In this paper we consider stationary self-consistent distributions for the axially
symmetric beam propagating through a longitudinal magnetic field. Our approach is
based on the analysis of the distribution density in the space of integrals of motion.
Actually, the construction of new self-consistent distributions consists in specifying
of some function defined on this set. We apply this approach to a longitudinally
uniform beam and a beam in a longitudinally nonuniform field with the variable
radius of the beam cross-section.

In the first case, under some conditions formulated below, the distribution den-
sity in the space of integrals of motion specifies a radially confined distribution
of particles in the phase space. For the radially confined beam, the sets of admis-
sible values for the integrals of motion and for the transverse components of the
particle velocity are considered. The relations between the density in the space of
integrals of motion, the phase density, and the density in the configuration space
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are obtained. Making use of these relations, we may study a large class of distribu-
tions for which the phase density is a polynomial in the integrals of motion. In this
case, substitution of the expression for the density in the configuration space into
Poisson’s equation reduces the problem of constructing self-consistent distributions
to the boundary problem for the second-order ordinary differential equation. As an
example of application of this technique, the uniform density distribution in the
admissible region of the phase space is considered. This distribution differs from
the known water-bag distribution in that the upper limit of the energy of the trans-
verse motion of particles H depends on the angular momentum M, so that H can
be greater than the value of H0 for which the beam with the water-bag distribution
has the same radius of the beam cross-section.

The solutions of the relevant boundary problem for various values of the beam
parameters are found numerically. In addition, some properties of the solutions are
given, specifically, the properties of the solutions for the beam current approaching
the limiting value that is equal to the current of the Brillouin flow for the beam with
the given radius of the cross-section. The proofs of these properties are not included
in this paper. In particular, it follows from these properties that, as the beam current
approaching the current of the Brillouin flow, the region of admissible values for the
integrals of motion shrinks to the point which corresponds to the values of these
integrals for the Brillouin flow, and the particle density in the configuration space
tends to the density of the Brillouin flow. It is conceivable that the limit behavior
of the other distributions for a radially confined beam is the same. Thus, although
this distribution has been found not analytically but numerically, it helps in the
investigation of some analytical properties of particle distributions. On the other
hand, the solutions of the above-mentioned boundary problem can be considered
as special functions, so that the particle density and the potential can be treated
as analytical solutions.

Stationary axially symmetric self-consistent distributions with the uniform
charge density across the beam are also studied in some detail. We have found
broad classes of such distributions. The Kapchinsky-Vladimirsky distribution is
a special case of these distributions. For such distributions, the region of admis-
sible values for the integrals of motion has a simpler form. For the known KV
distribution and similar distributions with the nonzero mean angular momentum,
it is shown that the supports of their distribution density functions in the space
of integrals of motion are straight-line segments. The linear combinations of such
distributions are also analyzed. In this case, the density in the space of integrals
of motion depends on an arbitrary integrable function with the given value of its
integral. The particular case where this function is constant is considered as an
illustration.

Furthermore, the integral equation is obtained for the particle distribution den-
sity in the space of integrals of motion. It is shown how broad classes of their
solutions can be found. An example is provided where the solution is constructed
as a third-degree polynomial.
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Finally, we considered a longitudinally nonuniform beam with the uniform dis-
tribution of particles across the beam that is propagating through a longitudinal
magnetic field slowly changing along the beam axis, which is not necessarily period-
ical. In this case, the equation of a particle radial motion and the envelope equation
form the Ermakov system of simultaneous equations. The known integral of the Er-
makov system is taken as one of the integrals of motion. A similar integral, also
known as Courant-Snyder invariant, is used in the analysis of the transverse beam
dynamics in the fields that are periodically linear in transverse coordinates. Making
use of this integral instead of the energy of the transverse motion H, we have shown
that the results for the beam with the constant radius and uniform charge density
across the beam can all be generalized as the case of the longitudinally nonuniform
beam.

2. Problem Formulation

We shall consider the stationary charged particle beam that is azimuthally sym-
metric and uniform along its axis and propagates through a uniform longitudinal
magnetic field that is independent of the longitudinal position. In this case, the
Vlasov equation for the phase density n(x,v) can be written as

v
∂n

∂x
+

1
m0γ

(
− e

γ2

∂U

∂x
+ e[v,B]

)
∂n

∂v
= 0. (1)

Here x is the transverse position of a particle, v is the vector of the transverse
velocity (the transverse motion is regarded as nonrelativistic), e and m0 are the
charge and the rest mass of a particle, γ is the reduced particle energy, γ = (1 −
β2)−1/2, β = ż/c is the reduced longitudinal velocity that is assumed to be the
same for all particles of a given cross-section and independent of the longitudinal
position under the assumption of longitudinal uniformity. Further, B is the flux
density of the applied magnetic field, U is the potential of the self-electric field of
the beam satisfying Poisson’s equation

∆U = −eρ/ε0, (2)

ρ is the particle density in the configuration space,

ρ =
∫
n(x, v) dv,

ε0 is the electric constant. The phase density n is assumed to be normalized ac-
cording to ∫

n(x, v) dv dx = J/(eβc), (3)

where J is the beam current.
We shall assume that the potential U(r) satisfies the boundary conditions

U(0) = 0, dU/dr|r=0 = 0. (4)
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The second condition can be interpreted as the condition for the absence of the par-
ticles with the zero radial velocity along the beam axis. The first condition specifies
the potential on the beam axis. Strictly speaking, the potential should be set on
some surface surrounding the beam. We shall assume that the beam propagates
through a region surrounded by the perfectly conducting coaxial cylindrical wall
located at a radius that is greater than the radius of the beam cross-section. Then,
because of the longitudinal uniformity of the beam, the difference of the potentials
at the axis and at the boundary is constant, and we can therefore set the potential
on the axis. Furthermore, our model is applicable not only for the beam inside
the cylindrical pipe, but also for the radially nonconfined beam. A similar model
can be used for the beam propagating through the uniformly charged neutralizing
background.

The problem is to find phase density n and potential U which satisfy the equa-
tions and the conditions (1)–(4).

Using the standard approach of the theory of partial differential equations, one
can find that the characteristic lines of the Vlasov equation (1) are described by
the ordinary differential equations

dx
dt

= v,
dv
dt

=
1

m0γ

(
− e

γ2

∂U

∂x
+ e[v,B]

)
,

which are the particle orbit equations, and that the phase density conserves along
the characteristic lines.1 Integrating the system of the particle orbit equations, one
can obtain the following first integrals1

r2(ϕ̇+ ω0) = M, (5)

ṙ2 + ω2
0r

2 +M2/r2 + 4εU(r) = H. (6)

Here r, ϕ, z are the cylindrical coordinates of a particle, ω0 = eBz/2m0γ, ε =
e/2m0γ

3, Bz is the component of B along z-axis (the transverse components of B
are assumed to be equal to zero), dot means differentiation with respect to t. The
right-hand sides of the equalities (5) and (6) contain some constants, M and H,
that can be regarded as the integrals (or constants) of motion. The constant H ,
i.e. the energy of the transverse motion of a particle, and the constant M , i.e. its
angular momentum, are multiplied in both cases by some constant coefficient. Note
that the first integral (5) is also the first integral for the longitudinally nonuniform
beam according to Bush’s theorem.

The integral M characterizes the azimuthal motion: making use of Eq. (5) one
can determine the azimuthal velocity ϕ̇. The integral H characterizes the radial
motion. Given M and H, the radial velocity ṙ can be uniquely determined from Eq.
(6). Then some trajectory in the phase space of the radial motion can be defined.

We shall formulate the sufficient condition, where for each admissible pair of
values of the integrals M and H there is a well-defined trajectory in the phase
space of radial motion. Let us consider the function

V0(r) = ω2
0r

2 + 4εU(r) (7)
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and assume that V0(r) is a strictly convex function. Because dV0/dr|r=0 = 0, the
function V0(r) increases without bound as r increases. Therefore, the equation

H = V0(r)

has exactly one root for H ≥ 0 and has no roots otherwise. Let us denote this
root by rmax(0, H), and set rmin(0, H) = 0. We shall also consider the function
VM (r) = V0(r) +M2/r2 at M �= 0. This function is convex as a sum of two convex
functions and has the unique minimum, because VM (r) → ∞, dVM/dr → −∞ as
r → 0, and VM (r) → −∞, dVM/dr > 0 as r → ∞. And then, for the H greater
than this minimal value, the equation

H = VM (r) (8)

has exactly two roots. When H is equal to the minimum value of VM (r) Eq. (8) has
one root. When H is less than this minimum, Eq. (8) has no roots. Denote the roots
of Eq. (8) by rmin(M,H) and rmax(M,H), rmin(M,H) < rmax(M,H). According
to Eq. (6), the motion with the given M and H is possible only for the values of r
belonging to the interval [rmin(M,H), rmax(M,H)], because only in this interval
the value of ṙ can be determined. The functions V0(r) and VM (r) are plotted in
Fig. 1.

If M �= 0, and rmin(M,H) �= rmax(M,H), then rmin(M,H) and rmax(M,H)
are the turning points of a particle with respect to the r coordinate. At these points,
ṙ = 0. Furthermore, from Eq. (6) we have

r̈ = −ω2
0 +M2/r3 − 2εdU/dr = −0.5 dVM (r)/dr.

Since the function dVM/dr is strictly increasing, we have r̈ < 0 at r = rmax(M,H),
and r̈ > 0 at r = rmin(M,H).

r

VM�r�

H �

�

rmaxrmin

Fig. 1. The curves 1 and 2 represent the plots of the functions V0(r) = ω2
0r2 and VM (r) =

M2/r2 + ω2
0r2, M �= 0, respectively. The motion of a particle with the given M and H is possible

only within the interval [rmin(M, H), rmax(M, H)].
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Therefore, the transverse motion of a particle can be described as follows: the
radial coordinate r of a particle increases from the value r = rmin(M,H) to the
value r = rmax(M,H). As this takes place, the particle rotates around the beam
axis through the angle δϕ, which can be found by making use of Eq. (5). Then r

again decreases to the value r = rmin(M,H), and the particle rotates through the
same angle δϕ, etc. If, however, rmin(M,H) = rmax(M,H), then ṙ = 0, r̈ = 0, and
the trajectory of a particle is a circumference. When M = 0, the pattern of motion
remains as before, except that ṙ �= 0 at r = rmin(0, H).

Since the coordinate ϕ is not included in (5) and (6), rotating the trajectory
of a particle corresponding to the given M and H through any angle around the
beam axis yields the trajectory corresponding to the same M and H. Therefore, if
the function U(r) is such that V0(r) is a strictly convex function, then the particle
trajectories are radially confined, and for each pair of the values of M and H

(from the region of admissible values that will be discussed below) there is a set
of trajectories that are reciprocally transferable through rotation around the beam
axis.

3. Particle Distribution in the Space of Integrals of Motion

We shall consider some stationary axially symmetric distribution of beam particles
in the four-dimensional phase space of the transverse motion. This distribution can
be described by the density of particles in the phase space n(x,v). We also introduce
the distribution density f(M,H) of the beam particles in the space of the integrals
of motion M and H. Three conditions shall be imposed on the distribution. First,
we require that the self electric potential be such that the function V0(r) defined in
the previous section is strictly convex. As we have seen, under this condition, each
admissible pair of H and M yields a set of radially confined trajectories, which can
be conversely transferred through rotation around the beam axis. Second, we require
that the particles corresponding to each admissible pair of M and H be uniformly
distributed over all trajectories of this set. The second condition ensures the axial
symmetry of the distribution as a whole. Finally, we also require that for each
trajectory, the particles be uniformly distributed over the phases of the trajectory.
In other words, this condition can be formulated as follows: the segments of the
trajectories corresponding to equal time intervals must contain equal numbers of
the particles. The last condition ensures the stationarity of the distribution.

Under these three conditions, each function f(M,H) defined for the admissible
values ofM,H corresponds to some stationary distribution that is axially symmetric
and uniform along the axis.

Let us establish the relation between the density f(M,H) for the stationary
axially symmetric beam and the phase density n(x,v). The phase density as the
fourth-degree differential form has different components in different systems of co-
ordinates. For the sake of convenience, we introduce the following notation: let the
density of the particle distribution over the variables a, b, . . . be DN

D(a, b, . . .) . This
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means that the quantity DN
D(a, b, . . .) da db . . . gives the average number of particles

in the infinitely small volume da db . . . .
We shall consider the component of the phase density in coordinates x, y, ẋ, ẏ,

which can be written in terms of our notations as DN
D(x, y, ẋ, ẏ) . Since for the same

admissible value of H there are two values of the radial velocity (when ṙ2 > 0)
differing in sign, the phase density as a function of M and H has two branches:
one branch corresponding to the particles moving away from the axis, and the
other corresponding to the particles approaching the axis. In view of the fact that
ϕ̇ = (xẏ − ẋy)/r2, ṙ = (xẋ+ yẏ)/r, we then have

DN

D(x, y, ẋ, ẏ)
=

1
2

DN

D(x, y,M,H)
det
∣∣∣∣
(
∂(M,H)
∂(ẋ, ẏ)

)∣∣∣∣ = r|ṙ| DN

D(x, y,M,H)
. (9)

As for the particles for which ṙ ≡ 0 (i.e. the particles moving along the circular
trajectories), we assume that they do not contribute to the phase density. These
particles occupy a region with zero volume in the four-dimensional phase space of
transverse motion.

Because for each pair M, H the particles are uniformly distributed over the
angles and phases of trajectories, the value of DN

∂(x, y,M,H) is independent of the

azimuthal coordinate ϕ and the radial coordinate r within the interval [rmin(M,H),
rmax(M,H)]. Then

DN

D(M,H)
=

2π∫
0

rmax(M,H)∫
rmin(M,H)

DN

D(x, y,M,H)
r dr dϕ = 2π

DN

D(x, y, ẋ, ẏ)
P (M,H), (10)

where P (M,H) denotes the integral

P (M,H) =

rmax(M,H)∫
rmin(M,H)

dr

|ṙ| =

rmax(M,H)∫
rmin(M,H)

dr√
H − ω2

0r
2 −M2/r2 − 4εU(r)

. (11)

Note that the expression under the square root in (11) is always positive in accor-
dance with the above assumption.

The equality (10) can be written as

n(x,v) =
f(M(x,v), H(x,v))

2πP (M(x,v), H(x,v))
. (12)

This equality establishes the relation between the phase density n(x,v), given in
the phase space of the transverse motion and the density f(M,H), that is, the
particle density in the space, where the integrals of motion M, and H are the phase
variables, and this space will be called the space of the integrals of motion. Recall
that the equality (12) is meaningful for a stationary axially symmetric beam when
the above three conditions are fulfilled.
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Making use of the relation (9), we may express the particle density in the con-
figuration space

ρ(r) =
∫

Ω(r)

DN

D(x, y,M,H)
dM dH =

1
2πr

∫
Ω(r)

DN

D(x, y, ẋ, ẏ)
dM dH

|ṙ| .

Here Ω(r) is the set of admissible values of M and H, that will be considered below.
Substituting here the expression for the phase density (12), we obtain

ρ(r) =
1

2πr

∫
Ω(r)

f(M,H) dM dH

P (M,H)(H −M2/r2 − ω2
0r

2 − 4εU(r))1/2
. (13)

Substituting the expression (13) into Poisson’s equation written in cylindrical
coordinates and taking into account the fact that derivatives with respect to ϕ and
z are equal to zero due to the symmetry of the distribution, we obtain integro-
differential equation for the potential U(r) :

d

dr
r
dU

dr
= − e

2πε0

∫
Ω(r)

f(M,H) dM dH

P (M,H)(H −M2/r2 − ω2
0r

2 − 4εU(r))1/2
. (14)

So, the problem of constructing stationary self-consistent distributions that are
azimuthally symmetric and axially uniform reduces to the solution of the boundary
problem (14), (4) with the additional condition of strict convexity for the function
(7).

In what follows we shall consider only the radially confined beam: r ≤ R where
R is the beam radius. In this section, and in the following two sections, we shall
assume that R is independent of the coordinate z. Let us determine the set of
admissible values for M and H. Denote this set by ΩR. It follows from Eq. (6) that

H ≤M2/R2 + ω2
0R

2 + 4εU(R). (15)

On the other hand, H > Hmin = min
r
VM (r), or

H > VM (r0(M)) (16)

where r0(M) is the value of r corresponding to the minimum of the function VM (r).
The set ΩR defined by the inequalities (15) and (16) is presented in Fig. 2.
We shall also consider the set Ω(r) of all admissible values of the integrals of

motion H and M for the particles whose trajectories pass through a point with the
radial coordinate r. It is clear that this set is given by the inequalities (15) and

H > VM (r). (17)

The maximum value of |M | is determined from the condition of simultaneous
solvability of the inequalities (15) and (17), which has the form

|M | ≤ rR

[
ω2

0 + 4ε
U(R)− U(r)
R2 − r2

]1/2

.

The set Ω(r) is presented in Fig. 2.
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fM

H

�

�

�

Fig. 2. The sets ΩR and Ω(r). Thin lines represent the boundaries of the set ΩR : 1 – H =
ω2

0R2 + M2/R2 + 4εU(R); 2 – H = minr VM (r). The boundaries of the set Ω(r) are depicted by
thick lines.

In the four-dimensional phase space with coordinates r, ϕ, vr = ṙ, v⊥ = r(ϕ̇ +
ω0), the set

v2
r

1 − r2/R2
+ v2

⊥ ≤ ω2
0R

2 + 4εR2U(R) − U(r)
R2 − r2

(18)

is the set of all admissible values of the phase variables and corresponds to the
closure of the set ΩR. When ϕ and r in (18) are fixed, r ∈ [0, R], we obtain the
section of the specified set by the surfaces r = const, ϕ = const, that are the ellipses
centered at the point vr = 0, v⊥ = 0 with semiaxes {ω2

0(R
2 − r2) + 4ε(U(R) −

U(r))}1/2, {ω2
0R

2 + 4εR2(U(R) − U(r))/(R2 − r2)}1/2 directed along the axes vr

and v⊥, respectively. These sections at various r are shown in Fig. 3 (the dependence
on ϕ is lacking due to axial symmetry). Thin lines depict the boundaries of the set
of admissible values vr, v⊥ for four values of r : 0, r1, r2, R (0 < r1 < r2 < R).
All points within the boundaries are admissible, but the support of the actual
distribution density function may not be identical to the entire region within the
boundaries; it must only be included in this region.

As an example, the support of the distribution density function for KV
distribution,1 for which all particles have the same value of the integral of motion
H : H = ω2

0R
2 + 4ε(U(R) − U(r)), is shown in Fig. 3. This support is represented

by the circumferences v2
r + v2

⊥ = ω2
0(R

2 − r2) + 4ε(U(R) − U(r)) (the thick lines
in Fig. 3). The KV distribution will be considered below in more detail. The bold
dot at the origin represents the Brillouin flow, where all particles rotate as a whole
around the z-axis with the angular velocity −ω0.3

4. Distribution with Uniform Phase Density

Finding the self-consistent distribution for the arbitrary density f(M,H) is a very
difficult problem, because the right-hand side of Eq.(14) contains the unknown
function P (M,H) in the integrand, depending on the potential U(r). Furthermore,
the domain of integration in Eq. (14) also depends on U(r). To simplify the problem,
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Fig. 3. The sets of admissible values of transverse velocities at various values of r.

one can find the solution not for the given density f(M,H), but for the given ratio
f(M,H)/2πP (M,H). This value represents the right-hand side in the relation (11),
which expresses the phase density in terms of the density f(M,H). Therefore, to
specify this ratio is to specify the phase density for the corresponding values of the
phase variables. When this ratio is a polynomial in M,H, we may obtain a finite
expression for the density ρ(r) making use of Eq. (13).

Introducing new integration variables into the expression (13):

θ = atan
rR
√
H − ω2

0r
2 −M2/r2 − 4εU(r)

M(R2 − r2)1/2
, v =

√
H − ω2

0r
2 −M2/R2 − 4εU(r)
R2 − r2

and making use of the relation (12) we may obtain

ρ(r) = 2R2
√
R2 − r2

π∫
0

dθ

√
ω2

0+4ε(U(R)−U(r))/(R2−r2)∫
0

f̃(v2(R2 − r2 sin2 θ) + V0(r), vrR cos θ)v dv. (19)

Here f̃(M,H) = f(M,H)/2πP (M,H), so that n(x,v) = f̃(M(x,v), H(x,v)). The
integrand in Eq. (19) is the polynomial in v, cos θ, and integrable in terms of
elementary functions.

For example, consider the first-degree polynomial:

f̃(M,H) = n0 + α1H + α2M
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where n0, α1, α2 are the arbitrary constants bounded only by the condition
f̃(M,H) ≥ 0. Integrating the expression (19) gives

ρ(r) = πR(R2 − r2)1/2

[
ω2

0 + 4ε
U(R)− U(r)
R2 − r2

]
{n0 + α1[ω2r2 + 4εU(r)]}

+πα1
R(R2 − r2)1/4

2
(R2 − r2

2
)
[
ω2

0 + 4ε
U(R) − U(r)
R2 − r2

]2
. (20)

In the simplest case of the zeroth polynomial, where the phase density is constant
at all admissible values of the integrals of motionM andH , Poisson’s equation takes
the form

1
y

d

dy
y
dΦ
dy

= −λ
[
(1 − y2)1/2 − Φ(y)

(1 − y2)1/2

]
(21)

where y = r/R, Φ(y) = 4ε(U(yR)−U(R))/ω2
0R

2, λ = 4πen0εR
2/ε0 > 0. According

to the conditions (4), the boundary conditions for Φ are

Φ(1) = 0,
dΦ
dy

∣∣∣∣
y=0

= 0. (22)

A similar (but not identical) distribution, known as the water-bag distribution
was investigated earlier (see [1, 6, 15]).

For the water-bag distribution, particles fill the region between the line H = H0,

where H0 = ω2
0R

2 + 4εU(R), and the lower boundary of the set ΩR defined by the
inequality (16). For the distribution under consideration, the upper boundary for
H is not H0, but is given by the inequality (15).

The boundary problem (21), (22) has a unique solution for each positive value
of the parameter λ.

We may prove that d2Φ/dy2 > −2. It follows from this inequality that the
foregoing condition for the strict convexity of the function V0(r) = ω2

0R
2(y2 +

Φ(y)) + 4εU(R) is satisfied.
We may also prove that

0 ≤ λ

[
(1 − y2)1/2 − Φ(y)

(1 − y2)1/2

]
≤ 4, (23)

and

lim
λ→∞

λ

[
(1 − y2)1/2 − Φ(y)

(1 − y2)1/2

]
= 4. (24)

The left-hand side inequality in (23) implies that the particle density is positive,
so that the solution Φ(y) is physically feasible.

Note that the particle density is equal to

ω2
0ε0
4eε

= λ

[
(1 − y2)1/2 − Φ(y)

(1 − y2)1/2

]
ρB

4
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according to (21) where ρB = ε0B
2
zγ/2m0 is the density of the Brillouin flow.

Therefore, the right-hand side inequality in (23) implies that the particle density
at any point does not exceed the density of the Brillouin flow. Finally, the property
(24) implies that the limiting value of the density is the density of the Brillouin
flow.

We shall now consider how the set ΩR varies with the parameter λ. The relation
(24) gives

Φ(y) = 1 − y2 − 4
λ

(
1 − y2

)1/2
+ o

(
1
λ

)
.

Then

VM (r) =
M2

r2
+ ω2

0R
2 − 2ω2

0R(R2 − r2)1/2

λ
+ 4εU(R) + o

(
1
λ

)
.

Therefore, the admissible values of M are of an order of O(λ−1/2). The ad-
missible values of H belong to the segment [Hmax, Hmax − ∆H ], where Hmax =
M2/R2 + ω2

0R
2 + 4εU(R),

∆H = Hmax − M2

r20
− ω2

0r
2
0 − 2εU(r0) =

M2

R2
− M2

r20
+O

(
1
λ

)
= O

(
1
λ

)
,

and the r0 value is the minimum of the function VM (r). So, the limit distribution
for the distributions under consideration is the Brillouin flow for which the particle
density is constant: ρ0 = ρB, and the electric current is J = eβcL = πR2ρ0eβc =
πeε0R

2B2γβc/2m0.

The phase density is equal to n0 = λε0/4πeR2ε, so that n0 → ∞ as λ→ ∞.

The boundary problem (21), (22) at various values of the parameter λ was solved
numerically making use of the Runge-Kutta method. The results of the numerical
solution for various values of the parameter are presented in Fig. 4.

5. Distributions with Uniform Charge Density in Beam
Cross-Section

This section focuses on the particle distributions for which the particle density in
the configuration space ρ(r) is the step-function of the radial coordinate r, being

eR r

����

� � � ��

��

�

�

�

Fig. 4. Radial profiles of beam density at various λ.
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H

Fig. 5. The set ΩR for the uniform beam. The curve 1 represents the upper boundary of the
set ΩR : H = M2/R2 + ω2R2. The segments 2 represent the lower boundary of the set ΩR :
H = 2ω|M |.

constant inside the beam cross-section and zero outside:

ρ(r) =

{
ρ0, r ≤ R,

0, r > R.
(25)

Making use of Poisson’s equation, we then obtain U(r) = −ρ0r
2/4ε0. Introducing

the variable ω :

ω2 = ω2
0 − ρ0ε/ε0 (26)

(ω2 > 0 for the radially confined beam), we obtain P (M,H) = π/2ω, and the
expression (13) takes the form

ρ(r) =
ω

π2r

∫
Ω(r)

f(M,H) dM dH

(H −M2/r2 − ω2r2)1/2
. (27)

The sets of admissible values of M and H are determined by the inequalities (15),
(16), (17), which in this case take the form

2ω|M | < H ≤M2/R2 + ω2R2, ω2r2 +M2/r2 < H ≤M2/R2 + ω2R2 (28)

for ΩR and Ω(r), respectively. The set ΩR is shown in Fig. 5.
The simplest known distribution is the Brillouin flow. For this, all particles have

the same values of integrals M and H : M = 0, H = ω2R2. It is depicted in Fig. 5
by the bold dot.

We assume that

f(M,H) = f0δ(H −H0 − kM), f0 > 0, (M,H) ∈ ΩR (29)

where δ(H − H(M)) denotes the simple layer on the surface H = H(M) whose
density relative to the variable H is equal to 1. This means that for some set Ω∫

Ω

F (M,H)δ(H −H(M)) dM dH =
∫
S

F (M,H(M)) dM
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for an arbitrary integrable function F (M,H). Here, S is the intersection of the
surface H = H(M) with the set Ω.

For the distribution (29), the density of particles in the configuration space ρ(r)
is independent of r (at r ≤ R). Indeed,

ρ(r) =
ωf0
π2r

∫
Ω(r)

δ(H −H0 − kM) dM dH

(H −M2/r2 − ω2r2)1/2
=

ωf0
π2r

M2∫
M1

dM

(H0 + kM −M2/r2 − ω2r2)1/2
=
ωf0
π

= ρ0.

Here M1 and M2 are the roots of denominator in the integrand:

M1,2 = kr2/2 ± (k2r4/4 +H0r
2 − ω2r4)1/2.

The maximum value of the coordinate r which satisfies the condition k2r4/4 +
H0r

2 − ω2r4 ≥ 0 is equal to [H0/(ω2 − k2/4)]1/2. On the other hand, this value is
equal to R. Hence, we have H0 = R2(ω2 − k2/4).

It can be readily seen that M1 and M2 are the abscissas of the points of in-
tersection of the straight line H = H0 + kM with the boundaries of the set ΩR :
H = 2ωM and H = −2ωM, because these boundaries are also determined by
the condition that the above-mentioned integrand denominator is equal to zero.
Obviously, H0 > 0 and k2 < 4ω2.

It can be shown that the straight line H = H0 + kM is tangent to the parabola
H = M2/R2 + ω2R2, that is the upper boundary of H belonging to ΩR. Thus, the
support of the distribution density function (29) is the segment of the straight line
that is tangent to the upper boundary of ΩR and included in ΩR (the segment A′B′

in Fig. 5). The extreme positions of the segment are the straight-line parts of the
boundary of the set ΩR.

The distributions (29) are well known. In the works [2, 4, 15] they are considered
as the simplest example of what is known as the rigid rotor distribution. In the
general case, the rigid rotor distribution is a distribution such that the phase density
depends only on the combination H + kM, but not on M and H separately. To
find the density in the configuration space for the rigid rotor distribution, which is
generally not uniform, the density inversion theorem can be used (e.g., see [15]).
The KV distribution is the particular case corresponding to k = 0 (the segment
AB in Fig. 5).

The mean angular momentum for the distributions (29) is not equal to zero,
except for the KV distribution. This can be seen from Fig. 5 where the parts
of the segment A′B′ lying on the left and on the right of the axis H are not
equal. Therefore, these distributions, with the exception of the KV distribution,
are not good models, because a real beam is launched with the zero mean angular
momentum.
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Note that the values of f0 can be arbitrary large. Indeed, substituting the ex-
pression for ρ0 into (26) and solving with respect to ω, we obtain

ω = − εf0
2πε0

+
[
ε2f2

0

4π2ε20
+ ω2

0

]1/2

.

If f0 → ∞, the main term of the last expression is equal to πε0ω2
0(εf0)

−1. Therefore
ρ0 → ε0ω

2
0/ε = ρB. The set ΩR shrinks to the point (0, 0) because the size of the

set ΩR is determined by ω, and ω → 0. Thus, the limit distribution as f0 → ∞ is
the Brillouin flow.

It is easy to understand that by taking arbitrary linear combinations of the
distributions (29) we shall obtain the beam cross-section uniform distributions. For
example, consider the linear combination of a finite number of distributions (29):

f(M,H) =
∑
k∈K

fkδ(H −H0(k) − kM), fk > 0 (30)

where H0(k) = R2(ω2 − k2/4) > 0 and K is a finite set of real numbers, K ⊂
(−2ω, 2ω). Substituting (30) into (27) we have

ρ0 =
ω

π

∑
k∈K

fk.

Similarly, it is not difficult to show that the values of fk can be arbitrary large. If
fk → ∞ for any k ∈ K then ρ0 → ε0ω

2
0/ε, and the limit distribution is also the

Brillouin flow.
In general,

f(M,H) =

2ω∫
−2ω

f(k)δ(H −H0(k) − kM) dk, f(k) > 0. (31)

Let us find k corresponding to the given values of M and H in Eq. (31). From the
equation H = (ω2 − k2/4)R2 + kM we have

k1,2 =
2
R2

[
M ± (M2 −HR2 + ω2R4)1/2

]
. (32)

It follows from (32) that dk = dH(M − kR2/2)−1. Then (31) can be written as

f(M,H) =

M2/R2+ω2R2∫
2ω|M|

2∑
i=1

f(ki)δ(H −R2(ω2 − k2
i /4 − kiM)) dH

|M − kiR2/2| =

f(k1) + f(k2)
(M2 −HR2 + ω2R4)1/2

.

Substituting (31) into (27), we may obtain

ρ0 =
ω

π2r

2ω∫
−2ω

f(k) dk
∫

Ω(r)

δ(H −H0(k) − kM)dM dH

(H −M2/r2 − ω2r2)1/2
=
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ω

π2r

2ω∫
−2ω

f(k) dk
∫

Ω(r)

dM

(H0 + kM −M2/r2 − ω2r2)1/2
=
ω

π

2ω∫
−2ω

f(k) dk.

As before, it can be shown that any finite values of f(k) are admissible.
Obviously, the first two distributions (29) and (30) that we have discussed are

the particular cases of the distribution (31).
The distributions (30) and (31) cannot be found on the basis of the approach

applied in the works [15, 16] where each distribution is described making use of its
own effective potential, and, therefore, two of them cannot be readily combined.

The simplest case which cannot be reduced to the previous cases is the distri-
bution with f(k) = F0, F0 = πρ/(4ω2). In this case,

f(M,H) =
πρ0

2ω2(M2 −HR2 + ω2R4)1/2
. (33)

The four-dimensional volume of the support of this distribution density function is
not equal to zero. The phase density is given by the expression

n =
ρ0

2πω
√
R2 − r2

· 1√
ω2R2 − v2

r/(1 − r2/R2) − v2
⊥
,

as it follows from (12). Here v⊥ = r(ϕ̇ + ω0).

6. Integral Equation for Uniform Charge Distributions

More general results can be obtained by considering the expression (27) for density
ρ(r) as the integral equation. Substituting the expression (25) into the left-hand side
of (27) and taking into account the fact that the integration domain is determined
by the inequalities (28), we obtain the integral equation for the function f(M,H) :

ρ0 =
ω

π2r

rRω∫
−rRω

dM

M2/R2+ω2R2∫
M2/r2+ω2r2

(H − ω2r2 −M2/r2)−1/2f(M,H) dH, r ≤ R.

Here, the left-hand side is independent of r (r ≤ R), but the integrand and inte-
gration limits on the right-hand side are dependent on r. The problem is to find a
function f(M,H) such that the result of integration is also independent of r.

Let us introduce new integration variables y, α :

H = M2/R2 − ω2(R2 − r2)y2 sin2 α+ ω2R2, M = rRωy cosα,

and the function

F (k1, k2) = f(M,H)(M2 −HR2 + ω2R4)1/2.

Here k1,2 are the slopes of the straight lines passing through the point (M,H) and
being tangent to the curve H = M2/R2 + ω2R2, that is a part of the boundary of
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the set ΩR, as determined by the relation (32). Expressing k1,2 in terms of y, α, we
have

k1 = 2y cos(α− θ), k2 = 2y cos(α+ θ) where θ = arccos r/R.

Obviously, ki ∈ (−1, 1), i = 1, 2. It follows from α ∈ [0, π] that k1 ≥ k2. Therefore,
F (k1, k2) is defined in the triangle −2ω < k2 ≤ k1 < 2ω. We assume that in the
triangle −2ω < k1 < k2 < 2ω, the function F (k1, k2) is defined by the equality

F (k1, k2) = F (k2, k1). (34)

Then the integral equation under consideration can be written as

ρ0 =
1
π2

2π∫
0

1∫
0

F (2y cos(α − θ), 2y cos(α+ θ))
(1 − y2)1/2

y dy dα. (35)

It is easy to see that the function F (k1, k2) = f1(k1) + f2(k2) satisfies this
equation. Taking into account the condition (34), we find that f2(x) = f1(x) + c (c
is a constant). Without loss of generality, we may assume that c = 0. Then

f(M,H) =
f1(k1) + f1(k2)

(M2 −HR2 + ω2R4)1/2
. (36)

So, we have the same result as for the integral representation (31).
Moreover, analyzing the equation (35), we can obtain other density functions

f(M,H) for which the particle distribution is uniform in the beam cross-section.
The solution of Eq. (35) can be sought for as a series

F (x, z) =
∞∑

m=0

∞∑
n=0

cmnx
mzn.

It can be seen that the coefficients cm0 are arbitrary, in which case the convergence
of the series

∞∑
m=0

cm0x
m

at x ∈ (−2ω, 2ω) must be ensured, and c0m = cm0. Furthermore, it follows from
(34) that cmn = cnm,m, n > 0. The condition of nonnegativity for the function
f(M,H) can be satisfied for the bounded function F (x, z), x, z ∈ (−2ω, 2ω) by
adding some positive constant F0 to F (x, z).

Instead of the remaining series
∞∑

m=1

∞∑
n=1

cmnx
mzn,

we shall consider a polynomial in x, z. Substituting it into (35), we may obtain its
coefficients.
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For example, in the case of the third-degree polynomial F (x, z) = c1xz+c2x2z2+
c3(xz3 +x3z), we may obtain two equalities: 5c1 +6c3ω2 = 0 and c2 = 0 from (35).
Therefore,

F (k1, k2) = ck1k2[24ω2 − 5(k2
1 + k2

2)].

Hence, the function

f(M,H) =
−c(H − ω2R2)(10M2 − 5HR2 + 2ω2R4) + F0

(M2 −HR2 + ω2R4)1/2

gives the beam cross-section uniform distribution. The constants c and F0 in this
expression should be such that the values of f(M,H) be positive at any admissible
values of M, H.

The values of the function F (k1, k2) can be arbitrary large. Here the equality
(26) implies that the density ρ0 is bounded above by the Brillouin flow density
ρB = ε0ω

2
0/ε.

7. Distributions for a Beam with Non-Constant Radius

This section focuses on particle distributions for the stationary azimuthally sym-
metric beam in the longitudinal magnetic field that is, as before, uniform in the
beam cross-section, but a more general case is investigated. Suppose that the radius
of the beam cross-section and the magnetic field vary in the longitudinal direction.
As in Section 5, the particle density in the configuration space ρ(r, z) is assumed
to be a step-function of the radial coordinate r :

ρ(r, z) =

{
ρ0(z), r ≤ R(z),

0, r > R(z).

We assume that the radius of the cross-section R significantly varies only at the
distances that are much greater than R. Then Poisson’s equation for the potential
of the self electric field of the beam U(r, z) can be written as

1
r

∂

∂r
r
∂U

∂r
=
eρ0(z)
ε0

.

According to (3), ρ0(z) = J/(πR2eż) = λ/R2 where λ = J/(πeż), J is the beam
current, and ż is the longitudinal velocity of a particle assumed to be equal for
all particles. We also assume that the longitudinal velocity can slowly vary in the
axial direction. The longitudinal component of the magnetic field vector potential
satisfies a similar equation. Then the equation of the radial motion of particles is
given by

r̈ = −ω2r +M2/r3 (37)

where ω2 = ω2
0 − λ/R2. Here M is the same integral as before, but in this case the

variable H given by (6) is not an integral. Let us formulate the conditions under
which another integral of the equation (37) exists.
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We assume that the beam envelope R(z) can be defined as the envelope only for
particles with M = 0. We shall see at a later time that this assumption holds for
the distributions under consideration. For the particles with M = 0, the equation
of the radial motion is linear:

Ẋ = AX (38)

where

X =
(
r

ṙ

)
, A =

(
0 1

−ω2 0

)
.

We assume that at the initial instant of time t = t0 the particles fill the ellipse

X∗
0B0X0 ≤ 1, B0 =

(
a−2
0 0
0 c−2

0

)
.

Then, at t ≥ t0, they will fill the ellipses

X∗BX ≤ 1

where B = F ∗−1B0F
−1, and F is the matrizant of the system (38). It can be

readily shown that R2 is the first diagonal element of the matrix B−1 :

R2 = (B−1)11 = a2
0F

2
11 + c20F

2
12.

The matrix elements F : F11 and F12 satisfy the equations

F̈11 = −ω2F11, F̈12 = −ω2F12.

Introducing the variable θ : a0F11 = R cos θ, so that c0F12 = R sin θ, we pass to the
following equations

R̈−Rθ̇2 = −ω2R, (39)

2Ṙθ̇ +Rθ̈ = 0. (40)

Note that, in our case, the t-dependence of R is given by the relation R = R(z(t)).
In view of the fact that F (t0) is the identity matrix, we have R(t0) = a0, Ṙ(t0) = 0,
θ(t0) = 0, θ̇(t0) = c0/a0.

Integrating the equation (40), we obtain θ̇ = a0c0/R
2. Then the equation (39)

for the beam envelope takes the form

R̈ = −ω2R+
a2
0c

2
0

R3
(41)

or

R̈ = −ω2
0R+

λ

R
+
a2
0c

2
0

R3
. (42)

The system of equations (37) and (41) can be reduced to the known Ermakov
system19,20 if the variable ω which depends on t and R is regarded as a function of
t.
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Using the known expression for the integral of the Ermakov system,20 we may
have that the value

I = (Rṙ − rṘ)2 +
M2R2

r2
+
a2
0c

2
0r

2

R2
=
(
dq

dτ

)2

+
M2

q2
+ a2

0c
2
0q

2 (43)

is the integral of motion. Here q = r/R, dτ = dt/R2. Another integral of the motion
M can be written as

M = q2
(
dϕ

dτ
+R2ω0

)
. (44)

Note that, when M = 0, and ω = ω(t), the integral (43) is identical to the
well-known Courant-Snyder invariant.21

Let us find a set Ω̃1 in the space of variables M, I such that the condition
q ≤ 1, ∀t ≥ t0 holds for all particles.

It follows from (43) that

I ≤M2 + a2
0c

2
0. (45)

Furthermore,

I ≥ min
q

(
M2

q2
+ a2

0c
2
0q

2

)
= 2a0c0|M |.

Excluding the particles corresponding to the lower boundary of the set Ω1, we
obtain

I > 2|M |a0c0. (46)

The set Ω̃1 defined by the conditions (45),(46) is shown in Fig. 6. A similar set ΩR

for the longitudinally uniform beam was considered in Sections 3 and 5. Comparing
Figs. 5 and 6, one can see that the shapes of the sets ΩR and Ω̃1 are identical, but
the vertical axes are different: axis H in Fig. 5 and axis I in Fig. 6.

aM

BA

� �

�

A
�

B
�

I

Fig. 6. The set Ω̃1. The curve 1 represents the upper boundary of the set Ω̃1 : I = M2 + a2
0c20.

The segments 2 represent the lower boundary of the set Ω̃1 : I = 2a0c0|M |.
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dM

I

�

Fig. 7. The set Ω̃(q). The boundaries of Ω̃(q) are depicted by thick lines, with the thin lines
representing the boundaries of the set Ω̃1.

If the beam particles fill the set Ω̃1, the assumption that the beam envelope
can be determined only by the particles with M = 0 will represent the facts. This
follows from the condition q ≤ 1, or r ≤ R, which determines the set Ω̃1.

We shall also consider a set Ω̃(q) of M and I such that the particles possessing
these M and I pass through a point corresponding to the given q. First, note that

I ≥ M2

q2
+ a2

0c
2
0q

2. (47)

If the inequality (47) is satisfied, then I −M2/q2 − a2
0c

2
0q

2 ≥ 0, and the particle
can move at a point corresponding to this q. Furthermore, we have the inequality
(45) bounding the value of the integral I for the given value of the integral M.

Therefore, the set Ω̃(q) is defined by (47), (45) (see Fig. 7).
The set Ω̃(q) in Fig. 7 appears as the set Ω(r) in the Fig. 2, but here the

differences are the same as those between Fig. 5 and Fig. 6.
We shall consider the particular case R = const, λ = const, ω0 = const.

Here, as it follows from Eq. (42), the beam radius is equal to R = (λ +√
λ2 + 4ω2

0a
2
0c

2
0)/(2ω

2
0). Expressing c20 from this equality, we find that c20 = ω2R2.

Then I = HR2. So, for the beam with constant radius the integrals I, H are the
same, if the factor R2 is not taken into account.

In what follows we shall consider the phase distribution of the particles of some
infinitely thin layer moving along the axis z with the velocity ż. We assume that
this layer is bounded by two parallel infinitely close planes moving along the axis z
with the same velocity. Making use of the notation introduced in Section 3, we shall
consider the density in the four-dimensional phase space of transverse positions and
velocities n = DN/D(x, y, ẋ, ẏ) (here x, y are transverse Cartesian coordinates).

We assume that the phase density n depends only on M and I :

n = n(M(r, ϕ̇), I(r, ṙ, ϕ̇))

where n(M, I) denotes some function of M and I. Our goal is to find those func-
tions n(M, I) which correspond to the uniform distribution of particles across the
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beam. The mapping (r, ṙ, ϕ, ϕ̇) �→ (M, I) has rank 2. This means that we drop
two variables on which the phase density can depend. The independence from the
variable ϕ implies the axial symmetry of the beam. The independence from the
third variable r among the remaining three variables r,M, I narrows the class of
admissible distributions, but significantly simplifies the further analysis because in
this case the conservation of the phase density along particle trajectories implies
the conservation of n(M, I) along the z-axis.

Then we have

DN

D(q,M, I)
=

2π∫
0

dϕ
DN

D(q, ϕ,M, I)
= 4π

DN

D(q, ϕ, q′, ϕ′)
|det ∂(q′, ϕ′)

∂(M, I)
| =

2π
q2|q′|

DN

D(q, ϕ, q′, ϕ′)
=

2π
q2|q′|

1
R4

DN

D(q, ϕ, q̇, ϕ̇)
=

2π
q2|q′|

1
R4

DN

D(x, y, ẋ, ẏ)
| det

∂(x, y, ẋ, ẏ)
∂(q, ϕ, q̇, ϕ̇)

| =
2π
|q′|n(M, I) (48)

(stroke denotes differentiation with respect to the variable τ).
Let us introduce the density of the particle distribution in the space of the

integrals M and I : f(M, I). It follows from Eq. (48) that

f(M, I) =

qmax(M,I)∫
qmin(M,I)

DN

D(q,M, I)
dq = π2n(M, I)/a0c0 (49)

because
qmax(M,I)∫

qmin(M,I)

dq/|q′| = π/2a0c0.

Expressing the particle density in the configuration space ρ(r) in terms of
f(M, I), we obtain

ρ(r) =
1

2πr

∫
Ωq

DN

D(r,M, I)
dM dI =

1
rR

∫
Ω̃(q)

n(M, I) dM dI

|q′| . (50)

We also introduce the particle density in the space with the coordinates x/R,
y/R denoted by ρ̃. From Eq.(49), Eq.(50), in view of Eq.(42), we may obtain

ρ̃(q) =
a0c0
π2q

∫
Ω̃(q)

f(M, I) dM dI

(I −M2/q2 − a2
0c

2
0q

2)1/2
. (51)
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In the expression (51) we exclude the particles for which q′ ≡ 0 in accordance
with (46). To allow for these particles shall require an additional term in the expres-
sion (51). In particular, it is precisely this term that can describe the distribution
analogous to the Brillouin flow for the longitudinally uniform beam. For this dis-
tribution, all particles have the same values of the integral of motion M : M = 0,
and the values of the integral I are such that dq/dτ = 0, namely I = a2

0c
2
0q

2. As
distinct from the Brillouin flow, all particles can move in the radial direction, but
simultaneously, so that their normalized coordinate q remains constant for each
particle. If R, λ, ω0 are constant, this distribution is identical to the Brillouin flow.
Therefore, it can be called the generalized Brillouin flow.

The expression (51) is similar to the expression (27) obtained in Section 5 for
the beam with the constant radius. The integral of motion I and the constant a0c0
correspond to the integral of motion H and the constant ω. Therefore, the results
of that section can also be extended to the this case.

Comparing the expressions (27) and (51), we can see they have the same struc-
ture, but differ in variables that occur in them: the variable r in (27) is replaced by
q in (51), H by I and ω by the product a0c0. Therefore, one can expect that for
every distribution described in Sections 5 and 6 there exists a similar distribution
for a longitudinally nonuniform beam.

First, we shall consider the distributions that are similar to the distributions
(29), (30), (31). Let us take f(M, I) as a simple layer with density f0 in respect
of the variable I on the segment belonging to the set Ω1 in the same sense as in
Section 5:

f(M, I) = f0δ(I − I0(k) − kM), f0 > 0, (M, I) ∈ Ω1 (52)

where I0(k) = a2
0c

2
0 − k2/4.

Substituting (52) into (51) we have

ρ̃(q) =
a0c0f0
π2q

∫
Ωq

δ(I − I0(k) − kM) dM dI

(I −M2/q2 − a2
0c

2
0q

2)1/2
=

a0c0f0
π2q

M2∫
M1

dM

(I0 + kM −M2/q2 − a2
0c

2
0q

2)1/2
=
a0c0f0
π

, q < 1.

HereM1 andM2 are determined from the condition that the argument of the square
root in the integrand becomes zero:

M1,2 = kq2 ± (k2q4/4 + I0q
2 − a2

0c
2
0q

4)1/2.

Hence, for the distribution (52), the density of particle distribution in the configu-
ration space is constant throughout the beam cross-section, and, therefore, it is the
solution of the problem.

In much the same way as for the distribution (29), it can be shown that the
support of the distribution density function (52) is a segment of the straight line
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that is tangent to the upper boundary of the set Ω̃1. The segment is bounded by the
lines I = ±2a0c0M (segment A’B’ in Fig. 6). When k = 0, this segment is parallel
to the axis M (segment AB in Fig. 6). If R, λ, ω0 are constant, the distribution
(52) at k = 0 is identical to the KV distribution, and the distribution at k �= 0 is
identical to the distribution (29).

Furthermore, each linear combination of the distributions (52) will also be uni-
form in the beam cross-section:

f(M, I) =
∑
k∈K

αkδI=I0(k)+kM , ρ =
a0c0
πR2

∑
k∈K

αk

where K is a finite set of real numbers, K ⊂ (−2a0c0, 2a0c0), or

f(M, I) =

2a0c0∫
−2a0c0

α(k)δI=I0(k)+kM dk, ρ =
a0c0
πR2

2a0c0∫
−2a0c0

α(k) dk.

Here, αk in the first case or α(k) in the second one are the functions defined on the
discrete set K or on the interval (−2a0c0, 2a0c0) such that there are respectively

∑
k∈K

αk or

2a0c0∫
−2a0c0

α(k) dk.

Another way to seek for the uniform self-consistent distributions is to consider
the equality (51) as an integral equation for the density of the distribution.

Introducing new integration variables in much the same way as in the case of
the longitudinally uniform beam (Section 6), we obtain the integral equation

a2
0c

2
0

2π

2π∫
0

1∫
0

F (y cos(α− θ), y cos(α + θ))
(1 − y2)1/2

y dy dα = J (53)

which is similar to the equation (27). Here

F (k1, k2) =

{
f(M, I)(M2 − I + a2

0c
2
0)

1/2, k1 ≥ k2,

F (k2, k1), k1 < k2,

k1,2 = 2(M ± (M2 − I + a2
0c

2
0)1/2) and θ = arccos q. This is exactly the integral

equation for the function of two arguments F (k1, k2). Both arguments depend on
q as q = cosϑ. The problem is to find a function F (k1, k2) such that the result of
the integration does not depend on q.

Any nonnegative solution of Eq. (53) satisfying the condition

F (k1, k2) = F (k2, k1) (54)

corresponds to some self-consistent particle distribution.
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The simplest case is F (k1, k2) = g0 > 0 where g0 is constant. In this case, the
density of the distribution in the space of the integrals of motion is

f(M, I) = g0(M2 − I + a2
0c

2
0)

−1/2. (55)

This distribution does not reduce to any distribution obtained before.
Another simplest case is F (k1, k2) = g1(k1)+g2(k2). Substituting this expression

into Eq. (53), we may see that this is exactly the solution. In view of the condition
(54), we have g1(k) = g2(k) + g0. The term with g0 corresponds to the previous
case (55). Omitting it, we obtain

f(M, I) =
g(k1) + g(k2)

(M2 − I + a2
0c

2
0)1/2

, g(k) ≥ 0.

Other solutions can be sought for in the form of a series

F (x, z) =
∞∑

m=0

∞∑
n=0

cmnx
mzn. (56)

or a polynomial, as in Section 6.
For example, seeking for the solution of (53) as a third-degree polynomial, we

obtain

f(M, I) =
−c (I − a2

0c
2
0)(10M2 − 5I + 2a2

0c
2
0) + g0

(M2 − I + a2
0c

2
0)1/2

. (57)

This density (57) gives the self-consistent distribution that is uniform in the beam
cross-section. The constant values c and g0 shall be such that f(M, I) ≥ 0 for all
(M, I) ∈ Ω. The values of F (k1, k2), J, and λ can be arbitrary great. In this case, the
radius of the beam cross-section R(z) behaves according to the envelope equation
(42) with great values of λ.

8. Conclusion

Within the framework of the approach presented in this paper, the particle density
in the space of the integrals of motion M and H for the longitudinally uniform
beam and M and I for the longitudinally nonuniform beam is introduced. The sets
of admissible values of the integrals under consideration are analyzed.

This approach allows us to specify naturally various self-consistent distributions,
both those previously known and new ones. In particular, the known distributions
such as KV distribution and some distributions of the rigid rotor type receive very
simple interpretation, namely, the supports of the density functions of these dis-
tributions are some segments that are easily determined. However, the approach
developed here makes it possible to consider also the linear combinations of such
distributions that are new distributions and cannot be reduced to the known dis-
tributions. The supports of the density functions of such distributions can have a
nonzero phase volume. The integral equation presented in this paper also allows to
obtain new self-consistent distributions with a nonzero phase volume.
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The proposed approach was also applied for the beam nonuniform along its axis,
for which wide classes of self-consistent distributions were found. In the particular
instance of longitudinal uniformity, they are identical to the distributions for a
uniform beam. Therefore, some of them can be regarded as the generalizations of
distributions, such as Brillouin flow and KV distribution. The important feature of
these distributions is that the beam radius and the magnetic field can vary along
the beam axis, though this variation should be sufficiently slow. This means that
they are more realistic than many of the previously considered distributions, and
can be used for the solution of various problems of modeling and optimization of
accelerating and focusing structures with high density beams.
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It is well-known that nonsynchronous harmonics of a RF field can focus particles. In
order to focus ultra-low energy beam particles, a spatially periodic electrostatic field
can be used, too. In this case the transverse focusing is provided by a periodic array
of electrostatic lenses. This article is dedicated to questions of two high-current low-
energy beam focusing types used in an injector-buncher of an ion linear accelerator,
an application of a spatially periodic electrostatic focusing being examined for the first
time. A two-dimensional nonlinear motion equation is derived in the Hamiltonian form
in a smooth approximation. It allows us to study a correlation between the longitudinal
and transverse ion beam dynamics at low energies. An investigation of the phase and
transverse beam dynamics stability conditions in the initial part of the linac are given
consideration. Conditions of the beam dynamics stability are found and analyzed. An
approach to the field optimization problem is described. A method of the geometric
parameter choice is worked out for a realization of the required field distributions in each
structure. To verify the results of the beam dynamics stability analysis and optimized
structure parameter choice, numerical simulations of low-energy heavy-ion beams are
carried out.

Keywords: Electrostatic focusing; nonlinear beam dynamics; structure parameter opti-
mization.

PACS numbers: 41.85.Ne, 02.60.Cb

1. Introduction

The problem of the effective low-energy linac design is of interest to many fields of
science, industry and medicine (e.g. nuclear physics, surface hardening, ion implan-
tation, hadron therapy). The most significant problem for low-energy high-current
beams of charged particles is the question of the transverse stability due to the
influence of Coulomb’s repelling forces. The low-energy heavy-ion beam transport
is known to be provided by the periodic array of electrostatic lenses (electrostatic

843
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undulator).1 The idea is to constructively join a periodic RF cavity and an electro-
static undulator (ESU) in the same device. In order to accelerate low-energy ion
beams, one of the following efficient RF focusing types can be used: alternating
phase focusing (APF),2–4 radio frequency quadrupole (RFQ), focusing by means
of the nonsynchronous wave field, as well as the undulator RF focusing. The at-
tained threshold proton beam current in a RFQ5 is about (100 to 150) mA and
the further current rise leads to severe difficulties. A particle focusing with the use
of the nonsynchronous wave in the two-wave approach was considered.6 Detailed
analysis of the focusing by means of nonsynchronous waves of the RF field shows
that the focusing by the fast harmonic of the field in periodic ordinary Wideröe
(also called Sloan-Lawrence) type and Alvarez type structures is not effective as
the acceleration rate is very small. Increasing the low harmonic amplitude leads to
the longitudinal beam instability which quickly disrupts the resonant conditions.
The RF focusing by the nonsynchronous harmonics was discussed in detail.6,7

Alternatively, the acceleration and focusing can be provided by means of the
electromagnetic waves which are nonsynchronous with the beam (the so-called un-
dulator focusing).8 In this case the acceleration mechanism is similar to that in the
inverse free electron laser (IFEL). Systems without the synchronous wave are effec-
tive only for light-ion beams. For low-energy heavy-ion beams to be accelerated, it
is necessary to have the wave synchronous with the particles.

The purpose of this work is to study and show advantages of the spatially
periodic DC (also called electrostatic) focusing for high-intensity low-velocity heavy-
ion beams.

2. Low-Energy Beam Motion Equation

The analytical investigation of the beam dynamics in a polyharmonical field is a
difficult problem. Rapid longitudinal and transverse oscillations as well as a strong
dependence of field components on transverse coordinates do not allow us to use
the linear approximation in the paraxial region for a field series. Nevertheless, the
analytical beam dynamics investigation can be carried out by means of the averaging
method over the rapid oscillations period (the so-called smooth approximation) in
the oscillating fields, which was suggested by P. L. Kapitsa9 for the first time.
Let us express the RF field in an axisymmetric periodic resonant structure and
the ESU field as the Fourier expansion by the standing wave spatial harmonics,
assuming that the structure period is a slowly varying function of the longitudinal
coordinate z

Ez =
∞∑

n=0

EnI0 (knr) cos
(∫

kn dz

)
cosωt;

Er =
∞∑

n=0

EnI1 (knr) sin
(∫

kn dz

)
cosωt;

(1)
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Eu
z =

∞∑
n=0

Eu
nI0 (ku

nr) cos
(∫

ku
n dz

)
;

Eu
r =

∞∑
n=0

Eu
nI1 (ku

nr) sin
(∫

ku
n dz

)
,

(2)

where En, Eu
n are the nth harmonic amplitudes of the RF and ESU fields on the

axis; kn = (θ + 2πn)/D is the propagation wave number for the nth RF field spatial
harmonic, ku

n = (θu + 2πn)/Du is the factor of the nth ESU field harmonic; D, Du

are the geometric periods of the resonant structure and ESU; θ, θu are the gap-to-
gap phase differences for the resonant structure and ESU respectively; ω = 2πc/λ
is the angular frequency, c is the speed of light, λ is the free-space RF wavelength;
I0 and I1 are the modified Bessel functions of the first kind of orders 0 and 1.

We shall assume the beam velocity (the one-particle approximation) υ differs
significantly from all of the field harmonic phase velocities except that of the syn-
chronous harmonic of RF field, the gap-to-gap spacing of the RF structure along the
beam axis being defined as D = βsλ (s+ θ/2π), where s denotes the synchronous
harmonic number, and βs is the normalized velocity of the synchronous (equilib-
rium) particle.

It is convenient to introduce nondimensional variables Q̂ = (ξ; �) and τ as

Q̂ = 2πR
/
λ ∈ C2, R =

(
z(t); r(t)

)
, τ = ωt ∈ R, (3)

then one can write the second Newton’s law

d2Q̂

d τ2
= ê

(
τ, Q̂

)
, (4)

where ê = qEλ/2πmc2, q and m are charge and mass of the particle.
The particle path in a superposition of the rapidly oscillating fields (1), (2) we

seek as a sum of a slowly varying term Y and a rapidly oscillating one, Ỹ . We
assume that the amplitude of the rapid velocity oscillations is much smaller than
that of the slowly varying velocity component for the smooth approximation to be
employed. Thus, the second-order differential equation of motion can be written as

d2

d τ2

(
Y + Ỹ

)
= ê
(
τ,Y

)
+ Ỹ

∂

∂Ỹ
ê
(
τ, Q̂

)∣∣∣∣
Ỹ=0

. (5)

Finding Ỹ (as it was done in Ref. 10) with the aid of averaging over the rapid
oscillations, one readily obtains Eq. (5) as follows

Ÿ = M
τ

[
ê
(
τ,Y

)]
+

1
2
∇M

τ

[
ê
(
τ,Y

)
Ỹ
(
τ,Y

)]
, (6)

where Y = Q̂ , M
τ

is the averaging operator over the explicitly contained variable

τ . Now the shortened Eq. (6) can be presented in the form of the Hamilton’s
autonomous equations, namely

dQ

d τ
=
∂H

∂P
;

dP

d τ
= −∂H

∂Q
, (7)
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where P and Q are the canonically conjugate variables, the canonical coordinates
being selected in such a way that the origin in a phase space is an equilibrium point,
i.e. Q = ( Q̂ − Q̂s)/βs and the beam-wave system Hamiltonian is

H (P,Q) =
1
2
P2 + Uef(Q) . (8)

Here Uef(Q) is the effective potential function (EPF) which describes the low-
energy beam interaction with the polyharmonical field of the system. The EPF
depends solely on the averaged variable Q = (ζ; η).

3. Analysis of Effective Potential Function

3.1. Case of Wideröe Type Structure

For Wideröe type structure we make θu = θ = π and Du = D, then the EPF can
be written as Uef = U0 + U1 + U2, where

U0 = −1
2
es [I0(η) sin(ϕs + ζ) − ζ cosϕs − sinϕs];

U1 =
1
16

∞∑
n�=s

e2n
ν2

n,s

w(0)
n,s(η) +

1
16

∞∑
n=0

e2n
µ2

n,s

w(0)
n,s(η) +

1
4

∞∑
n=0

eun
2

ι2n,s

w(0)
n,s(η);

U2 =
1
16

∞∑
n�=s

kn+kp=2ks

enep

ν2
n,s

[
w(1)

n,s,p(η) cos (2ζ + 2ϕs) + 2ζ sin 2ϕs

− cos 2ϕs

]
+

1
8

∞∑
n�=s

kn−kp=2ks

enep

ν2
n,s

[
w(2)

n,s,p(η) cos (2ζ + 2ϕs)

+ 2ζ sin 2ϕs − cos 2ϕs

]
.

(9)

Here ei = êi/βs, νn,s = (kn − ks) /ks, µn,s = (kn + ks) /ks, ιn,s = kn/ks.
n, s, p ∈ N0, ϕs is the synchronous particle phase and the functions of the di-
mensionless transverse coordinate are defined as

w(0)
n,s(η) = I2

0 (ιn,sη) + I2
1 (ιn,sη) − 1;

w(1)
n,s,p(η) = I0(ιn,sη)I0(ιp,sη) − I1(ιn,sη)I1(ιp,sη);

w(2)
n,s,p(η) = I0(ιn,sη)I0(ιp,sη) + I1(ιn,sη)I1(ιp,sη).

(10)

From these expressions one can see that the term U0 of the EPF is responsible
for both the beam acceleration and its transverse defocusing. The term U1 influ-
ences only the transverse motion, always focusing the particles in the transverse
direction. The term U2 has an influence not only on the longitudinal motion but
on the transverse one. The extreme point of U2 as well as U0 is a saddle point.
Therefore, the necessary condition for the simultaneous transverse and longitudinal
focusing is the existence of the EPF total minimum. A typical view of the EPF is
shown in Fig. 1. One can see that the term U1 contains the sum of squares of the
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normalized spatial ESU harmonic amplitudes. So, the ultra-low energy heavy-ion
beam transverse focusing can be provided by the zero spatial harmonic of ESU. On
the other hand, if the ESU is absent (that is ∀n ∈ N0 eun = 0) the second term
of the EPF is reduced. In this case the transverse stability is provided by using
nonsynchronous harmonics of the RF field only. For the amplitudes of the nonsyn-
chronous harmonics to be increased we have to include additional electrodes (see
Sec. 5). Thereby, the use of ESU eliminates the need for the channel geometry com-
plication, enabling higher shunt impedance, if equal and opposite DC potentials are
supplied to the same sequential drift tubes which are used to excite the RF field,
i.e. we can constructively join the periodic RF system and ESU in the same device.

At first, one should analyze the EPF about the origin. The EPF is expanded in
Maclaurin’s double series with the remainder in Peano’s form

Uef =
1
2
Ω2

0ζζ
2 +

1
2
Ω2

0ηη
2 +

1
2
εζη2 +

1
6
δζ3 + o

(‖Q‖3
2

)
, (11)

where the expansion coefficients are given by

Ω2
0ζ =

1
2
es sinϕs − 1

4

∞∑
n�=s

kn+kp=2ks

enep

ν2
n,s

cos 2ϕs − 1
2

∞∑
n�=s

kn−kp=2ks

enep

ν2
n,s

cos 2ϕs;

Ω2
0η = −1

4
es sinϕs +

3
32

∞∑
n�=s

e2n
ν2

n,s

ι2n,s +
3
32

∞∑
n=0

e2n
µ2

n,s

ι2n,s +
3
8

∞∑
n=0

eun
2

+
1
32

∞∑
n�=s

kn+kp=2ks

enep

ν2
n,s

k2
n + k2

p − knkp

k2
s

cos 2ϕs

+
1
16

∞∑
n�=s

kn−kp=2ks

enep

ν2
n,s

k2
n + k2

p + knkp

k2
s

cos 2ϕs;

ε = ∂Ω2
0η

/
∂ϕs;

δ = ∂Ω2
0ζ

/
∂ϕs.

(12)

The expression (11) looks like the generalized Hénon-Heiles potential.11 It is
clear that the parameters of the channel must be chosen in terms of the conditions
of positivity of Ω2

0ζ and Ω2
0η to insure the transverse and the longitudinal focus-

ing simultaneously. Furthermore, there can appear internal parametric resonances
(radial phase oscillation) with the third-order terms in the anharmonic potential.
This can destroy the stable beam dynamics due to a beam-wave system energy
transfer between the two degrees of freedom. Another important restriction on the
choice of the spatial harmonic amplitudes can be obtained from the condition of
non-overlapping for different harmonic separatrices in the phase space (ζ; ζ̇). Firstly,
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Fig. 1. A typical view of the effective potential function.

this restriction defines limits of the applicability of the averaging method. Secondly,
it is the necessary condition of the longitudinal (phase) stability. The effective sepa-
ratrix (bucket) can be derived analytically in terms of the system Hamiltonian (8).
In the slow wave frame of the RF field, the bunch is acted on by a field which is
similar to the electrostatic undulator one, i.e. the RF focusing mechanism by the
nonsynchronous harmonic and the DC one are the same. It is noticeable that the
availability of the terms proportional to cos 2ϕs in the squares of the small oscilla-
tion frequencies makes it possible to realize acceleration without the synchronous
harmonic, when 45◦< ϕs ≤ 90◦.

3.2. Case of Alvarez Linac Structure

The EPF for the Alvarez type structure (θ = 0, θu = π, Du = D) has a form
similar to the Wideröe one, but the most important feature is the appearance of an
additional term Ua

2 in U2, namely

Ua
2 =

1
4
e0e2s [I0(2η) cos (2ζ + 2ϕs) + 2ζ sin 2ϕs − cos 2ϕs] , (13)

where s �= 0 unlike the system considered above. Note that the harmonic amplitude
of the RF field for the Alvarez type structure is not equal to the Wideröe type
structure. Moreover, in this case the basic harmonic is e1, and e0 is the dimensionless
average field value. The availability of the additional term (13) leads to the next
serious result. The additional term may be comparable with U0 and essentially
increases the acceleration rate as the average field value is large. One can assume
that the Alvarez type structure, which is commonly used for acceleration of medium-
energy particles, may be used for the low-energy beam acceleration. In this case
the transverse stability can be provided by using the ESU in view of the period
smallness.
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4. Approach to Field Optimization Problem

Hereafter we discuss Wideröe type linac. Numerical simulations of low-velocity
beams have shown that particle loss is mainly caused by the longitudinal beam
dynamics. It is well-known that the region of stable phase motion is defined by
the longitudinal channel acceptance value. At injection into the injector-buncher,
particle representation points occupy a certain volume in the six-dimensional phase
space. The longitudinal phase “volume” becomes deformed and fills a separatrix
area step by step due to the force nonlinearity which provides the phase stabil-
ity. In terms of the Liouville’s theorem for conservative systems the synchronous
harmonic amplitude must be chosen so that the channel acceptance is a nonde-
creasing function of the longitudinal beam coordinate. One can show from Ref. 12
that the current value of the “longitudinal” threshold is proportional to the chan-
nel acceptance (the separatrix area). Therefore, taking into account the equation of
motion for the equilibrium particle, the law of the synchronous harmonic amplitude
variation at a field increasing length (for s = 0) can be written as

d ês

d ξ
=
ês

�

d �

d ξ
− ês

ψ

dψ

d ξ
− ês

3 cosϕs

βs(0)ês(0)ψ(0)
ψ

�
−




0 (i);

χ ês
9
2 sin 2ϕs

8βs
8(0)ês

3
2(0)ψ

3
2(0)

ψ
3
2

�
3
2

(ii),
(14)

where (i) and (ii) correspond to the DC focusing and the RF focusing by only the
first harmonic respectively; ψ depends on the ϕs value and it is an implicit function
of ξ (i.e. (ψ ◦ ϕs)(ξ)); � is a certain function of ξ which can be found by numerical
optimization in every given case. ês(0) defines the initial channel acceptance. On
the one hand, the choice of ês(0) is determined by the requirement to minimize the
particle momentum spread which appears due to the phase spread at injection. On
the other hand, it should be sufficient to capture particles into the separatrix. χ
is the amplitude ratio, that is ê1/ês. In the accelerating parts of the structures, ês

is constant. The nonlinear Eq. (14) can be solved by using one of the numerical
methods.

5. Channel Geometry Choice

It was supposed to use an injector-buncher of low charge state lead ions
(β = 2.3 × 10−3) working at a frequency of 101.28 MHz for NICA project.13 Evi-
dently, the geometric period D of the Wideröe type structure is about 3.5 mm. It
is difficult to fabricate an RF cavity with the focusing by the first nonsynchronous
harmonic for this D value. To increase the D value one can decrease the working
frequency, but then the transverse cavity size should be increased too. Therefore,
one should use the ESU in this case. A cross-section of the structure with the spatial
periodic electrostatic focusing is shown in Fig. 2. If an inter-electrode gap width
h is equal to 2D/3 the harmonic with number n = 1 (the higher harmonics are
smaller) will be suppressed for both the RF and the electrostatic fields and we will
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have only two harmonics, i.e. the accelerating e0 and the focusing eu0 ones. It is
worth pointing out that χu = eu0/e0 is constant along the channel.

However, the linac period value increases owing to the acceleration. It allows
one to use the structure with focusing by the first harmonic of the RF field only. As
it was mentioned above, for the amplitude of the nonsynchronous harmonic to be
increased over e0 it is necessary to set three electrodes on the structure period. The
implementation of the structure channel for one period of the RF field is shown in
Fig. 3. We suppose there are only two harmonics (e0 and e1) in the structure, and
use boundary conditions at the drift tube apertures to find the dependence of the
amplitude ratio χ on the structure geometric parameters. Based on the fact that
the field is zero in the centers of the electrodes, the RF field amplitude ratio can
be expressed as

χ = −3
c1I0(αρ) + I0(ρ)
c2I0(3αρ) + I0(3ρ)

, (15)

where c1 = cos(π/3 + πd/D), c2 = cos(π + 3πd/D), d = D/2π
√

3χ is the displace-
ment value of the drift tubes with the bore radius b, α is the ratio of the bore
electrode radii (b/a), ρ = πa/D. By varying the length, the corner radii (r1, r2) as
well as the outer radius (Ro) of the drift tubes, one can suppress the higher RF
harmonics and obtain only two waves in the structure. The ratio of the bore radii
b/a versus a/D for different χ values is plotted in Fig. 4. To verify the obtained
analytical results we have used the poisson superfish solver code14 (see Fig. 5
and Fig. 6). The analytical results correspond to the poisson superfish data up
to 2%.

Note, in the case of the spatial periodic electrostatic focusing, we face difficul-
ties which lie in the fact that the desired eu0 value must be held constant along the
channel. The question of high-voltage input into the RF cavity should be investigated
too.

6. Numerical Simulation Results

A computer simulation of the non-averaged high-intensity lead beam dynamics in
the discussed Wideröe type structure with the basic spatial harmonic (e0) of the
RF field was carried out by means of the specialized computer code beamdulac-

arf8 based on the Cloud-In-Cell method to calculate beam self-space-charge field.
In the case of RF focusing only the first nonsynchronous harmonic was taken into
account. We examined only the basic spatial harmonic of the ESU (i.e. eu0), studying
the electrostatic focusing. The equilibrium particle phase is linearly reduced from
an input value ϕs(0) to an output value ϕs(Lb) at a bunching length Lb and it is
kept constant further on. The initial phase density distribution is similar to Fermi
distribution for completely degenerate gas (also called “water-bag” model). In terms
of the Hamilton’s equations (7), the analysis of the EPF (9), and taking into account
Eq. (14) we have determined optimal parameters of the systems involved which
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ensure the high current transmission coefficient and acceleration rate. Simulation
parameters are summarized in Table 1 and Table 2 for the injector-buncher with
ESU. Simulation parameters corresponding to the structure with the RF focusing
are presented in Table 3 and Table 4.

The output beam phase space in the planes (ζ; ζ̇) and (η; η̇) are shown in Fig. 7
and Fig. 8 respectively for the structure with ESU. The output longitudinal and
transverse phase spaces for the structure with the RF focusing are plotted in Fig. 9
and Fig. 10.

The particle loss is observed in the longitudinal direction in both cases. It is the
result of the beam interaction with the nonsynchronous harmonic which leads to
the increase of the beam amplitude oscillations. The numerical simulation results
confirmed similarity between the RF focusing and the electrostatic focusing. As
one can see from Table 1 and Table 3 the acceleration rate in the system with
the focusing by the periodic array of electrostatic lenses is smaller as compared to
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Fig. 2. Structure period for the spatial periodic electrostatic focusing.

Table 1. System parameters with electrostatic focusing only.

Quantity Value

Particle type Pb25+ · · ·
Charge to mass ratio Z/A 0.12
Energy in Win (keV/u) 2.5
Energy out Wout (keV/u) 125.9
Frequency f (MHz) 101.28
System length L (m) 2.5
Field increasing length Lf (m) 0.95

Bunching length Lb (m) 0.95
Input/output phase of the equilibrium particle ϕs (degrees) 90.0/36.0
Accelerating harmonic maximal value at the axis E0,max (kV/cm) 11.95
Ratio of the harmonic amplitudes χu 9.5
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Fig. 5. Equipotential curves in the system with DC focusing calculated by the program super-
fish.
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Fig. 6. Potential distribution pattern for the system with RF focusing.

Table 2. Beam parameters for the system with DC focusing.

Quantity Value

Initial beam current I (µA) 5.0
Initial beam radius rb (mm) 0.5
Input/output longitudinal emittance ε

�
(keV·ns/u) 0.5π/34.1π

Input/output longitudinal acceptance A
�

(keV·ns/u) 0.62π/7.5π
RMS input/output transverse emittance ε⊥ (mm·mrad) 1.2π/35.6π
Input/output transverse acceptance A⊥ (mm·mrad) 10.0π/91.1π
Current transmission coefficient Kc (%) 86.1
Output relative energy spread δW (%) 13.5
Output phase spread �ϕ (degrees) ±29.5

Table 3. RF system parameters with focusing by the first nonsynchronous harmonic
only.

Quantity Value

Particle type Pb25+ · · ·
Charge to mass ratio Z/A 0.12
Energy in Win (keV/u) 2.5
Energy out Wout (keV/u) 259.8
Frequency f (MHz) 33.76
System length L (m) 2.44
Field increasing length Lf (m) 1.75
Bunching length Lb (m) 1.75
Input/output value of the equilibrium particle ϕs (degrees) 90.0/22.5
Accelerating harmonic maximal value at the axis E0,max (kV/cm) 42.67
Ratio of the harmonic amplitudes χ 4.0

the structure with the RF focusing. However, ESU is the adequate solution for the
problem of the ultra-low energy high-intensity heavy-ion beam focusing. All the
results obtained in the smooth approximation agree within a few percent with the
numerical simulation results.

7. Summary

The spatial periodic electrostatic focusing investigation was carried out by using the
smooth approximation. It was shown that the electrostatic undulator focusing of
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Table 4. Beam parameters for the system with the RF focusing.

Quantity Value

Initial beam current I (µA) 5.0
Initial beam radius rb (mm) 1.0
Input/output longitudinal emittance ε

�
(keV·ns/u) 0.5π/40.9π

Input/output longitudinal acceptance A
�

(keV·ns/u) 3.7π/37.7π
RMS input/output transverse emittance ε⊥ (mm·mrad) 2.3π/35.3π
Input/output transverse acceptance A⊥ (mm·mrad) 10.0π/70.1π
Current transmission coefficient Kc (%) 85.1
Output relative energy spread δW (%) 16.1
Output phase spread �ϕ (degrees) ±25.5
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the ultra-low energy heavy ions can be a substitution for the RF focusing. The field
choice technique providing the high acceleration rate and current transmission was
proposed. The method of the geometric parameter choice providing the required
field distributions for the structures involved was developed. This analytical method
was verified by means of poisson superfish code. Numerical simulations of the
high-intensity lead ion beam dynamics in Wideröe type structure with the RF
focusing by the first nonsynchronous harmonic as well as with the spatial periodic
electrostatic focusing was carried out. It was shown that ESU is the unique adequate
problem solving of the ultra-low energy high-intensity heavy-ion beams focusing.



February 19, 2009 16:18 WSPC/Guidelines-IJMPA 04433

856 V. S. Dyubkov & E. S. Masunov

References

1. S. V. Petrenko et al ., Rev. Sci. Instrum. 77, 03C112 (2006).
2. Ya. B. Fainberg, Zh. Tekh. Fiz. 29 (5), 568 (1959).
3. M. L. Good, Bull. Amer. Phys. Soc. 27 (6), 16, K11 (1952).
4. V. V. Kushin, At. Energ. 29 (2), 123 (1970).
5. I. M. Kapchinskij and V. A. Teplyakov, Prib. Tekh. Eksp. 2, 19 (1970).
6. V. S. Tkalich, Zh. Eksp. Teor. Fiz. 32 (3), 625 (1957).
7. E. S. Masunov and N. E. Vinogradov, Zh. Tekh. Fiz. 71 (9), 79 (2001).
8. E. S. Masunov and S. M. Polozov, Phys. Rev. ST Accel. Beams 11, 074201 (2008).
9. P. L. Kapitsa, Zh. Eksp. Teor. Fiz. 21 (5), 588 (1951).

10. L. D. Landau and E. M. Lifshitz, Mechanincs, 3nd edn. (Butterworth-Heinenann,
Oxford, 2004).
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INTERNATIONAL LINEAR COLLIDER
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The algorithms and computer codes for linac Feedback system were developed at SLAC
during 1991–2004. The efficiency of that system have been demonstrated for the SLC,
CLIC, TESLA and NLC projects. International Linear Collider (ILC) has its own fea-
tures. Ground motion (GM) oscillations play a dominant role here. It forced to implement
a new version of the Linac Feedback Simulation Code based on the previous develop-
ments. A set of benchmark tests and realistic simulations for the whole ILC structure
have been performed. The effects of different GM models, BPM resolution, time inter-
vals, initial misalignments, a dispersion-free steering (DFS), and a quad jitter have been
studied.

Keywords: Feedback system; Kalman’s filter; particle accelerator.

PACS numbers: 29.27.Bd; 43.38.Ew

1. Introduction

Feedback systems are necessary elements of modern linear colliders, providing an
effective method for relaxing tight tolerances of the design. For the ILC, extensive
feedback systems control the beam parameters, such as beam position, energy, final
focusing luminosity, etc., under ground motion and other sources of perturbation.
This system should include a number of sensors (beam position monitors) and
actuators (dipole magnets). It allows precision beam tuning and provides pulse-to-
pulse diagnostics.

2. Beam Dynamics Under Ground Motion (GM) and
Technical Noise

Typical requirements for the ILC design parameters are:

• Electron and positron linacs of 10.5 km length each;
• Accelerating gradient = 31.5 MV/m in 1.3 GHz cavities;
• Injection energy = 15 GeV;
• Extraction energy = 250 GeV;

857
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• Initial energy spread = 150 MeV;
• Bunch charge = 2 × 1010;
• Bunch length = 300 µm;
• Normalized vertical emittance = 20 nm;
• Normalized horizontal emittance = 800 nm;
• Main linac (ML) budget for vertical emittance = 8 nm;
• Optics: FODO lattice with β phase advance of 75◦/60◦ in x/y plane.

Each quad has a cavity-style beam position monitor (BPM) and a vertical
corrector—dipole magnet. A set of nominal initial misalignments in main linac
(ML) includes:

• Quad offset = 300 µm;
• Quad rotation = 300 µrad;
• BPM offset = 300 µm;
• BPM resolution = 1 µm;
• Cavity offset = 300 µm;
• Cavity pitch = 300 µrad;
• Cryostat offset = 200 µm;
• Cryostat pitch = 20 µrad.

The simulations show the growth of vertical emittance in such a linac is more
than 10,000 nm rad, so a dynamic beam-based alignment should be provided con-
tinuously after a static alignment.

The main sources of an emittance dilution are:

• Dispersion from Misaligned Quads or Pitched cavities;
• Transverse SR Wake fields: Misaligned cavities and cryomodules (CM);
• XY-coupling from rotated Quads;
• Transverse Jitter.

The GM was modeled with a 2-D power spectrum,1 which include a diffusive
corrected ATL term and a set of isotropic plane waves (Figure 1):

P (ω, k) =
A

ω2k2

[
1 − cos

(
kB

Aω2

)]
+
∑

i

DiUi. (1)

Ui =

{
2√

(ω/vi)2
, |k| ≥ ω

vi
,

0, |k| > ω
vi
,
Di =

ai

1 + [di(ω − ωi)/ωi]4
. (2)

Here the coefficients A,B, ωi, ai, di are individual sets for different sites: a quiet
model A, an intermediate model B and an aggressive model C.
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Fig. 1. The integrated absolute GM spectra (solid lines) and the integrated relative motion of 2
objects separated by 50 m distance (dashed lines).

3. Static and Dynamic Beam-Based Alignment

There are three main schemes for a static alignment:

• One-to-One Steering: Find BPM readings for which the beam should
pass through the exact center of every quad, and use the correctors to
steer the beam. The alignment generates a dispersion which contributes
to the emittance dilution, and it is sensitive to the BPM-to-Quad offsets.
Typically it reduces the emittance from ≈10,000 nm to ≈100 nm.

• Dispersion Free Steering (DFS): Measure a dispersion via mismatching
the beam energy to the lattice. Calculate the correction needed to zeroing
the dispersion, and apply the correction. Make few iterations. This type of
alignment can reduce the emittance growth to 5–7 nm.

• Emittance (Dispersion & Wake) Bumps: The goal is to minimize a
beam size at the end of linac by varying the strength of the correctors. It
can reduce the emittance growth to 2–3 nm.

The Adaptive Alignment (AA) scheme for a dynamic tuning2 is a “local”
method. It uses the BPM readings Ai of three (or more) neighboring quads to
determine the correction for the central of them (Figure 2)

∆yi = C

{
Ai+1 +Ai−1 −Ai

[
2 + kiLi

(
1 − ∆E

2E

)]}
, (3)

where C is a convergence factor, ki is the inverse of i-th quad focusing length, Li

is the distance between successive quads, ∆E is the energy gain between successive
quads, E is the beam energy at central quad.

The new position for the quad and BPM is ynew
i = yold

i −∆yi, and the procedure
is repeated until the convergence is reached.
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Fig. 2. Adaptive alignment scheme.

Fig. 3. Vertical emittance growth for the models A, B and C.

Figure 3 shows the emittance growth averaged over 20 GM random seeds after
100 AA iterations for initially perfectly aligned linac. The AA corrections have been
applied each two-hour period after the GM. The total period of GM simulation is
one month.

4. The Kalman Filter Model and the Optimal Control

The optimal control system is illustrated in Figure 4. Here the actuator vector �u
includes as a corrector signal as a measurement noise due to a limited BPM resolu-
tion. It affects on the control system via the state vector �X. Then the measurement
system produces the BPM-read vector �Z, which is used to update the new state
vector.



March 5, 2009 10:36 WSPC/Guidelines-IJMPA 04434

Beam-Based Feedback System for the International Linear Collider 861

Fig. 4. Generalized scheme for the accelerator feedback system.

In that way, the control procedure consists of two steps.3 Step 1 Prediction
evaluates the state ahead

Xk = ÂXk−1 + B̂uk + wk, (4)

and projects the error covariance ahead

Pk = ÂPk−1Â
T +Qk−1. (5)

Here wk is the process noise which is assumed to be drawn from a zero mean
multivariate normal distribution with covariance Qk.

Step 2 Correction computes the optimal Kalman gain

Kk = PkĤ
T (ĤPkĤ

T +R)−1, (6)

updates the estimation with a measurement Zk

Xk = XK +Kk(Zk − ĤXk), (7)

and updates the error covariance

Pk = (Î −KkĤ)Pk. (8)

5. General Feedback (FB) Model in the Linac Feedback System
Code (LFSC)

The computer program LFSC (Linac Feedback Simulation Code) is a numerical
tool for simulation of beam based feedback in high performance linacs. The code
LFSC is based on the earlier version developed by a group of authors at SLAC4–9

during 1990–2005. Later work10 studied the beam jitter in ILC also. That code was
successively used in simulation of SLC, TESLA, CLIC and NLC projects. It can
simulate pulse-to-pulse feedback on timescale corresponding to 5–100 Hz, as well
as slower feedbacks operating in the 0.1–1 Hz range in the Main Linac and Beam
Delivery System.

The FB model is described by the following system of equations

Xk+1 = ΦXk + Γuk + L(y −HXk),

ũk = −KXk+1 +Nrk, (9)

uk+1 = +g(ũk − uk).
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Fig. 5. Lattice layout: one FB loop of 2 correctors, 4 BPMs in each direction.

Here Φ is a system matrix for the dynamics of accelerator model; Γ is a control
input matrix; L is a Kalman filter; H is an output matrix; K is a gain matrix; N
is a controller-reference-input matrix; r is a vector of system set points; g is a gain
factor.

6. Simple Benchmarks (Static and Dynamic Response)

The test problem we studied with LFSC was a perfectly aligned main linac of 114
FODO cells with 5 Hz repetition rate. The vertical offset for a Quad #50 varies as
dy50 = y0 cos(2πFt), where amplitude y0 = 80 µm, and the frequency F varies in
the range 0–0.5 Hz. The lattice with the only control loop is shown in Figure 5.

The efficiency of the control for static perturbation F = 0 is shown in Figure 6.
The picture demonstrates the rate of decreasing of initial misalignment with time.

Dynamic response of the Kalman filter model is presented in Figure 7. One can
see that initial misalignment can be effectively compensated for the perturbation
frequencies ≤ 0.05 Hz.
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Fig. 6. Static response vs. gain g=1 (top), g=0.5 (middle) and g=0.1 (bottom). Different lines
correspond to different BPMs.
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Fig. 7. Dynamic response for a varying frequency of perturbation; F=0.01 Hz (top), F=0.05 Hz
(middle) and F=0.1 Hz (bottom).
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7. FB System for ILC — Main Linac of 114 FODO Cells

The lattice layout for entire main linac is presented in Figure 8. It includes 5 control
loops. Two correctors of each loop have phase shift of 90◦ to make the efficiency of
correction independent from their positions in the lattice. Eight BPMs in each loop
are used for averaging of BPM-read to reduce the effect of limited BPM resolution.

Figure 9 demonstrates the efficiency of FB control for total period of simulation
T=10 hours. Control signals applied to the correctors with an interval of 100 s.
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Fig. 10. Dynamics of vertical emittance for BPM resolution 1 µm (left) and 5 µm (right).
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Fig. 11. Dynamics of vertical emittance for time interval of 1 hour (left) and and 10 hours (right)
of GM between corrections.
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linac.
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Fig. 13. Dynamics of a beam position for a random initial misalignment of 300 µm. Pulse 1—solid

line, pulse 5—dashed line, pulse 10—dash-dotted line.

8. Effects of BPM Resolution, Time Interval and
Initial Misalignment

There are many factors which determine the efficiency of a FB control system. The
results presented in Figure 10 show that the BPM-read errors are negligible when
the resolution is less the 1 µm.

Figure 11 shows the effect of time interval can preserve the vertical emittance
for less than 10 hours of GM between corrections.

Beam position in the perfect aligned linac is shown in Figure 12 (left) for initial
time moment and after 5 hours of FB control. Right picture shows the dynamics of
vertical emittance for that case.

Figure 13 shows the beam position for random initial misalignments at different
time moments.
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The numerical extensions of the Green’s function technique have been used to represent
a space charge of intensive beams in three-dimensional (3D) case. The introduced tri-
linear approximation helps to avoid the numerical noise of space charge density on
the beam boundary, peculiar to the commonly used piecewise-constant approximation.
Both artificial and real singularities for the potential and field gradients have been
analyzed. The efficiency of the suggested numerical algorithms has been demonstrated
by benchmark tests. The design of the electron gun for an X-band sheet-beam klystron
has been done using these algorithms.

Keywords: Green’s function; beam optics; klystron gun.

PACS numbers: 29.27.Bd

1. Introduction

One of the most powerful tools to solve mathematical physics problems is the
Green’s function method. The importance of this method is that it occupies an
intermediate place between purely numerical and analytical methods. Thus, an
arbitrary-order derivative can be evaluated analytically, when the solution of the
initial-boundary problem is represented as an integral convolution of the field source
density with the Green’s function. In this case, evaluation of derivatives is perform-
ing with no accuracy loss in contrast to using the correspondent numerical scheme.
The algorithms and numerical results presented in this paper stem from the earlier
works of the author.1,2,3 Some other computationally fast approaches based on the
Green’s function formalism (so-called “templates”) have been developed,4,5 such as
the analytical representation of the field of an ellipsoidal bunch.6 They drastically
decrease the calculation time in the case of ultra relativistic bunches in accelerating
structures.

2. Analytical Technique for Evaluation of a Space Charge
Potential in 3D

The potential of the electrostatic field of electrodes and space charge of the beam
can be represented by a sum of a single-layer potential of surface sources σ and

869
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volume potential of sources ρ

φ(x0, y0, z0) =
∫
S

σ(x, y, z)G(x0, y0, z0;x, y, z)dS +

∫
V

ρ(x′, y′, z′)G(x0, y0, z0;x, y, z)dV , (x, y, z) ∈ S, (x′, y′, z′) ∈ V . (1)

Applying the boundary conditions to the integral representation (1), one can
get an integral equation for the field source σ. The continuity equation

div�j = 0, �j = ρ�v (2)

with the initial values for the emission current

�j|S0 = �j0 (3)

on the emitter surface S0, gives an equation for the space charge ρ, but the motion
equation

�̇p = Z( �E + [�v × �B], �E = −∇φ, �p =
m�v√

1 − (v/c)2
(4)

yields the velocity v of a particle with a charge Z and rest mass m. Here c is the
speed of light in vacuum.

The magnetic field B includes as an external magnetic field B0 of solenoids or
permanent magnets as the self-consistent field of a relativistic beam

�B(�r) =
4π
µ0

∫
V

[�j(�r′) × �v(r′)]
|�r − �r′|3 dV , �r′ ∈ V, (5)

where µ0 is a permeability of vacuum.
Eqs. (1)–(5) form a complete set of nonlinear equations for the functions σ, ρ, v

and B.
In the 3D case the analytical integration over a brick-type element can be done

analytically also. Let us introduce a rectangular mesh {xi} × {yj} × {zk}, and a
space charge distribution approximated by a tri-linear form

ρ(x, y, z) =
1

hxhyhz
{[(ρi+1,j,k(x− xi) + ρi,j,k(xi+1 − x)) (yj+1 − y)+

(ρi+1,j+1,k(x − xi) + ρi,j+1,k(xi+1 − x)) (yj+1 − y)] (zk+1 − z) +

[(ρi+1,j,k+1(x− xi) + ρi,j,k+1(xi+1 − x)) (yj+1 − y)+ (6)

(ρi+1,j+1,k+1(x − xi) + ρi,j+1,k+1(xi+1 − x)) (yj+1 − y)] (z − zk)} .
Then the potential of this charge distribution can be represented by an integral

φ(x0, y0, z0) =
∑
i,j,k

xi+1∫
xi

yj+1∫
yj

zk+1∫
zk

ρ(x, y, z)G(x0, y0, z0;x, y, z)dxdydz, (7)
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where the Green’s function of a point source is described by a formula

G(x0, y0, z0;x, y, z) =
1

4πε0
√

(x− x0)2 + (y − y0)2 + (z − z0)2
≡ 1

4πε0R
. (8)

Here R is a distance between an observation point (x0, y0, z0) and a source point
(x, y, z) , and ε0 is the vacuum permittivity.

Accordingly the potential evaluation can be reduced to evaluation of 4 integrals

I1 =
∫∫∫

xdxdydz

R
, I2 =

∫∫∫
xydxdydz

R
,

I3 =
∫∫∫

xyzdxdydz

R
, I4 =

∫∫∫
dxdydz

R
, (9)

and the other integrals can be expressed through these by cyclic replacement of
variables x, y and z. Using linear replacement of variables x̂ = x − x0, ŷ = y −
y0, ẑ = z−z0 and a contraction r =

√
x2 + y2 + z2 these integrals can be evaluated

analytically

J1 =
∫∫∫

xdxdydz

r
=
y

4
[
rz + (x2 + y2) ln |z + r|]+

z3

6
ln |y + r| +

x2

2

[
z ln |y + r| + y ln |z + r| − z + xtg−1

( z
x

)
− xtg−1

(zy
xr

)]
+ (10)

1
36

[
6x2z−2z3+3zyr+6x3

(
tg−1

(zy
xr

)
−tg−1

( z
x

))
−3y(y2+3x2) ln |z+r|

]
,

J2 =
∫∫∫

xydxdydz

r
=
zr3

12
+

3
24

(x2 + y2)[zr + (x2 + y2) ln |z + r|, (11)

J3 =
∫∫∫

xyzdxdydz

r
=
r5

15
, (12)

J4 =
∫∫∫

dxdydz

r
= xy ln |z + r| + yz ln |x+ r| + xz ln |y + r| +

−1
2

[
x2tg−1 yz

xr
+ y2tg−1xz

yr
+ z2tg−1xy

zr

]
. (13)

The last integral was evaluated analytically7, but the result was presented in
complex form, not appropriate for direct utilization. That result also has errors.

Electric field components �E = −∇φ can be evaluated as the derivatives of the
potential, for example,

Ez(x, y, z) ≡ − ∂

∂z
φ(x, y, z)

=
∑
i,j,k

xi+1∫
xi

yj+1∫
yj

zk+1∫
zk

ρ(x, y, z)
∂

∂z
G(x0, y0, z0;x, y, z)dxdydz. (14)
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The following set of integrals needed for this case

J1z =
∫∫

dxdy

r
= −ztg−1

(xy
zr

)
+ y ln |x+ r| + x ln |y + r|, (15)

J2z =
∫∫

xdxdy

r
=

1
2
[
yr + (x2 + z2) ln |y + r|] , (16)

J3z =
∫∫

zdxdy

r
= zJ1z, (17)

J4z =
∫∫

xydxdy

r
=

1
3
r3/2, (18)

J5z =
∫∫

xzdxdy

r
=
z

2
[
yr + (x2 + z2) ln |y + r|] , (19)

J6z =
∫∫

xyzdxdy

r
=
z

3
r3/2. (20)

3. Singularity Problems

Actually, the potential of an electric field is a regular limited function in all space,
so the logarithmic terms in formulas (10)–(13), (15)–(19) produce artificial sin-
gularities, which must be excluded in program implementation. Furthermore the
field gradients have real singularities on the vertices and edges of cubic cells at the
beam boundary (point “a”).8 Those singularities result in numerical noise, leading
to artificial halo formation around the beam etc. All these singularity problems
have been successfully overcome by using a high-order approximation for the space
charge density.1 The space charge distribution and its approximations are presented
in Fig. 1.

Fig. 1. On the field singularity of charged cubic cells.

Both integrals over elements L1 and L2 have singularities at the point “b”.
These integrals should be weighted with coefficients Q1 and Q2 associated with the
elements in the electric field evaluation. As a result singular terms are compensated
at internal points of the beam for any smooth approximation, where Q1 = Q2,
but they keep the singularity for a piecewise constant approximation where Q1 �=
Q2. The electric field at the boundary point x = b has no singularity for smooth
approximations because the singular integrals over element L2 are multiplied by
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Qb = 0. The singularity occurs for a piecewise constant approximation because the
space charge coefficient Q2 �= 0 this case.

4. Benchmark Results

One of simplest test is the potential of a sphere of radius R with uniformly dis-
tributed total charge Q. In that case the charge density ρ = 3Q

4πR3 , and the exact
solution for potential is given by the formula

φ(r) =

{
q
[

(R2−r2)
2 + 1

r

]
r < R,

Q
R r > R.

(21)

Actually a discrete set of charged cubes can represent this sphere. We put R = 1
and Q = 1 in our tests, and we use a uniform mesh for space charge in each di-
rection. We will compare this exact solution with the analytical integration for
piecewise-constant and linear approximations of space charge. In addition the nu-
merical integration over the brick element is used

φ� =
n∑
i

n∑
j

n∑
k

aiajak
ρ(xi, yj, zk)√

(xx − x0)2 + (yj − y0)2 + (zk − z0)2
, (22)

where ai, aj, ak—weights, and xi, yj, zk—nodes of a Gaussian quadrature in 3D of
order n. We will use n = 2 in our simulations, so this is an 8-node formula, which
is quite enough for our goal.

Figure 2 shows the potential distribution for exact solution and for different
integration schemes.

Fig.2a
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Fig. 2. Left: Exact solution for a potential distribution (magenta), analytic integration (blue)
and numerical integration (green). Right: Relative error for different integration schemes.

One can see the oscillations in the numerical integration for the ‘near’ zone. That
is because our quadrature formula does not take into account the singularity of the
integrand function. It has a good accuracy in the “far” zone. The right graph in
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Fig.3
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Fig. 3. Exact solution for the potential of sphere (magenta), and analytic integration for the
piecewise-constant model in a mesh refinement.

Figure 2 demonstrates a substantial difference in accuracy of computations between
piecewise-constant and linear approximations.

Figures 3 and 4 demonstrate the convergence rate for both approximations in
varying of number of mesh cells in each direction from 2 to 64.

Fig.4
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Fig. 4. Convergence of analytical integration for a linear approximation of the space charge
distribution.

Figures 5 and 6 shows the convergence rate for both models and the run time
dependence in a mesh refinement.
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Fig.5
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Fig. 5. Maximal and mean square errors for piecewise-constant and linear models vs. the number
of nodes in each direction

Fig.6
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Fig. 6. CPU-time for piecewise-constant and linear models vs. the number of mesh nodes in each
direction

5. The Adaptive Algorithm of Integration

One can see that numerical integration is the fastest computational algorithm, com-
pared with both analytical schemes, but it has low accuracy near to the field-source
region. The idea of an adaptive integration scheme is to combine the numerical and
analytical approaches, and switch from the analytical scheme in near region to the
numerical one in the far zone. The criterion for this switch is a relative distance
from the field source compared to the dimension of the source.
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Figure 7 demonstrates how it works for the example of a very coarse mesh of
2 x 2 x 2 cells representing a sphere. The left part of this picture corresponds to
the criterion r = 2.2. It is close to a sphere of radius R = 1, and it produces a
reasonably large jump in the inter face region. The right picture shows very smooth
passage from one algorithm to the other.
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Fig. 7. Worse mesh 2x2x2 cells shows clearly the influence of the adaptation criterion

Figure 8 demonstrates that such a smooth inter face can be reached for a small
value of the switch criterion, when the mesh is fine enough.
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Fig. 8. The adaptive integration algorithm can reduce the run time dramatically (factor of 5–10)
with accuracy loss of about 0.5–1%
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6. Sheet-Beam Gun Design

Our simulations of beam optics for a sheet beam gun for an X-band klystron is an
example of a realistic design. This type of gun is able to overcome the power limi-
tations peculiar to the classical axially-symmetric klystron guns. Here the electron
beam emitted from a cylindrically-shape cathode is compressed in one transverse
direction, and is almost parallel in the other. As a result we get a sheet beam in the
anode slot. The effect of space charge repulsion is much less in this gun compared
with a cylindrical beam.

Figure 9 shows the geometry shape of anode and cathode assemblies, and the
geometry model with triangular surface elements.

Fig. 9. Parts, assembly and geometry model of a sheet-beam gun.

Figure 10 demonstrates the results of a computer simulation for beam optics. It
takes 10 iterations on space charge to reach a convergence of about 1% for a total
beam current on a mesh of 10,000 brick elements. The total simulation time was
65 minutes with a desktop PC 1.4 GHz.

Fig. 10. Beam optics for a sheet-beam gun of X-band klystron.
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The main challenge for the European XFEL photo injector is the production of 1 nC
electron beams with a normalized transverse emittance of 0.9 mm mrad. The photo
injector setup consists of a 1.5-cell L-band rf gun cavity supplied with solenoids for
beam focusing and emittance compensation and the first accelerating section with 8
TESLA superconducting cavities. The first 4 cavities are used as a booster to provide
by proper choice of its position, gradient and phase matching conditions for the emittance
conservation.

For optimization of the beam dynamics in the photo injector, a staged algorithm,
based on ASTRA simulations, has been developed. The first stage considers the emission
of electrons from a photo cathode. The cathode laser energy and its transverse parame-
ters are adjusted to produce a bunch charge of 1 nC in presence of space charge forces
(including image charge at the cathode) and Schottky-like effects. The second stage con-
tains rf gun cavity and solenoid optimization. The booster position, gradient and initial
phase are optimized at the third stage yielding the minimum emittance at the photo
injector exit. Results of the XFEL photo injector optimization will be presented.

Besides simulations experimental studies towards XFEL photo injector are carried
out. The photo injector test facility at DESY in Zeuthen (PITZ) develops photo injectors
for FELs, including FLASH and the European XFEL. A thorough comparison of mea-
sured data with results of beam dynamics simulations is one of the main PITZ goals.
Detailed experimental studies on photo emission processes, thermal emittance, trans-
verse and longitudinal phase space of the electron beam are being performed together
with beam dynamics simulations. This aims to result in better understanding of beam

dynamics in high brightness photo injectors. Experimentally obtained photo injector
characteristics (like thermal emittance) have to be used in an additional optimization
of the photo injector resulting in more realistic beam dynamics simulations. Results of
these studies will be reported as well.

Keywords: Photo injector; FEL; emittance.

PACS numbers: 29.27.Bd, 29.25.Bx

1. Introduction

Modern linac based Free-Electron Lasers (FELs) require high brightness electron
beams. rf photo injectors are capable of producing high charge electron beams with
extremely small transverse emittance. A transverse normalized beam emittance of

879
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0.9 mm mrad for 1 nC bunch charge at the injector exit is the main challenge for
the European XFEL photo injector.1

2. XFEL Photo Injector Concept

High densities of the transverse phase space (or small emittance) imply space charge
dominated beams in a photo injector. Since the high charge is extracted from the
photo cathode at almost zero energy the Coulomb repulsion forces play a significant
role in the dynamics of the electrons within the bunch. Strong nonlinearities of the
space charge field in the cathode vicinity result in beam emittance growth. In order
to provide a small emittance in the photo injector, several techniques have to be
applied. Solenoid compensation2 implies reversing the correlations along the bunch
by applying a solenoid lens. By proper choice of the solenoid parameters the space
charge force acts at some distance reducing transverse phase space nonlinear corre-
lations along the bunch and resulting in a projected emittance minimum. Electron
beams accelerated in the rf gun still remain space charge dominated, which leads to
an emittance increase. In order to keep the emittance small further beam acceler-
ation by a booster must be applied. For efficient emittance conservation, matching
conditions based on the invariant envelope technique provide a quasi laminar beam
regime.3 This requires proper choice of the booster position, gradient and phase.

The XFEL photo injector consists of an rf gun, a standard accelerating mod-
ule (ACC1), and a diagnostic section. The electron bunch is emitted from a Cs2Te
cathode illuminated by a UV laser pulse in a high accelerating field (60 MV/m
peak field on the cathode) and accelerated up to 6.3 MeV in the normal conducting
1.3 GHz 1,5-cell rf gun cavity. A solenoid, centered 0.276 m downstream of the
cathode, focuses the beam into the first accelerator module which is located after
a drift length of about 3.5 m. A bucking solenoid is to be used to compensate the
magnetic field at the cathode. The accelerator module increases the energy to about
160–170 MeV.

Cathode laser pulse shaping is a key issue for the photo injector performance. In
order to reduce the space charge effect, especially during emission from the cathode
a flat top temporal profile with 20 ps FWHM and 2 ps rise and fall time is foreseen
for the European XFEL photo injector. A radially homogeneous transverse profile
is required with a diameter chosen as a compromise between thermal and space
charge induced emittance.

3. Simulation of Beam Dynamics in Photo Injector

In order to optimize photo injector parameters, a number of beam dynamics sim-
ulations have been performed. The ASTRA code4 was used to simulate electron
beam properties from the photo cathode till the photo injector exit (z=15 m). An
electron beam has been tracked in the external electromagnetic fields of the rf gun
with solenoids and the accelerating module (ACC1) with eight TESLA cavities.
The first four cavities have been used as a booster, so the gradient and the phase
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of these cavities were tuned to minimize the beam emittance. RF gradient of the
second four cavities was assumed close to the maximum available (peak field of
50 MV/m), its phase has been tuned to minimize an rms energy spread of the
electron beam.

4. XFEL Photo Injector Optimization Strategy

A multi-staged approach has been used for the optimization of the photo injector:

(1) emission from the photo cathode
(2) optimization of the rf gun parameters
(3) booster optimization
(4) minimization of the beam energy spread

The beam normalized rms projected emittance ε =
√
εnxεny has been used as

a goal function for the minimization of the nominal XFEL photo injector setup:

Φgoal =
[
ε
∣∣
z=15m

+ L · dε
dz

∣∣∣
z=15m

]
· Π1 · Π1... · ΠK , (1)

where not only the emittance but also its slope
dε

dz
is used to calculate the emittance

trend at some distance L (typically L ∼ 5 m) from the injector exit (z = 15 m).
A penalty factor Πn = Π(pn) has been used in order to eliminate solutions which
can not be realized experimentally. This factor implies an exponential growth of
the goal function if the photo injector parameter pn is outside the specified range
[pfrom; pto]:

Π(p) =




exp
(

pfrom−p
pto−pfrom

)
, if p < pfrom

exp
(

p−pto

pto−pfrom

)
, if p > pto

1, otherwise.

(2)

Various machine parameters and electron beam properties are considered for the
penalty factor at different optimization stages. Mainly a longitudinal positions of the
gun solenoid and the booster were affecting the penalty factor in the optimization
of the XFEL photo injector.

The aperture of the FLASH/PITZ beam line (which is assumed to be similar
to the XFEL one) has been also used; possible charge losses are considered as an
additional contribution to the penalty factor.

4.1. Emission from the photo cathode

This step serves as a pre-run of the rf gun optimization (subsection 4.2). For the
given cathode laser and rf gun parameters the laser power is tuned to produce
a bunch charge of 1 nC. The tracking stops at z=7 cm (right after the first iris
of the gun cavity), what corresponds to the total extracted charge which will be
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transported downstream. Several ASTRA computations run in parallel to reduce
computation time.

The main physical effects governing the emission process are space charge, in-
cluding image charge from the cathode, and electromagnetic forces of the rf gun
cavity. Another important emission feature is a Schottky-like effect5 in rf guns, i.e.
the enhancement of the photo emission resulting from an electric field at the cath-
ode surface. In other words, a bunch charge of 1 nC could be reached in different
ways. The simplest model is a “pure” photo effect, which implies no influence of the
electric field at the cathode on the QE of the photo cathode. This does not exclude
an integral impact of the space charge, especially in the case of extremely high
space charge density at the cathode (e.g. small transverse size of the laser spot).
Another model allows the emission due to the presence of an electric field at the
moment of emission of the corresponding part of an electron beam. Both models
are implemented in ASTRA. In the case of emission with Schottky-like effect the
charge of macro particles Qmp is calculated according to:4

Qmp =
Qb0 + s1 · E(t) + s2

√
E(t)

Np
, (3)

where Qb0 corresponds to the charge produced by photo effect (Qb0 ∼ laser power),
the term s1 ·E(t)+s2

√
E(t) is related to the additional charge due to the Schottky-

like effect in the presence of field E(t) at a moment of the macro particle emission,
Np is the number of macro particles used for simulations. This model is valid for
both above mentioned emission models, s1,2 = 0 corresponds to the “pure” photo
effect.

Simulated rf gun phase scans for a given bunch charge are shown in Fig. 1.
Two sets of simulations have been performed. The first did not apply Schottky-like
effect, Qb0 = 1.02 nC in order to produce a 1 nC beam at the rf gun launch phase
of maximum energy gain (zero phase). The second simulation involves the macro
particle charge dependence on the electric field at the cathode at the moment of
emission according to Eq. (3) with Qb0 = 0.5 nC, s1 = 0.16 nC·m/MV, s2 =
0.089 nC·(m/MV)1/2.

Despite the charge and the beam energy for both simulations are the same,
the transverse phase space differs significantly (Fig. 2) resulting in different trans-
verse rms emittances at z = 4.3a: εnoSchottky

n,x = 4.9 mm·mrad and εSchottky
n,x =

2.5 mm·mrad. These simulations were performed to illustrate the importance of
the emission process in an rf gun and the necessity to take into account exper-
imental data for correct simulations - namely, the gun phase scan for the given
bunch charge, when Schottky-like effects are observed for rf guns with Cs2Te photo
cathodes.6 Usually experimental phase scans for a bunch charge are used to obtain
constants s1 and s2 used in ASTRA simulations by fit of the simulated charge to
the measured one.

aPITZ beamline layout has been used for these simulations.
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Fig. 1. Gun phase scan—bunch charge vs. gun launch phase. Zero phase is referred to as an rf
gun launch phase yielding the maximum beam energy gain. Both ASTRA simulations were aimed
to produce a 1 nC electron beam at zero phase.
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Fig. 2. Simulated transverse phase for the case without (left) and with Schottky-like effect (right).

4.2. Optimization of the rf gun parameters

Main parameters optimized at this stage are:

• cathode laser transverse rms sizeb

• main solenoid peak field
• longitudinal position of the main solenoid
• launch phase of the rf gun

The gun rf gradient has been fixed at 60 MV/m peak field at the cathode,
which is the XFEL photo injector project parameter. An emittance reduction with
an increase of the gun gradient7 has been taken into account. Further increase of
the gun gradient is restricted by the limits of the rf system.8

bTransverse profile of the cathode laser is assumed to be radial homogeneous.
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The temporal laser profile was fixed to be a flat-top with 20 ps FWHM and 2 ps
rise and fall time. The influence of the rise and fall time on the beam projected
emittance has been studied additionally (see section 5.3). The pulse length is a
compromise between space charge reduction during emission and nonlinearities in
the longitudinal phase space due to the rf field of the gun and ACC1 cavities. These
nonlinearities are planned to be compensated by the 3rd harmonics cavity1 operated
strongly off-crest. The 3rd harmonics section is located in the linac downstream the
injector and out of the scope of this paper.

The main contribution to the penalty factor at this stage is the longitudinal
position of the main solenoid. Its further shift downstream the beam line is restricted
by the mechanical construction of the coaxial coupler of the gun. This results in
the solenoid centering at z=0.276 m, what is close to its actual position at PITZ
and FLASH.

Definitely, an optimized transverse size of the cathode laser is also determined
by the initial thermal emittance of the electron beam. According to the model of
Cs2Te cathodes,9 the initial kinetic energy of the photo electrons is Ek = 0.55 eV.
This model does not include bending of energy levels in CS2Te in presence of elec-
tric field (rf and space charge) applied during electron emission from the cathode.
Recent thermal emittance measurements at PITZ10 yielded Ek = 1.4 eV. Simula-
tions for different values of the thermal kinetic energies have been performed (for
results see section 5.3). The increase of the initial kinetic energy of electrons Ek can
be also (at least partially) explained by cathode surface imperfections (roughness,
contamination level, etc).

The optimization of the rf gun parameters starts with tuning of the photo
emission (see subsection 4.1). Afterward a 1 nC electron beam is tracked until the
beam waist (typically first 5 m of the beam line were sufficient to contain a beam
waist). A beam monitor (containing all particle coordinates) near the waist location
is saved and used as an input beam for the booster optimization (subsection 4.3)

In order to establish an initial simplex of rf gun parameters a Monte-Carlo11

method has been used. The best solutions have been used as initial simplexes for
the subsequent optimization using the Nelder-Mead algorithm.12 Every optimiza-
tion parameter has been centered to the initial guess and normalized to the range
where significant emittance growth takes place. This range can be obtained by
numerical study of the corresponding parameter influence on the emittance growth
(see section 5.3). Typically 10% emittance growth has been used in order to find
search parameter ranges, needed for dimensionless variables used in the optimiza-
tion algorithm.

4.3. Booster optimization

For each set of rf gun parameters the booster has to be optimized for a minimum
emittance at the injector exit. ASTRA tracks the electron beam obtained from the
previous stage (4.2). Main parameters to be optimized at this stage:
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• longitudinal position of the booster
• booster gradient (peak field)
• rf phase of the booster.

As it has been mentioned before the first four TESLA cavities of ACC1 are used
as a booster for the XFEL photo injector. For the nominal photo injector settings
gradient and phases in all the cavities of the booster were assumed to be equal.

The technique of the invariant envelope is used to obtain an initial guess for the
booster optimization. The booster entrance is positioned near the electron beam
waist, the booster normalized accelerating gradient γ′ is chosen to provide a quasi
laminar beam regime:3

γ′ =
2
σi

√
I

3I0γi
, (4)

where σi and γi are transverse rms size and normalized beam energy at the entrance
of the booster, I is a beam current, I0 = 17 kA is the Alfven current. Such a proper
choice of the initial parameters accelerates the 3-dimensional search procedure.

As contributions to the penalty factor the two following assumption have been
used at this stage of optimization: 1) longitudinal start position of the booster has
to be greater than z=2.5 m due to mechanical restrictions of the beam line; 2)
upper limit for the booster peak field was chosen to be 50 MV/m (close to the limit
of the TESLA cavities capability).

4.4. Minimization of the beam energy spread

The second half of ACC1 consists of four TESLA cavities operated at 50 MV/m
peak field. Their phases were synchronously tuned to minimize the rms energy
spread of the beam at z=15 m.

Because of the weak dependence of the beam emittance on the phase of the sec-
ond half of ACC1 (φ3) (Fig. 3), the phase with minimum rms momentum spread is
chosen in order to conduct the beam into the matching section (minimizing chro-
matic effects). The phase of the absolute emittance minimum (emittance decrease
0.25 %) corresponds to rather large energy spread and this can cause a significant
emittance growth in quadrupoles of the matching section.

5. Optimized XFEL Photo Injector

Beam dynamics optimization of the XFEL photo injector resulted in a setup sum-
marized in Table 1c.

Corresponding external electromagnetic fields along the beam line are shown in
Fig. 4.

cValues of optimized parameters are shown in bold.
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Fig. 3. Typical dependence of electron beam parameters on the phase φ3 of the second half
of ACC1. Relative rms energy spread (σE/〈E〉) is plotted together with emittance growth
ε(φ3)/ε(0) − 1. Zero phase ε3 = 0◦ corresponds here to the phase of the minimum energy spread.

Table 1. Optimized parameters of the XFEL photo injector.

subsystem parameter value unit

rf gun cavity Ecath 60 MV/m

launch phase φ1opt -0.7 deg

cathode laser FWHM 20 ps

rise/fall time 2 ps

σx,y 0.45 mm

solenoid peak field Bopt
z -0.2294 T

center 0.276 m

ACC1, cav.1-4 cav.1 center 4.04 m

peak field Ez 24.5 MV/m

phase φ2opt -15 deg

ACC1, cav.5-8 peak field Ez 50 MV/m

phase 5 deg

electron beam charge, Q 1 nC

thermal kinetic energy Ek 0.55 eV

mean energy 167 MeV

rms energy spread 0.25 MeV

rms projected

normalized emittance 0.7 mm mrad

εx,y(z = 15 m)

5.1. Electron beam properties along the beam line

Beam rms transverse size √
σx · σy and rms projected transverse emittance √

εx · εy

are shown in Fig. 5. The transverse rms beam size of 240 µm at the injector exit
corresponds to the beta-function value of βx,y(z = 15 m) = 28 m.

Mean kinetic energy and rms energy spread are shown in Fig. 6, a relative energy
spread of 0.15% has been simulated.
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Fig. 4. Electromagnetic fields in the XFEL photo injector

RMS bunch length and longitudinal emittance are shown in Fig. 7 as a function
of the distance from the cathode. An electron bunch length of 2 mm rms or 7 ps
FWHM has been obtained at the injector exit.
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Fig. 5. Beam rms transverse size and projected normalized emittance along the beam line.

5.2. Transverse and longitudinal phase space

The characteristic s-shape of the transverse phase space is shown on the left plot in
Fig. 8. On the right plot of Fig. 8 the longitudinal phase space of the electron beam
at the injector exit (z=15 m) is presented. It should be noted that the longitudinal
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phase space nonlinearity has to be corrected by the third harmonics section down-
stream the injector.1 The third harmonics cavities operated at 3.9 GHz (wavelength
77 mm) strongly off-crest in deceleration mode introduce nonlinear correlations in
the longitudinal phase space compensating the nonlinearities originating from the
injector.

The transverse phase space contains a rather large fraction of peripheric parti-
cles, which indeed do not contribute the FEL lasing process. These particles belong
mainly to the head and tail, and the local (slice) emittance of these parts of the
bunch is rather high (Fig. 9, left plot). The transverse emittance is shown in the
right plot of Fig. 9 as a function of the number of core particles taken into consider-
ation for the emittance calculations. Only 1% charge cut in the phase space results
in more than 14% projected emittance reduction.

5.3. Influence of key photo injector parameters

Besides simulations of the optimized setup it is of great importance to study de-
pendences of electron beam properties on machine parameters, which could deviate
from the optimized values due to systematic (e.g. precision of set parameter value
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to hardware) or stochastic (e.g. jitter) reasons. Another reason to know such depen-
dencies is a normalization procedure of photo injector parameters. A parameters
range corresponding to a definite emittance growth (e.g 10%) is used to obtain
a dimensionless variable. This makes search parameter space more homogeneous.
Corresponding studies have been performed.

The most sensitive parameter for the emittance of an electron beam is the

solenoid peak field. An emittance growth
ε− εmin

εmin
due to the deviation of the

main solenoid peak field Bz from the optimized value Bopt
z (Tab. 1) is shown in

Fig. 10 (left). A 0.3% deviation from the optimum peak fieldd results in a 10%
emittance growth. The sensitivity of the electron beam emittance on variation of
the cathode laser spot size is illustrated in Fig. 10 (right).

dIn terms of the main solenoid current this corresponds to 1.2 A around the optimum value
of 393 A.
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Another important parameter, whose variation could dilute the quality of the
electron beam at the injector exit is the rf gun launch phase. The dependence of
the emittance growth due to the variation of the rf gun launch phase is shown in
Fig. 11 (left), where the phase is centered to the optimum value (φ1opt = −0.7◦ in
Tab.1). According to these simulations, a 10% emittance growth can be caused by
an rf gun phase variation of ± 2◦. This is much more relaxing than requirements
for the phase variation tolerances based on beam energy and bunch charge stability
considerations.1 An additional charge jitter should be also expected from a charge
dependence on rf gun phase (Fig. 1), where the Schottky-like effect results in a
non-zero slope dQ/dφ1.

A booster phase scan—the dependence of the emittance growth as a function
of the rf phase of the first four cavities in ACC1—is shown in Fig. 11 on the right
plot together with the relative energy spread. It should be noted that tolerances for
the energy spread are more stringent, because bunch compression schemes imply
rather hard demands on energy correlations within the bunch.

The sensitivity of the beam emittance to the booster gradient is shown in Fig. 12
(left), where emittance growth is shown as a function of the peak electric field in
the booster.
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As a reference, the model value Ek=0.55 eV has been used.

The optimized setup for the XFEL photo injector (Tab. 1) assumed the thermal
kinetic energy of photo electrons to be 0.55 eV. This corresponds to the theoretical
model for Cs2Te photo cathodes.9 The projected transverse emittance for this case
(0.7 mm mrad) contains more than 50% thermal emittance (0.38 mm mrad), which
is uncorrelated and cannot be compensated. Recent measurements performed at
PITZ10 yielded initial kinetic energies of ∼1.4 eV. In order to study the influence
of the thermal emittance on the final projected emittance of the electron beam
at the injector exit, corresponding simulations have been performed. Emittance
growth as a function of the initial kinetic energy of photo electrons is shown in
Fig. 12 (right). From this plot the increase of the initial thermal kinetic energy
close to the measured one (1.4 eV) results in more than 20% increase of the final
emittance.

The cathode laser temporal profile plays a significant role in a formation of
the electron beam projected emittance. A flat-top profile with 20 ps FWHM has
been used. The rise and fall time is responsible for the contribution to the projected
emittance from head and tail of the bunch (Fig. 9). The dependence of the emittance
growth due to the variation of the rise and fall time is shown in Fig. 13(left). As
a reference, a projected emittance for the cathode laser with 2 ps has been used.
Typical temporal laser profiles used for the simulations are shown in the right plot
of Fig. 13.

6. Conclusions

The beam dynamics optimization procedure for the European XFEL photo injector
has been developed using a staged strategy, including photo emission, rf gun and
booster parameter tuning. Application of this approach based on ASTRA simula-
tions resulted in an optimized photo injector setup delivering a projected normalized
transverse emittance of 0.7 mm mrad for 1 nC beam. The influence of photo injector
key parameters has been studied; the most sensitive parameters are main solenoid
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profiles used for the simulations (right plot), rise and fall time were varied whereas the length
(FWHM) was fixed to 20 ps.

strength, rise and fall time of the cathode laser temporal profile and initial kinetic
energy of the photo electrons.
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In this paper, a procedure for construction of quadratic Lyapunov-Krasovskii functionals

for linear time delay systems with periodic coefficients is proposed. Functionals are used
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problem for a special delay free system of matrix equation.
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1. Introduction

Mathematical modeling of beam dynamics in a charged-particle accelerator or

plasma behavior in modern tokamaks with some simplification assumptions leads

to a system of nonlinear differential equations.1 Linearization of these equations in

a neighborhood of a specified acceleration program or plasma burn scenario allows

to focus on the study of linear non-stationary systems. A cycle form of control pro-

cesses leads to periodic coefficients of the linearized system. Taking into account

Coulomb interaction of particles, and signal delay in a feedback channel force to

introduce time delay in the model.2 Electromagnetic field fluctuation and engi-

neering inaccuracies postulate a problem of robustness with respect to coefficients

inaccuracy.

Problems of constructing a Lyapunov quadratic functional and analyzing its

properties for linear periodic systems with time delay are treated in this paper. It

is shown that these functionals can be used to investigate solutions of the examined

systems for asymptotical stability and robustness.

One of the basic methods for the stability analysis of systems with time de-

lay is the method of Lyapunov functionals, which was suggested in the work by

Krasovskii.3 For the linear systems, a problem of finding quadratic functionals with

893



February 20, 2009 10:25 WSPC/Guidelines-IJMPA 04437

894 O. N. Letyagina & A. P. Zhabko

preassigned derivative was studied in [4]. One of the basic difficulties in application

of functionals is a lack of computational algorithms for the corresponding Lya-

punov matrices. It has been shown in [5] that for the case of systems with time

delay, the matrices satisfy an auxiliary delay free system of matrix equations with a

certain set of two-point boundary conditions. The first attempt to construct lower

bounds for quadratic functionals was presented in [6]. In this work it is shown that

Lyapunov quadratic functionals have only cubic estimations. For this purpose a

Lyapunov quadratic functional was modified to the complete type functional in [7].

The complete type Lyapunov quadratic functionals are shown to be useful in solving

such problems as estimation of robustness bounds8 and calculation of exponential

estimates for time delay systems.9

In this paper we propose a procedure for construction of quadratic functionals

whose time derivative includes terms which depend on the past states of the system

and show how one can use such functionals for robust stability analysis of time delay

systems. It is also shown in the paper that these functionals admit a quadratic lower

bound. At the end we present an example of computation of the corresponding

Lyapunov matrix.

2. Preliminaries

In this paper we consider the following time delay system

ẋ(t) =

m∑

i=0

Ai(t)x(t− hi), (1)

where Aj(t) are n×nmatrices with periodic, continuous coefficients, i.e. Aj(t+T ) =

Aj(t), j = 0,m, 0 = h0 < h1 < h2 < . . . < hm are positive delays.

We will denote by x(t, t0, ϕ) the solution the of system (1) with the initial

conditions {t0, ϕ(θ)}, θ ∈ [t0−hm, t0], and by xt(t0, ϕ) the following segment {x(t+

θ, t0, ϕ)|θ ∈ [−hm, 0]} of the solution. If the initial function is not important or clear

of the context we will drop the argument ϕ in these notations.

The space of continuous initial functions C([−hm; 0],
� n) is provided with the

supremum norm ||ϕ||hm
= max

θ∈[t0−hm,t0]
||ϕ(θ)||.

2.1. Cauchy formula

Let n × n matrix function K(t, s) which is defined for t ≥ s satisfy the matrix

equation

−
∂K(t, s)

∂s
=

m∑

i=0

K(t, s+ hi)Ai(s+ hi), s < t (2)

with the following initial condition: K(t, s) = 0, s < t,K(t, t) = I. K(t,s) is known

as the fundamental matrix of the system (1). With the help of this matrix one may
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present the solution x(t, t0, ϕ) in the explicit form, see [10],

x(t, t0, ϕ) = K(t, t0)ϕ(t0)+

m∑

i=1

0∫

−hi

K(t, t0 +hi + τ)Ai(t0 +hi + τ)ϕ(t0 + τ) dτ. (3)

Lemma 2.1. K(t,s) as a function of t with a specified (fixed) value of s satisfies

the matrix equation

∂K(t, s)

∂t
=

m∑

i=0

Ai(t)K(t− hi, s), t > s

with the initial condition: K(t, s) = 0, t < s,K(s, s) = I.

2.2. Method of Lyapunov functionals

With respect to system (1) the method of functionals is based on the following

classic Krasovskii theorem.9

Theorem 2.1. Let the functional υ(·) be known and satisfy the following condi-

tions:

1) there are such α1 > 0 and α2 > 0 that for every solution of the system (1)

the inequalities hold:

α1||x(t)||
2 ≤ υ(xt) ≤ α2||xt||

2
hm
, t ≥ 0;

2) there is β > 0 such that along every solution of the system (1) holds:

dυ(xt)

dt
≤ −β||x(t)||2, t ≥ 0.

Then the system (1) is asymptotically stable.

Remark 2.1. The concepts of the asymptotically and exponentially stable are

equivalent for the systems of the form (1).

In order to be able to use Theorem 2.1, it is necessary to have a constructive

method for computation of the functionals that satisfy its conditions. A method of

the functional construction is presented in Section 3.

3. Complete Type Lyapunov Functionals

Let W0 be a positive definite symmetric n × n matrix. Let ϕ(θ) be a continuous

initial function on [t0 − h, t0]. Consider the functional

ω0(x(t)) = xT (t)W0x(t).

We are looking for the functional such that

dυ(t, xt(t0, ϕ))

dt
= −ω0(x(t, t0, ϕ)), t ≥ t0.
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If the system (1) is exponentially stable then the functional exists and can be

written as

υ(t0, ϕ) =

∞∫

t0

ω0(x(t, t0, ϕ)) dt.

Using Eq. (3) one can write it as

υ(t0, ϕ) =

∞∫

t0

[
K(t, t0)ϕ(t0) +

m∑

i=1

0∫

−hi

K(t, t0 + hi + τ1)Ai(t0 + hi + τ1)

ϕ(t0 + τ1) dτ1

]T
W0

[
K(t, t0)ϕ(t0) +

m∑

i=1

0∫

−hi

K(t, t0 + hi + τ2)

Ai(t0 + hi + τ2)ϕ(t0 + τ2) dτ2

]
dt

= ϕT (t0)U(t0, t0)ϕ(t0) + 2ϕT (t0)

m∑

i=1

0∫

−h

U(t0, t0 + τ2 + hi)

Ai(t0 +hi +τ2) · ϕ(t0 +τ2)dτ2 +

m∑

i,k=1

0∫

−hi

0∫

−hk

ϕT (t0 +τ1)A
T
i (t0 +hi +τ1)

U(t0 + τ1 + hi, t0 + τ2 + hk) ·Ak(t0 + hk + τ2)ϕ(t0 + τ2) dτ1 dτ2.

Here matrix U(τ1, τ2) is defined as

U(τ1, τ2) =

∞∫

max{τ1,τ2}

KT (t, τ1)W0K(t, τ2) dt. (4)

The value of the functional on the trajectory segment is

υ(t, xt) = xT (t)U(t, t)x(t) + 2xT (t)

m∑

i=1

0∫

−hi

[
U(t, τ + hi + t)Ai(t+ hi + τ)

· x(t+ τ)
]
dτ +

m∑

i,k=1

0∫

−hi

0∫

−hk

(
xT (t+ τ1)A

T
i (t+ hi + τ1) (5)

· U(τ1 + hi + t, τ2 + hk + t)Ak(t+ hk + τ2)x(t+ τ2) dτ1 dτ2

)
.

Consider a functional of the form

ω(xt) =

m∑

i=0

xT (t− hi)Wix(t− hi) +

m∑

i=1

0∫

−hi

xT (t+ τ)Rix(t+ τ) dτ, (6)

here Wj , j = 0,m and Rj , j = 1,m are positive definite n× n matrices.
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For this case we have the same formulas for the functional υ(t, xt)

dυ(t, xt(t0, ϕ))

dt
= −ω(xt), t ≥ 0 ,

υ(t0, ϕ) =

∞∫

t0

ω(xt) dt.

Functional υ(t0, ϕ) may be split into two components. Each of them corresponds

to one of the two terms on the right-hand side of (6).

The component of υ(t0, ϕ) which corresponds to the delay term

ωj(x(t− hj , t0, ϕ)) = xT (t− hj , t0, ϕ)Wjx(t− hj , t0, ϕ)

is

υj(t0, ϕ) =

∞∫

t0

xT (t− hj , t0, ϕ)Wjx(t− hj , t0, ϕ) dt.

This equality can be rewritten

υj(t, xt) = xT (t)Uj(t, t)x(t) + 2xT (t)
m∑

i=1

0∫

−hi

Uj(t, τ + hi + t)Ai(t+ hj + τ)

· x(t+ τ) dτ +
m∑

i,k=1

0∫

−hi

0∫

−hk

(
xT (t+ τ1)A

T
i (t+ hi + τ1)

· Uj(τ1 + hi + t, τ2 + hk + t)Ak(t+ hk + τ2)x(t+ τ2) dτ1 dτ2

)

+

0∫

−hj

xT (t+ τ)Wjx(t+ τ) dτ,

where Uj =

∞∫

max{τ1,τ2}

KT (t, τ1)WjK(t, τ2) dt, j = 0,m.

We now address the component of υ(t0, ϕ) which corresponds to the integral

term

ωm+j(xt(t0, ϕ)) =

0∫

−hj

xT (t+ τ, t0, ϕ)Rjx(t+ τ, t0, ϕ) dτ.

This component can be expressed as

υm+j(t0, ϕ) =

∞∫

t0




0∫

−hj

xT (t+ τ, t0, ϕ)Rjx(t+ τ, t0, ϕ) dτ


 dt.
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Changing the integration order in the double integral, one obtains the following

expression

υm+j(t, xt) = h
[
xT (t)Um+j(t, t)x(t) + 2xT (t)

m∑

i=1

0∫

−hi

Um+j(t, τ + hi + t)

· Ai(t+ hi + τ)x(t + τ) dτ +

m∑

i,k=1

0∫

−hi

0∫

−hk

(
xT (t+ τ1)A

T
i (t+ hi + τ1)

· Um+j(τ1 + hi + t, τ2 + hk + t)Ak(t+ hk + τ2)x(t + τ2) dτ1 dτ2

)]

+

0∫

−hj

(hj + τ)xT (t+ τ)Rjx(t+ τ) dτ.

Gathering all the components together we obtain

υ(t, xt) = xT (t)U(t, t)x(t) + 2xT (t)

m∑

i=1

0∫

−hi

U(t, τ + hi + t)Ai(t+ hi + τ)

· x(t + τ) dτ +
m∑

i,k=1

0∫

−hi

0∫

−hk

(
xT (t+ τ1)A

T
i (t+ hi + τ1)

· U(τ1 + hi + t, τ2 + hk + t)Ak(t+ hk + τ2)x(t + τ2) dτ1 dτ2

)
(7)

+
m∑

i=1

0∫

−hi

xT (t+ τ)[Wi + (hi + τ)Ri]x(t + τ) dτ,

where U =

∞∫

max{τ1,τ2}

KT (t, τ1)WK(t, τ2) dt, W =
[
W0 +

m∑

i=1

(Wi +hiRi)
]
. It is the

Lyapunov-Krasovskii functional associated with (6).

The Lyapunov-Krasovskii functional υ(t, xt) constructed from a given ω(t, xt)

(6) is of the complete type, i.e. there exists µ > 0 such that ω(t0, ϕ) < 2µυ(t0, ϕ)

holds for all initial conditions {t0, ϕ}. In addition, the existence of Lyapunov-

Krasovskii functionals of the complete type is necessary and sufficient for the ex-

ponential stability of the differential delay equation (1). As U(τ1, τ2) in (7) takes

over the role of a classical quadratic Lyapunov matrix for systems without delays,

we call it the delay Lyapunov matrix associated with (7). In the following we will

study its properties.

Using properties of the matrices K(t, s),W we obtain the following properties

of U(τ1, τ2):

• the dynamic property
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Assume that τ2 > τ1, then max {τ1, τ2} = τ2.

Partial derivative of (4) with respecto to τ1 and τ2 is equal to:

∂U

∂τ1
(τ1, τ2) = −AT

0 (τ1)U(τ1, τ2) −

m∑

i=1

AT
i (τ1 + hi)U(τ1 + hi, τ2) , (8)

∂U

∂τ2
(τ1, τ2) = −U(τ1, τ2)A0(τ2) −

m∑

i=1

U(τ1, τ2 + hi)Ai(τ2 + hi) −K(τ2, τ1)W .

(9)

• the symmetry property

UT (τ1, τ2) = U(τ2, τ1) . (10)

• the algebraic property

If τ1 = τ2 = τ , then from the dynamic property we have

dU

dτ
(τ, τ) =

d

dτ




∞∫

τ

KT (t, τ)WK(t, τ) dt


 = −AT

0 (τ)U(τ, τ)

−

m∑

i=1

AT
i (τ + hi)U(τ + hi, τ) − U(τ, τ)A0(τ)

−

m∑

i=1

U(τ, τ + hi)Ai(τ + hi) −W . (11)

This property associates Lyapunov matrix U(τ1, τ2) with W .

• the periodicity property

This property is following from periodic property of K(t, s): K(t + T, τ + T ) =

K(t, τ), hence,

U(τ1 + T, τ2 + T ) = U(τ1, τ2). (12)

Remark 3.1. The periodic property of Aj(t), j = 0,m is not necessary for con-

struction of the functionals, Lyapunov matrix and derivation of the matrix proper-

ties (8)–(11).

The Lyapunov-Krasovskii functional υ constructed from a given ω is of the complete

type.

Now we will get lower and upper bounds for the functionals of the complete

type. Let Pj , j = 0,m be positive definite n× n matrices. We consider a functional

u(xt) = xT (t)P0x(t) +

m∑

i=1

0∫

−hi

xT (t+ θ)Pix(t + θ) dθ. (13)
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Lemma 3.1. Let Wj > 0, j = 0,m, Rj > 0, j = 1,m. If the system (1) is expo-

nentially stable then for the functional of complete type (7) the following condition

is satisfied on the solutions of system (1)

β1u(xt) ≤ υ(xt), t ≥ t0, (14)

here β1 is a positive constant.

Proof. Consider the following functional

υ̂ = υ(xt) − βu(xt).

Along the trajectories of the system (1) the derivative of the functional is

dυ̂(xt)

dt
= −ω̂(xt) = −ω(xt) − β

du(xt)

dt
, t ≥ t0.

Note that

du(xt)

dt
= 2xT (t)P0

[ m∑

i=0

Ai(t)x(t − hi)
] m∑

i=1

[
xT (t)Pix(t) − xT (t− hi)Pix(t− hi)

]
.

Therefore,

ω̂(xt) = [xT (t), xT (t− h1), ..., x
T (t− hm)]M(β)




x(t)

x(t− h1)

...

x(t − hm)




+

m∑

i=1

0∫

−hi

xT (t+ θ)Rix(t+ θ) dθ,

where

M(β) = diag(W0,W1, ...,Wm) + β




D P0A1(t) . . . P0Am(t)

AT
1 (t)P0 −P1 . . . 0

. . . . . 0

. . . . . 0

. . . . . 0

AT
m(t)P0 0 . . . −Pm




,

D = P0A0(t) +AT
0 (t)P0 +

m∑

i=1

Pi.

The matrix M(0) > 0. Let β∗ be a minimal positive solution of the equa-

tion det(M(β)) = 0. For each β1 ∈ [0, β∗] the matrix M(β1) ≥ 0, and therefore

ω̂(xt) ≥ 0.

From the last inequality we conclude that

υ̂(ϕ) =

∞∫

t0

ω̂(xt(ϕ)) dt ≥ 0,
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and therefore

υ(xt) ≥ β∗u(xt).

Lemma 3.2. The following condition are satisfied for the functional (7)

υ(xt) ≤ β2u(xt), t ≥ t0,

where β2 is a positive constant.

Proof. The proof is similar to the the proof of Lemma 3, see [9].

Theorem 3.1. If the system (1) is exponentially stable, Wj > 0, j = 0,m, Rj > 0,

j = 1,m, then the following condition is satisfied for all solutions of the system (1)

α1||x(t)||
2 ≤ υ(xt) ≤ α2||xt||

2
hm
, t ≥ t0.

Here α1, α2 are positive constants.

Proof. Follows from Lemma 3.1 and Lemma 3.2.

4. Existence Issue

Lemma 4.1. Let Û(τ1, τ2) be a solution of the equation (8) with initial conditions

(10)–(12). Then functional υ(t, xt) where U replace with Û satisfies

dυ(t, xt)

dt

∣∣∣∣
(1)

= −

m∑

i=0

xT (t− hi)Wix(t − hi) −

m∑

i=1

0∫

−hi

xT (t+ τ)Rix(t+ τ) dτ.

Proof. The statement can be proved by direct calculation.

Theorem 4.1. Let system (1) be exponentially stable, then matrix (4) is the unique

solution of matrix equations (8), (10)–(12).

Proof. The fact that matrix (4) satisfies these equations is trivial. Assume by

contradiction that matrix equations (8), (10)–(12) admit at least two solutions

U (1)(τ1, τ2) and U (2)(τ1, τ2). Each of the two solutions defines the corresponding

functional υ(j)(t, xt), j = 1, 2, of the form (5). Exponential stability of system (1)

implies that

∆υ(t0, ϕ) = υ(2)(t0, ϕ) − υ(1)(t0, ϕ) = 0,

for any initial function ϕ. If we define the difference

∆U(τ1, τ2) = U (2)(τ1, τ2) − U (1)(τ1, τ2),
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then

0 = ∆υ(t0, ϕ) = ϕT (t0)U(t0, t0)ϕ(t0) + 2ϕT (t0)
m∑

i=1

0∫

−hi

(
U(t0, τ + hi + t0)

· Ai(t0 +hi +τ)ϕ(t0 +τ)
)
dτ+

m∑

i,k=1

0∫

−hi

0∫

−hk

(
ϕT (t0 +τ1)A

T
i (t0+hi +τ1) (15)

· U(τ1 + hi + t0, τ2 + hk + t0)Ak(t0 + hk + τ2)ϕ(t0 + τ2) dτ1 dτ2

)
.

Given a vector γ, define the piecewise continuous initial function

ϕ(t0 + θ) =

{
γ, for θ = 0,

0, for θ ∈ [−hm, 0).

For this function equality (15) takes the form

γT ∆U(t0, t0)γ = 0.

As the last equality holds for any vector γ and the matrix ∆U(t0, t0) is symmetric,

one may easily conclude that

∆U(t0, t0) = 0. (16)

Now, given two vectors γ and µ, let us select τ ∈ (hj−1, hj ] and sufficiently small

ε > 0 such that τ+ε < hj−1. Then we can define the following piece-wise continuous

initial function

ϕ(t0 + θ) =





γ, for θ = 0,

µ, for θ ∈ [−τ,−τ + ε],

0, for all other points of segment [−hm, 0].

If ε > 0 is small then the first integral in (5) is proportional to ε while the double

integral is proportional ε2 so that (5) for this initial function can be written as

0 = 2εγT
m∑

i=j

[
∆U(hj , τ + hi)Ai(τ + hi)

]
µ+ o(ε),

where

lim
ε→+0

o(ε)

ε
= 0.

The fact that γ and µ are arbitrary vectors and that ε can be made arbitrarily

small implies that

m∑

i=j

∆U(hj , τ + hi)Ai(τ + hi) = 0.
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The last equality holds for all τ ∈ (hj−1, hj ], and using the continuity of the argu-

ments we arrive at the following condition

m∑

i=j

AT
i (τ + hi)∆U(τ + hi, hj) = 0, τ ∈ (hj−1, hj ]. (17)

Now (17) holds for all j = 1,m. For j = 1 we therefore obtain the differential

equation

∂∆U(τ1, τ2)

∂τ1
= −

m∑

i=0

AT
i (τ1 + hi)∆U(τ1 + hi, τ2),

if τ2 > τ1, or if τ2 = h1 concludes that

d∆U(τ1, h1)

dτ1
= −AT

0 (τ1)∆U(τ1, h1), τ1 ∈ [0, h1].

We are looking for a solution of this equation which satisfies the condition (16).

The solution of this equation is trivial, that is ∆U(τ1, τ2) = 0, τ1 ∈ [0, h1] or

U (2)(τ1, τ2) = U (1)(τ1, τ2), τ1 ∈ [0, h1].

Considering Eqs. (8) and (19) on the interval (h1, h2] and for j = 2 we obtain

the following delay equation
d∆U(τ1, h2)

dτ1
= −AT

0 (τ1)∆U(τ1, h2)−AT
1 (τ1)∆U(τ1 +

h1, h2), τ1 ∈ [h1, h2]. But on the interval [0, h1], ∆U(τ1, τ2) is constantly 0, there-

fore ∆U(τ1, τ2) = 0 for τ1 ∈ (h1, h2]. Continuing this process, we conclude that

∆U(τ1, τ2) = 0, τ1,∈ [0, hm], i.e. U1(τ1, τ2) = U2(τ1, τ2) for all τ1 ∈ [−hm, hm].

The same way we can prove the theorem for a variable τ2. Hence, whenever (1) is

exponentially stable, the unique solution of (8), (10)–(12) is given by the integral

equation (4).

Theorem 4.2. Let x(1)(t) = estϕ(t) and x(2)(t) = e−stψ(t) be the solutions of the

system (1), where ϕ(t), ψ(t) are periodic vectors and ϕ(t0) 6= 0, ψ(t0) 6= 0. Then

there exists such W that system (8), with (10)–(12) have no solution.

Proof. Similar proof as for Thm. 3, see [9, p. 204].

5. Exponential Estimation and Robust Stability

5.1. Exponential estimation

Definition 5.1. The system (1) is said to be exponentially stable if there exist

σ > 0 and γ ≥ 1 such that for every solution x(t, ϕ) and for each initial function ϕ

the following exponential estimate holds

||x(t, ϕ)|| ≤ γe−σ(t−t0)||ϕ||hm
, t ≥ t0. (18)

We can find constants σ and γ by the instrumentality of the functional υ (7) if the

system (1) is exponentially stable. Indeed, let P0 = W0 and Pj = Rj , j = 1,m in
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(13). From Lemma 3.2 we see that the functional (7) satisfies the estimate υ(xt) ≤

β2u(xt). One can then easily verify that from (13) we have the following inequality

dυ(xt)

dt
+ u(xt) ≤ 0, t ≥ t0,

therefore

dυ(xt)

dt
+

1

β2
υ(xt) ≤ 0, t ≥ t0.

This means that

υ(xt(ϕ)) ≤ υ(ϕ)e−
1

β2
(t−t0).

From Theorem 3.1 we get

α1||x(t)||
2 ≤ υ(xt), υ(ϕ) ≤ α2||ϕ||

2
hm
.

Finally, we find necessary constants for exponential estimate

γ =

√
α2

α1
, σ =

1

2β2
.

5.2. Robust stability

Let the nominal system (1) be exponentially stable. In this section we consider the

perturbed equation

ẏ(t) =

m∑

j=0

(Aj(t) + ∆j(t))y(t− hj). (19)

Matrices ∆j(t), j = 0,m are piecewise continuous matrix functions and assumed to

satisfy the following inequalities

sup
t

||∆j(t)|| ≤ ρj , j = 0,m, (20)

where ρj are positive numbers.

The principal goal of the section is to find lower bounds for ρj , j = 0,m such

that the perturbed equation remains stable for all ∆j(t), j = 0,m within restrictions

(20).

To derive such lower bounds we will use the functional (7) constructed for nom-

inal system (1). The first time derivative of the functional (7) along solutions of

Eq. (19) is

dυ(yt)

dt
= −ω(yt) + 2

[ m∑

i=0

∆i(t)y(t− hi)
]T
l(t, yt), t ≥ t0.

Here

l(t, yt) = U(t, t)y(t) +

m∑

i=1

0∫

−hi

U(t, t+ hi + θ)Aj(t+ hi + θ)y(t+ θ) dθ.
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Define three variables

ν = max
τ1,τ2∈[0,hm]

||U(τ1, τ2)||; aj = sup
t

||Aj(t)||, j = 0,m;

λmin = min{ min
0≤j≤m

[λmin(Wj)], min
1≤j≤m

[λmin(Rj)]}.

The following estimates hold
∣∣∣∣∣

∣∣∣∣∣

m∑

i=0

∆iy(t− hi)

∣∣∣∣∣

∣∣∣∣∣ ≤
(

m∑

i=0

ρ2
i

)1/2 [ m∑

k=0

||y(t− hk)||2

]1/2( m∑

i=0

ρ2
i

)1/2√
ω(yt)

λmin
,

and

||l(t, yt)|| ≤ ν

(
1 +

m∑

i=1

a2
ih

2
i

)1/2

||y(t)||2 +

m∑

i=1

0∫

−hi

||y(t+ θ)||2 dθ




1/2

≤ ν

(
1 +

m∑

i=1

a2
ih

2
i

)1/2√
ω(yt)

λmin
.

As a result we get

dυ(yt)

dt
≤ −ω(yt)


1 −

2ν

λmin

(
m∑

i=1

ρ2
i

)1/2(
1 +

m∑

i=1

a2
ih

2
i

)1/2

 .

Then the system (19) remains stable for all perturbations satisfying (20) if the

values of ρj , j = 0,m are such that

m∑

i=0

ρ2
i ≤

λ2
min

4ν2

(
1 +

m∑

i=1

a2
ih

2
i

)
.

6. Computation Issue

Here we will assume that T = h and the system (1) has only one delay term

ẋ(t) = A0(t)x(t) +A1(t)x(t − h), t ≥ 0. (21)

To that end, we at first define several matrices D(τ) = U(τ, τ), U1(τ1, τ2) =

U(τ1, τ2), U2(τ1, τ2) = AT
1 (τ1 + h)UT (τ2, τ1 + h). Hence, DT (τ) = D(τ) is sym-

metrical.

From Eq. (8) we obtain
∂U1

∂τ1
(τ1, τ2) = −AT

0 (τ1)U(τ1, τ2)−A
T
1 (τ1+h)U(τ1+h, τ2)

and
∂U2

∂τ2
(τ1, τ2) = AT

1 (τ1 +h)
∂U

∂τ2
(τ2, τ1 +h) = AT

1 (τ1 +h)
[
−AT

0 (τ2)U(τ2, τ1 +h)−

AT
1 (τ2 + h)U(τ1 + h, τ2 + h)

]T
. After a change of variables we have





∂U1

∂τ1
(τ1, τ2) = −AT

0 (τ1)U1(τ1, τ2) − U2(τ1, τ2),

∂U2

∂τ2
(τ1, τ2) = −U2(τ1, τ2)A0(τ2) −AT

1 (τ1)U1(τ1, τ2)A1(τ2).

(22)
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



U1(τ, τ) = D(τ),

U2(τ, τ) =
1

2
(W +D′(τ)) − P (τ) −AT

0 (τ)D(τ),

U2(0, τ) = AT
1 (h)UT

1 (τ, h).

(23)

Here P (τ) =
dU(τ, τ)

dτ
and P T (τ) = −P (τ).

We apply the modified second-order Runge-Kutta method to solve Eq. (22). We

consider the matrices D(τ), P (τ) to be the method’s initial conditions.

Let us consider a more general type of the system (22)




∂U1

∂τ1
= f1(τ1, τ2, U1, U2),

∂U2

∂τ2
= f2(τ1, τ2, U1, U2).

(24)

Let vector functions fj , j = 1, 2 be k times continuously differentiable with respect

to τj and (k + 1) times continuously differentiable with respect to other variables.

Consider more general initial conditions for (24)

U1(τ, τ) = Φ1(τ), U2(τ, τ) = Φ2(τ). (25)

Theorem 6.1. If Φj ∈ � k+1(
� 1), j = 1, 2 then there exists a unique solution of

the system (24) with initial conditions (25) which is (k + 1) times continuously

differentiable.

Proof. Rely on the convergence method of Picard which applies to the system of

integral equations




U1(τ1, τ2) = Φ1(τ2) +

τ1∫

τ2

f1(θ, τ2, U1(θ, τ2), U2(θ, τ2)) dθ,

U2(τ1, τ2) = Φ2(τ1) +

τ2∫

τ1

f2(τ1, θ, U1(τ1, θ), U2(τ1, θ)) dθ.

Corollary 6.1. If the following conditions are satisfied





fj(τ1 + h, τ2 + h, U1, U2) = fj(τ1, τ2, U1, U2),

Φj(t+ h) = Φj(t),

j = 1, 2.

then the solution of (24), (25) is periodic

Uj(τ1 + h, τ2 + h) = Uj(τ1, τ2), j = 1, 2.

Let k = 2, then Uj ∈ � 3(
� 2).
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The algorithm of the method is

U1(τ1, τ2 + ∆) = U1(τ1 + ∆, τ2 + ∆) −
1

2
(k1 + k̃1) + o(∆2),

where
{
k1 = ∆f1(τ1 + ∆, τ2 + ∆, U11

1 , U11
2 ),

k̃1 = ∆f1(τ1, τ2 + ∆, U11
1 − k1, U

00
2 + k2).

By analogy we can define other parameters of the method for finding a function

U2. Then formula for U2 is

U2(τ1, τ2 + ∆) = U2(τ1, τ2) +
1

2
(k2 + k̃2) + o(∆2),

where
{
k2 = ∆f2(τ1, τ2, U

00
1 , U00

2 ),

k̃2 = ∆f2(τ1, τ2 + ∆, U11
1 − k1, U

00
2 + k2).

Remark 6.1. For the case of systems with more than one delay, this method can

be modified. But the dimension of the systems (22), (23) will increase.

7. Conclusions

In this paper, some explicit expressions for the complete type Lyapunov-Krasovskii

functionals are obtained along with some robust stability results based on the use

of functionals.
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In this paper, we describe newly developed tools for the study and analysis of the
dynamics in FFAG accelerators based on transfer map methods unique to the code COSY
INFINITY. With these new tools, closed orbits, transverse amplitude dependencies and
dynamic aperture are determined inclusive of full nonlinear fields and kinematics to
arbitrary order. The dynamics are studied at discrete energies, via a high-order energy-
dependent transfer map.

The order-dependent convergence in the calculated maps allows precise determina-
tion of dynamic aperture and detailed particle dynamics. Using normal form methods,
and minimal impact symplectic tracking, amplitude- and energy-dependent tune shifts
and resonance strengths are extracted. Optimization by constrained global optimization
methods further refine and promote robust machine attributes.

Various methods of describing the fields will be presented, including representation

of fields in radius-dependent Fourier modes, which include complex magnet edge con-
tours and superimposed fringe fields, as well as the capability to interject calculated or
measured field data from a magnet design code or actual components, respectively.

Keywords: FFAG; differential algebra; COSY INFINITY; dynamic aperture; symplectic
tracking.

PACS numbers: 29.20.D-, 29.20.dg, 29.27.Bd, 87.56.bd, 41.85.Lc, 41.75.Lx, 41.75.-i

1. Introduction

The broad class of FFAG-type accelerators is experiencing an international revival
in the quest for high beam power, duty cycle, reliability and, in the case of the
spiral-sector FFAG, the potential for compactness at reasonable cost.1,2,3,4,5 The
FFAGs proposed have the high average current and duty cycle characteristic of
the cyclotron combined with the smaller aperture, losses, and energy variability
of the synchrotron. Although new accelerator prototypes are often simulated with
conventional tracking codes, these codes do not provide much flexibility in the field

908
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Fig. 1. Bz (vertical) field at injection for nonscaling FFAG lattice showing sharp cutoff of field
at end of CF magnet, along with the radius of the injected orbit along the periodic cell and the
angle as measured with respect to a normal projection relative to a radial line.

description and are limited to low order in the dynamics. This limitation can be
inadequate to fully demonstrate performance including dynamic aperture where
strong nonlinearities due to edge fields and other high-order effects appear. This is
particularly true for the FFAGs. In the muon FFAGs, for example, the large beam
emittances require the inclusion of kinematical (or angle) effects in the Hamiltonian,
which implies that codes which fully describe the kinematics are necessary.6,7

The current number of supported design and optimization codes that can ad-
equately describe the complex field and magnet contours for both the scaling and
nonscaling FFAG variants is limited. Outside of COSY, present public codes in-
clude only the cyclotron code CYCLOPS,8 and the field-map code ZGOUBI.9,10

The former, which utilizes fields and their geometry expanded in polar coordinates,
has limited accuracy in this application primarily due to lack of out-of-plane ex-
pansion order, and in handling of edge-field effects; this is particularly true for the
case of rapid azimuthal field fall off at magnet edges (as in the FFAG field profile
of Fig. 1), an effect not present in cyclotrons. The results and derived performance
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Fig. 2. Radial and azimuthal tunes for a 14-cell, 30–400 MeV nonscaling proton FFAG showing
dependence on number of radial (Nr) and azimuthal (Nθ) mesh points used in field calculation.

can be strongly dependent on the integration step size across such an edge with
Fig. 2 showing results for different mesh sizes. Since Cyclops remains a cyclotron
code, it does not directly incorporate field data, either calculated or measured,
primarily derives only closed orbits and tunes for an FFAG, and has no standard
models to handle fringe fields. (Particle tracking and dynamics require another as-
sociated code.) The latter code, ZGOUBI, is presently being used successfully in
FFAG development, but requires dedicated effort and expertise to implement an
FFAG design, particularly when expressed in terms of the conventional magnetic
component definitions. At present, some modern analysis tools for symplectic track-
ing, global optimization, tuneshifts and chromaticities, and resonance analysis are
not as yet available.

In the following an analysis of a 14-cell, linear-field nonscaling 400-MeV FFAG
for protons is compared between MAD, ZGOUBI, and CYCLOPS. (In MAD, the
simulations were performed at discrete energies based on a derived closed orbit.) The
results from MAD reflect a simple hard-edge. Field modeling in Cyclops reflected
the hard edge representation, but experienced difficulty in calculating tunes with
strong sensitivity to the fineness of mesh size discretization near the edge (Fig. 2).
A considerable degree of effort11 was expended in ZGOUBI to effect both the edge
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Fig. 3. Dependence of cell tune on momentum in an example of a nonscaling, linear-field FFAG
which is tune-stabilized about 90◦. Solution obtained from the approximated equations.

contour and a hard edge in order to reproduce the MAD model and results. (The
parameters of the Enge function, the convention in ZGOUBI for the fringe-field
model, were adjusted by hand to emulate a hard-edge fall-off.) The final tune de-
pendence in the figure reflects repetitive tuning of the edge angle, again by hand, to
most closely reproduce the desired results of the simpler MAD simulation. Figs. 3–5
show the MAD and final ZGOUBI results for this specific lattice. Tune dependence
of the 14-cell ring modeled in Cyclops using the field and edge profile of Fig. 1 at
injection coupled to the design linear-field gradient and linear edge specified in the
design model is shown in Fig. 2. Note the sensitivity and large distribution in the
tune calculation, especially at low-field points.

Modern extensions of the transfer map-based philosophy12,13 as implemented in
the arbitrary order code COSY INFINITY14,15 address both limitations: high-order
and accurate dynamics. Yet, the standard field configurations which, in turn, are
based on the standard complement of accelerator components are not able to realize
a general description for the FFAG concept—such as combined function magnets
with complex edge and/or nonlinear field profiles.

Further, in promoting advanced accelerator design, the ability to perform ex-
tended parameter optimization has become increasingly important, if not critical.
Although effective optimization requires initial conditions that rely on educated,
experienced choices by the designer, subsequent manual adjustment and local op-
timization are rarely fully optimal and often fail for advanced accelerators such as
the FFAGs. Large-scale global optimization, which not only probes local neighbor-
hoods, additionally searches over extended domains of parameter space for suitable
solutions. Recent significant advances in global optimization,16,17,18,19,20 illustrated
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Fig. 4. Dependence of cell tune on momentum in an example of a nonscaling, linear-field FFAG
which is tune-stabilized about 90◦. Tune as modeled in MAD.
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Fig. 5. Tune dependence of the nonscaling, linear-field FFAG in the code ZGOUBI as initially
modeled in MAD (previous figure) for a single cell. Significant adjustment of edges and Enge-
function parameters was required to achieve approximate agreement with the intended design
described by the MAD simulations and analytical approximations.

by the various different directions of cutting edge research including genetic opti-
mization, divide and conquer approaches, and verified methods, have led to a state
of the art in optimization such that they significantly simplify and promote the de-
sign process. Further, they can prove critical in achieving a robust, state-of-the art
design both in dynamical performance and technical criteria for critical accelerator
technologies such as the FFAGs.
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In the following, methods are described that allow the description and analysis
of FFAGs and related types of accelerators. The approaches developed have the
capability to model the wide array of FFAG design parameters and complicated
fields in the presence of very large emittance beams. Description of arbitrary field
profiles will be presented, including a representation in radius-dependent Fourier
modes, which include terms describing the effects of magnet edges along with su-
perimposed fringe fields from the different modes. Alternatively, data from magnet
design codes and field measurements can be used in place of these representations.

2. Field Models

In the following various methods are discussed to describe the transverse focusing
properties of FFAGs and how these methods are applied over the full acceleration
range. The methods differ in level of sophistication and accuracy, as demanded
by the level of complexity of the design fields and physical configuration of the
individual components.

2.1. General Combined-Function Magnets in COSY

In a number of specific cases it is possible to describe an FFAG lattice in terms of
standard COSY beamline elements. For these machines an extended set of combined
function magnets have been implemented both with tilted and curved entrance
edges and a choice of conventional fringe field models. Alternatively, actual data,
either measured or from a magnet design code, can be entered for a calculation using
exact fringe fields. The description of these elements allow a rather sophisticated
level of design as long as the fields of individual elements do not strongly overlap
(implying interaction between components and unnatural fringe fields) and as long
as the field profiles are not unusual or extreme functions of radius or azimuthal
angle. For details we refer to [14].

The disadvantage of this approach is that it is based on a description relative to
a reference orbit and therefore relies on the deflection properties about this orbit.
Studying multiple reference energies, as must be done for an FFAG, makes for a
rapidly expanding problem dimensionally and one that quickly becomes difficult to
analyze. To counter this expansion, in the next sections, we provide field descrip-
tions in terms of a laboratory-based coordinate system that applies to all possible
reference orbits and reduces the descriptive magnitude of the problem.

2.2. Generalized FFAG Magnets

An enhancement of the above approach that provides greater flexibility and con-
trol, entails the superimposition of combined-function (CF) magnets. A “universal”
FFAG magnet can be effectively described in terms of superimposed CF magnets
with arbitrary, high-order (individual multipole) fields. Each overlay retains the re-
quired complex edge curves and associated high-order dynamics. This approach is
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new in that the effective centers of the constituent multipoles do not have to coin-
cide physically in the CF magnet. This approach produces a truly arbitrary field
profile which is difficult or impossible to reproduce in other codes.

Further, since FFAGs have completely periodic lattices, it is sufficient to define
a “half cell” for a repetitive simulation; that is, the structure is defined from one
reflective symmetry point to another. Geometric closure of an orbit requires that all
orbits, even off-reference ones, must be parallel at such points, or “reflection” does
not hold; i.e. all derivatives must be zero for stable orbits. Hence it is sufficient
to construct only a half cell map from which the full cell map is automatically
generated. In the full cell, the model extends from one symmetry point at the
center of a CF magnet, past the next to the same symmetry point in the identical
CF magnet in the sequence. For the half cell, the model extends only to the next
symmetry point—from the center of the horizontally focusing CF magnet to the
center of the horizontally-defocusing CF magnet, for example. The remaining half
of the full cell is generated by reflection to find closed orbit and optical properties
at any energy and for tracking of particle distributions.

In this manner, the full FFAG can be constructed from 2n sector-shaped half
cells, each of which has a sector angle of π/n. The 2n half cells are arranged in
n identical pairs consisting of one half cell and its mirror image to form the full
periodic unit, or full cell. As a consequence of this symmetry, all closed orbits
therefore cross the half cell boundaries perpendicularly and parallel to one another.
The lines normal to the orbits at these symmetry points actually form a radial line
to the geometric center of the FFAG.

Within each full cell, there are either two or three magnets, depending on the
FFAG base unit cell, a FODO, doublet, or triplet structure, and each magnet has
a radial field profile By,i given by

By,i = B0,i · PB,i(r)

where B0,i is a reference field value and PB,i is a dimensionless polynomial in the
polar radius r.

The magnets are bounded by curves describing their effective field boundaries.
Specifically, the first magnet is bounded by the exit curve P12; note that the re-
peated mirror symmetric arrangement entails that its entrance curve is also spec-
ified by P12. The second magnet is bounded by the entrance curve P21. In the
two-bend case, P21 also defines the exit curve due to the imposed mirror symmetry.
In the three-bend case, the exit curve of the second bend is specified by P22, and the
entrance curve of the third bend is specified by P31. The details of the arrangements
are shown in Fig. 6.

All curves in the (x, z) midplane are represented in terms of a parameter t in
the form

(x, z)ij(t) = �Pij(t) where t ∈ [0, 1]
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Fig. 6. The curves describing the effective field boundaries of the FFAG magnets in a cell of
angle π/n in the two-bend (left) and three-bend (right) case.

where the origin of the coordinate system is at the center of the accelerator. In the
vicinity of an edge curve, the fringe field belonging to the magnet bounded by that
curve is given by an Enge Function

By(x, z) = B̄ · 1
1 + exp(Pi(d/Di(r)))

where B̄ is the main field acting at the point closest to (x, z) on the effective field
boundary and Pi is a polynomial. Note that B̄ is the sum of the contributions from
the individual multipoles. The quantity d is the distance of the point (x, z) to the
effective field boundary, and Di is the aperture of magnet i, which is allowed to
vary with radius in polynomial form.

Enge functions provide significant flexibility for the description of most types of
realistic field fall-offs by appropriately choosing the coefficients of the polynomial in
the exponential function. Thus, fringe field profiles based on other explicit functions
are usually not necessary, at least in early stages of design.

Fringe fields of neighboring curves are allowed to overlap. Overall, the fringe field
description is very similar to the approach that has been followed very successfully
in the study of high-resolution particle spectrographs.

The advantage of this particular field model is that it allows a relatively sim-
ple adjustment of the main parameters commonly studied in the design of FFAG
magnets while providing a fully Maxwellian and realistic field description. Specifi-
cally, the radial field variation appearing in PB,i(r) affects both the horizontal and
vertical focusing for quadrupole and higher fields and only horizontal focusing for
dipole, and the edge curves �Pij(t) affect both horizontal and vertical focusing. The
Enge fall off is well known to represent realistic field profiles which can be adjusted
to accurately describe most magnets and can even approximate a rapid, hard edge
fall-off which is useful for comparison with codes without fringing fields.
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2.3. Radius-Dependent Fourier Decomposition

From the early days of the study of FFAGs (see for example [21, 22]), midplane
fields are often described in terms of azimuthal Fourier modes. This description
allows the capture of most of the effects relevant to the focusing while abstracting
from the specific shapes of the magnets that provide the desired fields. We provide
this option by allowing a field description of the form

By(r, φ) = a0(r) +
n∑

j=1

aj(r) cos (j(φ− φ0(r))) +
n∑

j=1

bj(r) sin (j(φ− φ0(r))) .

The Fourier coefficients aj(r) and bj(r) as well as the phase angle φ0(r) are described
in terms of polynomials in r. Higher values of n obviously allow for more faithful
modeling, while all of the common focusing effects can be observed already for lower
values of n.

In some instances it is desirable to capture more radial detail than can be
revealed by the polynomials aj(r) and bj(r). Specifically, let us assume we are given
a table of aij on a grid of equidistant radii ri = i · ∆r, let Pj be the polynomial of
best fit to all data points, and let āij = aij/Pj(i∆r). We then perform a Gaussian
wavelet interpolation23 of the form

aj(r) = Pj(r) ·
∑

i

āijGσ(r − i∆r)

where Gσ(x) = exp
(−x2/σ2

)
/σ

√
π with σ ≈ 1.5∆r.

2.4. Gaussian Wavelet Representation of Polar Midplane Data

Beyond the tools useful to quickly provide field models for the initial design phase,
in addition it is possible to describe the fields in terms of three-dimensional field
models of various levels of sophistication as soon as such field data are known. As a
first step, let us assume we are given a field representation in terms of midplane data
B

(i,j)
y in polar coordinates r and φ on a regular polar grid with spacing ∆r and ∆φ.

The midplane field is then described in terms of these as a wavelet representation
of the form

By(r, φ) =
∑
i,j

Gσr(r − ri) ·Gσφ(φ− φj) · B(i,j)
y

where the Gaussian wavelet Gσ has the form Gσ(x) = exp
(−x2/σ2

)
/σ

√
π , and σ

is chosen as approximately 1.5∆r and 1.5∆φ, respectively. From the midplane rep-
resentation, the field is then reconstructed by conventional out-of-plane expansion.

Note that this representation has some inherent limitations since the out-of-
plane is sensitive to errors in the field data in the midplane. It should hence be
used with caution only after the effect of such errors on the quality of the resulting
expansion in the domain of interest is established. One way to remedy this situation
is to utilize the midplane data to first obtain a Fourier representation as described
in section 2.3. Another method is described in the next section.
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2.5. Field Representations from Three-Dimensional Data

From a mathematical point of view, the knowledge of magnetic fields in the mid-
plane is sufficient to determine the fields at any point in space based on a power
series expansion. Specifically, Maxwell’s equations impose well-known conditions
on the Taylor coefficients that under the assumption of midplane symmetry allow
the determination of out-of-plane coefficients from those in-plane. Using DA-based
methods as described in for example [12], the process can even be fully automated
to any order. However, any attempt of representing three-dimensional field data in
terms of fields given only in the midplane is sensitive to measurement errors, since
these can greatly affect any attempt of recovering high-order midplane derivatives.

It is thus desirable to utilize field descriptions that do not rely on the midplane
data. Indeed, a much more favorable approach is the utilization of surface field data.
As discussed in [24, 25, 26, 27], this approach has a tendency to smooth out any
measurement errors and leads to more faithful three-dimensional representations.

Other field arrangements are potentially desirable in certain cases. For exam-
ple, one may want to describe fields of air coil-dominated magnets directly based
on a data file describing the geometry of pieces of the respective coils and their
currents.27,28,29 Furthermore, if it is deemed desirable, one can perform injection-
to-extraction simulations by providing acceleration elements of varying degrees of
sophistication, beginning from pillbox-type elements to more sophisticated analysis
based on field harmonics.

3. Analysis Tools

Based on the field descriptions provided in the last section, there are various tools
of the COSY environment that can be utilized for subsequent analysis.

• Closed Orbits. First, a set of closed orbits is being determined for a suitable
collection of reference particle energies by optimization.

• Arbitrary Order Maps. For each of the closed orbits, a high-order energy-
dependent transfer map around it is calculated. This includes all dynamics of
the system to arbitrary order, including out-of-plane expansions of fields and any
nonlinear terms in the Hamiltonian.12,30

• Linear Properties of Maps. For this local map, common linear beam functions
including invariant ellipses and tunes near the closed orbit are determined.

• Tracking. The high-order transfer maps can be used to perform tracking to
estimate the dynamic aperture, presence of resonances, etc. There are various
methods to perform tracking in COSY that preserve the symplectic symmetry
inherent in Hamiltonian systems, including methods that do so with minimal
modifications based on the EXPO approach.31,32,33

• Acceleration. It is possible to describe the fields in terms of cavities of various
sophistication, ranging from kicks over pillbox-type cavities to Fourier modes in
space and time. Independent of the type of acceleration device used, in order
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to study acceleration effects through such systems, the entire dynamic range in
energy is sampled in steps of energy. For each such step, the map will be repre-
sented through a high-order map including energy dependence, and acceleration
tracking is possible by suitably switching between maps.

• Amplitude Dependent Tunes and Resonances. In addition to the mere
empirical study, there are various tools for analysis of nonlinear effects, includ-
ing the normal form-based computation of high-order amplitude dependent tune
shifts and resonances.12

• Global Parameter Optimization. COSY allows the automatic adjustment
and optimization of arbitrary system parameters; and different from other tools,
the search uses methods of global optimization with constraints over a pre-
specified search region, and not merely local optimization from a starting pa-
rameter setting.

4. Performance Examples

To provide an illustrative example of the behavior to be expected, we study a sam-
ple FFAG having sixfold symmetry, with focusing stemming from an azimuthal field
variation expressed as a single Fourier mode as well as edge focusing. The system is
studied to various orders of out-of-plane expansion, and conclusions about dynamic
aperture are drawn. We show the results for orders three and five, which are typ-
ical for the situation of conventional out-of-plane expansion in codes like Cyclops.
Because the DA method used in COSY12 is not based on divided differences, the
necessary in-plane derivatives can actually be calculated to any order desired with
an accuracy that is always close to machine precision.12

The results of tracking without symplectification and with EXPO symplecti-
fication are shown in Figs. 7–12. Apparently symplectification greatly affects the
dynamic aperture to be inferred in the system. Tracking is performed using the
EXPO symplectification scheme which is known to minimize the alterations to the
non-symplectic tracking results compared to other symplectification methods.

Figs. 7–12 show phase portraits in the (x− a) plane (left) and the (y− b) plane
(right), where a = px/p0, b = py/p0 are normalized horizontal and vertical momenta
correspondingly.

However, Figs. 11 and 12, which are both based on order eleven out-of-plane
expansion, show significant additional effects and different dynamic aperture com-
pared to the lower order cases as seen in Figs. 7 to 10, suggesting that the low order
methods for out-of-plane expansion and dynamics are not sufficient to capture the
details of the dynamics. It would in fact lead to an incorrect prediction of dynamic
aperture, underestimating it in the horizontal direction and overestimating it in the
vertical. Further increases in order beyond eleven do not significantly affect the de-
tails of the symplectic motion shown, but continue to influence the non-symplectic
motion. A rough estimate reveals that in this particular case, the dynamics as seen
in non-symplectic tracking seems to begin to stabilize around order 11, which is
still rather easily obtained within the power of a modern workstation.
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Fig. 7. Horizontal and vertical tracking in a model FFAG with third-order out of plane expansion,
without symplectification. Left: (x − a) plane, right: (y − b) plane, where a = px/p0, b = py/p0

are normalized horizontal and vertical momenta correspondingly.
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Fig. 8. Horizontal and vertical tracking in a model FFAG with third-order out of plane expansion,
with EXPO symplectification. Left: (x−a) plane, right: (y−b) plane, where a = px/p0, b = py/p0

are normalized horizontal and vertical momenta correspondingly.
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Fig. 9. Horizontal and vertical tracking in a model FFAG with fifth-order out of plane expansion,
without EXPO symplectification. Left: (x − a) plane, right: (y − b) plane, where a = px/p0,
b = py/p0 are normalized horizontal and vertical momenta correspondingly.
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Fig. 10. Horizontal and vertical tracking in a model FFAG with fifth-order out of plane expansion,
with EXPO symplectification. Left: (x−a) plane, right: (y−b) plane, where a = px/p0, b = py/p0

are normalized horizontal and vertical momenta correspondingly.
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Fig. 11. Horizontal and vertical tracking in a model FFAG with eleventh-order out of plane
expansion, without EXPO symplectification. Shows significant additional effects and different
dynamic aperture compared to the lower order cases as seen in Figs. 2 to 5, suggesting that
the low order methods for out-of-plane expansion and dynamics are not sufficient to capture the
details of the dynamics. Left: (x − a) plane, right: (y − b) plane, where a = px/p0, b = py/p0 are
normalized horizontal and vertical momenta correspondingly.
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Fig. 12. Horizontal and vertical tracking in a model FFAG with eleventh-order out of plane ex-
pansion, with EXPO symplectification. Shows significant additional effects and different dynamic
aperture compared to the lower order cases as seen in Figs. 2 to 5, suggesting that the low order
methods for out-of-plane expansion and dynamics are not sufficient to capture the details of the
dynamics. Left: (x − a) plane, right: (y − b) plane, where a = px/p0, b = py/p0 are normalized
horizontal and vertical momenta correspondingly.
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For charged particle beams that are wider in the dispersive plane compared to the
transverse plane it is cost efficient to utilize magnets that accept beams with elliptic
cross section. In this paper we presents the conceptual design of a quadrupole magnet
with elliptic cross section and with tunable higher order multipoles. The design consists
of 18 superconducting race-track coils placed on two hollow concentric rhombic prism
support structures.

To compute the magnetic field for the proposed design a new method of calculating
2D and 3D fields for the air core magnets based on differential algebra (DA) techniques
is developed. We will present the new method and discuss its implementation of new
numerical tools based on this method in the code COSY Infinity.

Keywords: Differential algebra; magnet design; beam physics.

PACS numbers: 29.30.Aj, 29.30.Ep, 41.85-p

1. Introduction

Next-generation radioactive beam facilities like the proposed AEBL1,2 facility in
US and the newly constructed BIGRips3 facility in Japan, require the use of large
aperture superconducting multipole magnets. Since the charged particle beams used
in such facilities are wider in the dispersive plane than the transverse plane it
is cost efficient to utilize magnets with elliptic cross sections. Such elliptic cross
section design usually leads to generation of high order multipoles. In this paper
we present a new design for a quadrupole magnet with an elliptic cross-section
and with tunable higher order multipoles. The analysis of this design requires the
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development of new numerical tools to compute the multipole expansion of the
magnetic field starting from the Biot-Savart law and Ampere’s law. The Differential
Algebra (DA) techniques have been utilized to extract such multipole expansions
for the air-core magnets.

In sections 2 and 3 we will present the background and discuss the theory and
implementation of the new computational tools using the differential algebra (DA)
techniques. In section 4 we present the details of the design of the new quadrupole
magnet with tunable high order multipoles. We will discuss both the 2D and 3D
design and also discuss the practicle range of multipole field strengths that can be
achieved with this design.

2. Differential Algebra Techniques and Field Computations

In beam physics the DA techniques have traditionally been used for the computation
of the high-order Taylor expansion of the transfer maps and design and analysis
of accelerator lattices.4,5,6,7 In recent years the DA techniques have been applied
to solve DAEs, ODEs and PDEs.8,9,10,11,12 For these applications the DA is used
to develop techniques and algorithms to use a truncated Taylor expansion of a
function on a computer. The numerical techniques based on DA have the unique
advantage of getting high accuracy at a very small cost of the execution time and
the computational resources compared to traditional techniques.

In the context of magnet design the DA techniques have so far been utilized
to obtain magnetic fields from the analytic model of the magnet, consisting of line
wire currents, obtained from codes like ROXIE.13 The details of the method and it
implementation are described in [14, 15]. The present work starts directly from the
geometric model of the magnet and computes the multipole expansion of the fields.
The method described in this paper is useful for both designing the magnets as well
as multipole extraction of the fields, which can then be combined with the existing
DA based transfer map computation tools. Hence, all the aspects from design of
the magnet, extraction of transfer maps and finally its use in beam optic design
and optimization can be performed in the same code.

3. Magnetic Field Due to Arbitrary Current Distribution

The Biot-Savart law and Ampere’s law can be utilized to compute the magnetic
field for an arbitrary current distribution. Usually, numerical integration is required
to find the total magnetic field at any point. Below we describe a new scheme to
perform such numerical integration using DA techniques.

For an arbitrary current distribution the proposed method discretizes the cur-
rent domain and expresses the integral over the current domain as the sum of
integrals over smaller intervals. For the line, surface or volume distribution we ex-
press the intervals in terms of one, two or three parameters and scale them such
that the new interval is a box [−1, 1]n, where n ∈ 1, 2, 3. We then Taylor expand
the kernel appearing in the Biot-Savart law and the Ampere law in terms of the
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observation point, �r, and previously defined parameters. Finally, we integrate in
parameters over the interval [−1, 1]n and then sum over all the intervals to get the
multipole expansion of the magnetic field about the observation point �r.

We now discuss the above scheme for computing the magnetic field by using
the example of the current in a straight wire with a finite rectangular cross section.
This particular case is of practical importance and we will use this to develop tools
to design new accelerator magnets. These tools will later be used to analyse the
proposed design of the quadrupole magnet in the section 4.

3.1. Magnetic field computation for a wire with a rectangular

cross section using DA

For the case of a rectangular box of length l, width w and breath b, let the cross
section be described by the unit vectors n̂w along the width, and n̂b along the
breath. The unit vector n̂l = n̂w × n̂b then defines the cross section plane and is
along the direction of the length of the rectangular box. The central axis can be
described by �Vc = �Vc0 + λ3n̂l, where the vector �Vc0 is the center of a face on the
rectangular box that is perpendicular to the unit vector n̂l, and λ3 ∈ [0, l]. Any
point inside the box is given by

�V box
p (λ1, λ2, λ3) = �Vc0 +

1
2

(λ1bn̂w + λ2wn̂b) + λ3n̂l, (1)

where the parameters λ1, λ2 ∈ [−1, 1]. The parameters (λ1, λ2, λ3) then completely
describe a rectangular box. The equation (1) will be used in the next two sections
to express the Biot-Savart law and Ampere’s law in the DA framework.

3.1.1. Magnetic field of a wire with a rectangular cross section using the
Biot-Savart law and DA

We can choose the direction of the current flow in the wire to coincide with the
unit vector n̂l and the magnitude to be I0. Using the Biot-Savart law, we can write
the magnetic field at an observation point �r as

�B (�r) =
µ0

4π
I0
bw

∫ 1

−1

∫ 1

−1


∫ l

0

(
n̂l ×

(
�r − �V box

p

))
∣∣∣�r − �V box

p

∣∣∣2 dλ3


 dλ2dλ1, (2)

where µ0 is the permeability of vacuum. In SI units, the value is exactly expressed
by µ0 = 4π×10−7NA−2. To perform integration with respect to λ3 in the equation
(2), we first split the domain of integration into smaller intervals. Let the length l

be divided into N parts of the size h = l�N . Then the parameter λ3 can be written
as

λ3 (i) =
(
i+

1
2
v

)
h,
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Fig. 1. The schematic digram of a finite length current wire with rectangular cross section and
(a) straight ending (b) inclined ending.

where i = 0.5, . . . , (N − 0.5), and v ∈ [−1, 1]. The position of a point inside the box
in terms of the new parameters (λ1, λ2, v) is given by

�V box
p (i, λ1, λ2, v) = �Vc0 + ihn̂l +

1
2

(λ1bn̂1 + λ2wn̂2 + vhn̂l) . (3)

The equation (2) can now be written as

�B (�r) =
µ0

4π
I0
bw

i=N−0.5∑
i=0.5

∫ 1

−1

∫ 1

−1

∫ 1

−1

(
n̂l ×

(
�r − �V box

p (i)
))

∣∣∣�r − �V box
p (i)

∣∣∣2
l

N
dvdλ2dλ1. (4)

The parameters (λ1, λ2, v) and the position �r (x, y, x) become the DA variables with
respect to which the kernel of the integral in the equation (4) is expanded to a high
order. In the DA framework it is straightforward to perform the volume integral
over the resulting polynomial representation.

In the DA frame work it is also straightforward to treat the wires with rectan-
gular cross sections that have curved endings rather than the straight endings that
are perpendicular to the direction of the current flow. Let the two surfaces at the
start and the end of the wire carrying the current be expressed as λ3 = g (λ1, λ2)
and λ3 = f (λ1, λ2). We can use the equation (4) to find the magnetic field due to
this new configuration by noting

h (λ1, λ2) =
f (λ1, λ2) − g (λ1, λ2)

N
,

where the step h is now a function of the parameters (λ1, λ2). The equation (3) can
be modified to express a point inside the rectangular box with curved endings as

�V box
p (i, λ1, λ2, v) = �Vc0 + (g (λ1, λ2) + i · h (λ1, λ2)) · n̂l (5)

+0.5 · (λ1b · n̂1 + λ2w · n̂2 + v · h (λ1, λ2) · n̂l) . (6)
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When the surfaces are just inclined planes, the functions f and g are just linear
combinations of the parameters λ1 and λ2. The Figure 1 shows the schematic dia-
gram of a wire with straight ending and inclined ending. The inclined ending case
is useful in the implementation of the numerical tool to compute the magnetic field
due to a current carrying coil with a rectangular cross section.

3.1.2. Magnetic field of an infinitely long wire with a rectangular cross
section using Ampere’s law and DA

Once again, we can choose the direction of the current in the infinitely long wire
with a rectangular cross section to coincide with the unit vector n̂l along the length
of the wire. Let the vector �Vp defined by

�Vp = �Vc +
1
2

(λ1bn̂b + λ2wn̂w) , (7)

describes a point inside a rectangle cross section with breath b and width w and
centered at a point �Vc. The closest distance r⊥ between the observation point �r and
the line passing through the point �Vp and in the direction n̂l is given by

r⊥ =
∣∣∣(�r − �Vp

)
−
(
n̂l ·

(
�r − �Vp

))
n̂l

∣∣∣ ,
where �Vp is given by the equation (7). Ampere’s law can then be written as

�B (�r) =
∫ 1

−1

∫ 1

−1

µ0

2π
I0
b · w

(
n̂l × (�r−�Vp)

|(�r−�Vp)|
)

r⊥
dλ1 · dλ2. (8)

The equation (8) can be used to compute the magnetic field of an infinitely
long wire with a rectangular cross section. The parameters (λ1, λ2) become the
DA variables with respect to which the kernel of the integral in the equation (8)
is expanded to high order, and DA integration is performed over the resulting
polynomial representation.

3.1.3. COSY INFINITY tools for magnetic field computations

Due to their frequent use in the magnet design, a dedicated set of tools has
been written for the rectangular cross section wire and coil in the code COSY
INFINITY.16,17 These tools use the differential algebraic framework available in
COSY to Taylor expand, integrate and evaluate the kernels appearing in the
equations(8) and (4).

For 2D design, a tool to compute the field for an infinitely long wire with a
rectangular cross section has been implemented. For 3D design, a tool to compute
the magnetic field of a finite length wire of a rectangular cross section has been
implemented. A finite length wire can have the current entrance and exit planes
inclined to the central axis or the direction of the current flow. By combining four
such current wires, as shown in Figure 2, a separate tool to compute the magnetic
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field of a current coil of a rectangular cross section has also been implemented. The
wires have current entrance and exit planes tilted by 45◦ in opposite directions.

Using orders around 10, accuracy of about 14 digits can be achieved using these
tools. In addition to providing highly accurate results in the form of the local
Taylor expansion of the magnetic field, the DA based implementation has a unique
advantage of easily obtaining the curl and divergence of the magnetic field at any
given point. This offers one way to quickly verify if the magnetic field satisfies
Maxwell’s equations.

4. The Conceptual Design of an Asymmetric-Aperture
Quadrupole Magnet with Adjustable Multipole Components

For charged particle beams that are wider in the dispersive plane than the trans-
verse plane it is cost efficient to utilize magnets that accept beams with elliptic
cross sections . In this section we present the conceptual design of a quadrupole
magnet with an elliptic cross section and with tunable high order multipoles. The
design consists of 18 superconducting racetrack coils placed on two hollow concen-
tric rhombic prism support structures. It would require 28 racetrack coils to create
the same number adjustable multipoles with circular aperture magnets (quadrupole
through decapole).

A combination of superconducting racetrack coils is used to produce the de-
sired magnetic field inside an elliptic cross section. By the proper choice of di-
mensions, current density, and placement of these coils, various combinations of
the quadrupole field and the higher order multipole fields can be achieved. In this
example, the support structure that holds these coils in place consists of two con-
centric hollow rhombic prisms, with the ratio of the diagonals of the rhombus is 2.
The cross section view showing the arrangement of the current coils on the support
structure is shown in Figure 3. The signs “+” and “−” indicate the direction of the
current to produce a positive multipole term. The superconducting racetrack coils
on the inner rhombic prism produce quadrupole and octupole fields. The racetrack

Fig. 2. The schematic digram of a current coil.
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Table 1. The center position of the current carrying coils in the first quadrant.

Coil Description Position of Coils Current

x y

Inner Coils

Quadrupole 0.4473 0.8222E-01 -QI1

Octupole 0.3473 0.1322 -QI2

Octupole 0.1973 0.2072 +QI2

Quadrupole 0.9736E-01 0.2572 +QI1

Outer Coils

Hexapole 0.5591 0.1604 +HI1

Decapole 0.4591 0.2104 +HI2

Decapole 0.3091 0.2854 -HI2

Hexapole 0.2091 0.3354 -HI1

Dipole Corrector 0.8385E-01 0.4172 -HI3

coils on the outer rhombic prism produce hexapole and decapole fields, and also
allow for a limited dipole field for correction purposes. The numerical example dis-
cussed here the coil cross section are arbitrarily chosen to be square with a peak
current density of 100 A/mm2. This analysis applies applies strictly to air core
magnets. In practice an external iron shield would most likely be used and field
analysis would be done numerically with a 3D numerical code such as ROXIE.

Due to symmetry in the design about the central axis, it is sufficient to describe
only one quarter of the magnet. Figure 4 shows one quarter of the cross section.
The positions and the direction of the coils in this quarter are specified in Table 1.
All the coils have square cross section with thickness of 0.1 m.

In Table 1 the quantitiesQI1, QI2, HI1, HI2, HI3 are the magnitude of the cur-
rents. For any given configuration of the inner current coils, the currents (QI1, QI2)
can be used as parameters to obtain different quadrupole and octupole strength.
Similarly, for any given configuration of the outer coils, the currents (HI1, HI2)
can be used as parameters to get the desired hexapole and decapole field strength.

From the construction point of view it is cost efficient if the same type of coils can
be used. We use current coils of the same shape and size to generate the quadrupole
and hexapole fields. Also, we use the same type of current coils for octupole and
decapole fields. For an optimized final design these arbitrary constraints can be
relaxed.

4.1. 2D design of the quadrupole magnet

For a 2D design the magnet is considered to be infinitely long, thus avoiding any
fringe field effects. This leads to purely transverse magnetic fields (2D fields). In
this case a coil can be viewed as two current wires of infinite length and finite cross
section which are separated by certain distance. The currents in these wires are
equal in magnitude but are opposite in direction. We can use Ampere’s law, given by
equation (8), to compute the magnetic field of individual wires. The total magnetic
field is then the superposition of the fields produced by these wires. Below we show
the results for two special cases that produce pure quadrupole and hexapole fields.
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Fig. 4. The layout of the racetrack coils in the first quadrant.



February 23, 2009 11:29 WSPC/Guidelines-IJMPA 04439

Conceptual Design of a Superconducting Quadrupole 931

Table 2. The amplitude of currents required for pure quadrupole and hexapole configurations.

Coil Description Pure quadrupole Pure hexapole
configuration (million Amps) configuration (million Amps)

Inner Coils

QI1 3.965 0

QI2 0.080 0

Outer Coils

HI1 0 0.499

HI2 0 0.938

HI3 0 0.448

Current configuration required to generate a pure quadrupole component and
hexapole component are given in Table 2. The fifth order Taylor expansion of the
magnetic field about the point (0.0, 0.0, 0.0), for each of these configurations is given
in Table 3 and Table 4. The entries in the first and second column provide the Taylor
expansion of x and y components of the magnetic field. Each row provides coefficient
in the expansion whose exponent is described in column three. In the notation for
the exponent the give expansion order with respect to x and y.

Table 3. The fifth order Taylor expansion of the magnetic field about the point (0.0,0.0,0.0) for
the current configuration producing a pure quadrupole field.

Bx By xy
0.4440892098501E-15 0.000000000000 00

0.000000000000 46.09565826333 10

46.09565826333 0.000000000000 01

-0.7105427357601E-14 0.000000000000 20

0.1421085471520E-13 -0.1421085471520E-13 11

0.000000000000 0.1136868377216E-12 21

0.000000000000 -0.2842170943040E-13 12

0.7815970093361E-12 0.000000000000 03

-0.1421085471520E-13 0.000000000000 40

0.000000000000 0.5684341886081E-13 31

-0.2273736754432E-12 -0.1705302565824E-12 13

-0.4263256414561E-13 0.5684341886081E-13 04

0.000000000000 -3956.535097021 50

-19782.67548511 0.000000000000 41
0.000000000000 39565.35097021 32

39565.35097021 0.000000000000 23

0.000000000000 -19782.67548511 14

-3956.535097021 0.000000000000 05

------------------------------------------------



February 23, 2009 11:29 WSPC/Guidelines-IJMPA 04439

932 S. Manikonda et al.

Table 4. The fifth order Taylor expansion of the magnetic field about the point (0.0,0.0,0.0) for
the current configuration producing a pure hexapole field.

Bx By xy

0.000000000000 -0.8604228440845E-15 00

-0.4718447854657E-15 0.000000000000 10

0.000000000000 -0.3885780586188E-15 01

0.000000000000 -18.24792017395 20

-36.49584034790 0.000000000000 11

0.000000000000 18.24792017395 02

-0.1776356839400E-14 0.000000000000 21

-0.1776356839400E-14 0.2664535259100E-14 12

0.2220446049250E-14 -0.4440892098501E-15 03
-0.1776356839400E-14 -0.3463895836830E-13 40

-0.2593480985524E-12 0.000000000000 31

0.000000000000 0.4547473508865E-12 22

0.1705302565824E-12 0.1953992523340E-13 13

0.4440892098501E-14 -0.4174438572591E-13 04

0.1776356839400E-14 0.8881784197001E-15 50

0.1421085471520E-13 0.1421085471520E-13 41

0.2842170943040E-13 0.3552713678801E-13 32

0.2131628207280E-13 0.000000000000 23

-0.5684341886081E-13 -0.7105427357601E-14 14

-0.4440892098501E-14 -0.3552713678801E-14 05

------------------------------------------------

4.1.1. Operational plots

We now discuss the practical range of multipole field strength that can be
achieved with this numerical example. We have mentioned that the currents
(QI1, QI2, HI1, HI2) can be used as parameters to get the desired quadrupole
and higher order multipole strengths. However, there is a maximum limit on the
current density that the superconducting coils can support. This puts a limit on
the maximum quadrupole and other multipole field strength that can be achieved.
Because of the fact that each multipole is achieved by superimposing the fields of
several coils, this leads to operating diagrams showing achievable multipole settings.

To study this situation in detail, we now look at how the multipole strength
depends on the currents. The matrix given in the equation (9) relates the multipole
field strength at the horizontal half aperture to the currents in the coils for the
specific case of a horizontal half aperture of 0.5 m and a vertical half aperture of
0.25 m. In the notation By

(1111), the superscript denotes the “y” component of the
magnetic field and the subscript (1111) gives the exponent in transport notation.
Thus, By

(1111) is the coefficient of x4 in the Taylor expansion of the “y” component
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of the magnetic field, or the decapole term in the expansion. The equations (10)
provide relationships between the coefficients of other multipole terms in the Taylor
expansion of the field to the principle multipole coefficients By

(11), B
y
(111) andBy

(1111).


By
0

By
(1)

By
(11)

By
(111)

By
(1111)

By
(11111)




=




0 0 −0.25137 −0.04316 +0.37029
+5.76974 +2.40063 0 0 0

0 0 −3.89914 −2.08907 −1.45431
−0.40613 +15.44685 0 0 0

0 0 +1.66569 −2.32478 +2.99743
−31.32418 −12.0759 0 0 0



·



QI1
QI2
HI1
HI2
HI3




(9)

By
(22) = −By

(11) (10)

By
(122) = −3By

(111)

−
By

(1122)

6
= By

(2222) = By
(1111)

Bx
(2) = By

(1)

Bx
(12) = 2By

(11)

Bx
(112)

3
= −Bx

(222) = By
(111)

Bx
(1112) = −Bx

(1222) = 4By
(1111)

It can be seen from the coefficient of the two quadrupole coils (QI1 and QI2),
given in the equation 9, that the inner pair (QI2) produces mainly an octupole
term, whereas the outer pair (QI1) produces dominantly a quadrupole term. Then
coefficients can be tuned in an optimized design by variation of the zero order coil
geometry parameters.

4.1.2. Operational plot for the quadrupole and the octupole fields

From the equation (9) it can be seen that the quadrupole field strength and the
octupole field strength are coupled via the currents (QI1, QI2). We vary both
of these current densities in the range

[−108, 108
]
A/m2 and plot the resulting

octupole field strength and the quadrupole field strength; the results are shown
in Figure 5. This plot gives the possible values of the quadrupole and octupole
strength that can be achieved with the configuration of the coils described in the
section 4.

4.1.3. Operational plot for the hexapole and decapole fields

From the equation (9) it can also be seen that the dipole, hexapole and decapole
field strength are coupled via the currents (HI1, HI2, HI3). However, under normal
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Fig. 5. The operational plot for the quadrupole and the octupole. The coefficients are computed
at the horizontal half aperture.
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Fig. 6. The operational plot for the hexapole and the decapole. The coefficients are computed
at the horizontal half aperture.
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operation, we have a strict requirement of zero dipole field for this magnet. The
dipole field is set zero by the proper choice of the current HI3. Once again we vary
the current densities of all currents in the range

[−108, 108
]
A/m2 and plot the

decapole field strength versus the hexapole field strength; the results are shown in
Figure 6. This plot gives the possible values of the hexapole and decapole strength
that can be achieved with the configuration of the coils described in the section 4.

4.1.4. Optimization of the operational region

As mentioned above the details of terms in the matrix given in the equation (9) are
influenced by the geometrical design parameters of the system. In order to optimize
the operational region of the currents and the fields, we need to find the optimal
geometric configuration of the coils described in the section 4, where the optimal
design is defined as the one that would decouple the influence of the octupole
coil current on the quadrupole component of the field and vice versa. And, at the
same time maximize the coupling strength of the current in quadrupole coils on
the quadrupole component of the field, and maximize the coupling strength of the
current in octupole coils on the octupole component of the field. The same type
of optimization is also required for the hexapole and decapole components of the
field. Alternatively, for a specific optical system the zero order parameters can be
chosen to emphasize operation in a necessary region of the 2D operating diagram.
For example, this example is more effective in the upper right quadrant of Figure
5 than in the upper left quadrant.

Fig. 7. The three dimensional layout of quadrupole coils.
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Fig. 10. The plot of Y component of magnetic field on the midplane, y = 0 m. Only the magnetic
field in the first quadrant is shown.

4.2. 3D design of the quadrupole and the fringe field analysis

We consider a magnet of length 1m, extending from −0.5m ≤ z ≤ 0.5m, and cross-
section described by the design presented in the section 4.1. The 3D layout of the
quadrupole with four current coils is shown in Figure 7. We compute the magnetic
field generated by this coil configuration on four different planes, perpendicular to
the central axis, located at the center z = 0 m, quarter length z = 0.25 m, the
entrance of the magnet z = 0.5 m and out side the magnet z = 1.0 m. The DA
based tool to compute field for rectangular cross-section coils, described in section
3.1.3, is used to compute multipole expansion of the field. Figures 9 shows the x, y, z
components of the magnetic field on these planes. Note that since the length of the
magnet is large compared to the aperture of the magnet, the magnetic field in x, y
at the center of the magnet is nearly identical to the magnetic field obtained by
the 2D design in the section 4.1. In the z direction the magnitude of the magnetic
field is of the order ∼ 10−16, which is zero for all practical purposes. As we start
going away from the center, we observe deviation from the ideal behavior (z = 0).
We see that at z = 0.25 m there is no significant deviation from ideal behavior in
the x and y components of the magnetic field. In the z direction we notice that the
magnetic field is nonzero. However, the magnitude is still small compared to the
components Bx and By. At the entrance of the magnet we see that the magnetic
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Fig. 11. Upper plot shows the y component and the lower plot shows the z component of magnetic
field along the length of the magnet.
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field in x, y falls by a factor of five. But the z component is almost three times as
large as the field in x or y. On a plane 0.5 m away from the entrance of the magnet
the overall field falls off significantly and its magnitude is ∼ 10−1 tesla.

The figure 10 shows the y-component of the magnetic field on the first quadrant
of the magnet on the y = 0 m plane. The region stretches from the center of the
magnet to 0.5m (half length of the magnet) outside the magnet in both x and z

directions. Here the fringe field fall off in the region can be clearly seen. Finally, in
figure 11 we show the plot of y and z component of the magnetic field along the
length of the magnet.

5. Summary

A new concept for a superconducting quadrupole with elliptic acceptance and tun-
able high order multipoles is presented. The DA techniques have been utilized to
design and optimize the magnet in a simple and efficient way. The DA based tech-
niques have the advantage of providing the complete multipole decomposition of
the field. From the detailed 3D analysis it is possible to construct the high order
transfer map for the magnet. And thus provide means to perform the integrated
simulations of both the design and optimization of accelerator magnets and also
the beam optics using such magnets in the same code.
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1. Introduction

Nowadays an evident progress is achieved in development of the modern theory
of charged particle accelerators and in building of new accelerators for medical
purposes, technology, etc. Nevertheless, the problems of optimization of particle
dynamics are still actual. This is caused mainly by the desire to increase the out-
going beam quality, achieve lossless particle acceleration and develop new acceler-
ators, e.g. compact accelerators with high acceleration rates.

The optimal control theory based models for beam dynamics optimization in
linear accelerators were developed in [1, 2, 3, 4, 5]. Various mathematical models
for longitudinal and transversal motion of charged particles were proposed in these
works.

Here we analyze a mathematical optimization model for longitudinal motion
of charged particles in RFQ accelerators, proposed in [6], and considered also in
[7, 8, 5]. The charged particles motion in an equivalent traveling wave is studied.
We consider and optimize the synchronous particle motion and the whole beam
simultaneously.

The main advantage of the previously developed approach is an opportunity to
analyze the longitudinal and transversal motions separately. It is possible to obtain

941
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a guaranteed good transversal dynamics at the longitudinal dynamics optimization
step by minimization of the defocusing factor, which is essential at the subsequent
transversal motion optimization step. However, the capture of particles into the
acceleration mode is optimized implicitly in this approach using some quality func-
tionals.

In this paper we propose a new approach, where one can control the particles
grouping process by choosing a special functional, which allows to estimate explic-
itly the particle capture into acceleration mode and to optimize it. The problem
of maximization for particles acceleration rate is also considered. The proposed
optimization method with new functionals is tested on certain problems of beam
optimization.

2. Optimization Problem Statement

Let us consider the longitudinal motion equation for charged particles in a radio
frequency quadrupole (RFQ) structure:9

dβ

dτ
=

4eUT
W0L

cos (Kz)cos (ω̃τ + ϕ). (1)

Here β and z are the reduced velocity and longitudinal coordinate of a particle
in the beam, respectively, τ = ct, where t is time, ω̃ = 2πω/c, ω is the operating
frequency of the accelerating high-frequency field, c is the velocity of light, U is
the intervane voltage, T is the acceleration efficiency, W0 and e are the rest energy
of the particle and its charge, K = 2π/L, where L is the period length, ϕ is the
synchronous particle phase. Let us assume L = βsλ, where λ is the wavelength for
the accelerating field, and βs is the reduced velocity of the synchronous particle.

The longitudinal particle motion in an equivalent traveling wave is described as
follows:

dβ

dτ
=

2eUT
W0L

cos (ω̃τ −Kz + ϕ). (2)

The equations of motion for the synchronous particle and deviation equation for an
arbitrary particle with respect to the synchronous particle are

dβs

dτ
=

2eUT
W0L

cos (ϕ), (3)

d2(zs − z)
dτ2

=
2eUT
W0L

(cos (ϕ) − cos (K(zs − z) + ϕ)). (4)

Here zs is the longitudinal coordinate of the synchronous particle. Introducing a
new variable ψ = K(zs − z) we can rewrite (3) and (4) as follows:

d(L2)
dτ2

=
4eUTλ
W0

cos (ϕ), (5)

d2

dτ2

(
ψL

2π

)
=

2eUT
W0L

(cos (ϕ) − cos (ψ + ϕ)). (6)
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Let us denote Λ = βs/β0, η = UT/(UT )max, Ω2 =
4πe(UT )max

W0L2
0

. Here β0 is the

initial reduced velocity of the synchronous particle, L0 = β0λ, (UT )max is the
maximal admissible value of the U times T product. We also introduce s = Ωτ as
another new variable. In terms of this new variable the equations (5) and (6) are

(Λ2)′ = 2kη cos (ϕ), (7)

ψ′′ + 2
Λ′

Λ
ψ′ +

Λ′′

Λ
ψ − η

Λ2
(cosϕ− cos (ϕ+ ψ)) = 0. (8)

where the prime symbol denotes a derivative with respect to the new independent
variable s, and k = Ω/ω̃.

Eq. (7) describes the synchronous particle dynamics. Eq. (8) under different
initial conditions describes the particle beam behavior in terms of the deviation
from the synchronous particle motion. Eqs. (7), (8) are considered simultaneously
over a certain interval s ∈ [0, Ts]. Here the laws of variation along the accelerator for
η(s) and ϕ(s) have to be chosen taking into account the required beam properties
and accelerator parameters.

We consider guaranteeing maximal capture of particles into the acceleration
mode and maximization of the acceleration rate to be the main aims of an RFQ
structure optimization. The following values are used for quality estimations and
structure and beam dynamics analysis.

Introduce the parameter pc allowing us to validate that the particle is inside the
region bounded by the beam separatrix in the (ψ, ψ′) plane, which can be considered
as the condition of particle capture into the acceleration mode:

pc(ψ, ψ′) =
(ψ′)2

2
+ V (ψ). (9)

Here the function V (ψ) is defined as

V (ψ) = − η

Λ2
(ψ cos(ϕ) − sin(ψ + ϕ)). (10)

Hence, the separatrix equation is:

pc(ψ, ψ′) = Vc, (11)

where

Vc = V (−2ϕ) =
η

Λ2
(2ϕ cos(ϕ) − sin(ϕ)). (12)

The condition of particle capture into the acceleration mode may be stated as:

pc(ψ, ψ′) < Vc. (13)

Let the parameter pl denote the length estimate for the structure being opti-
mized:

pl = β0λ
1

2πk

Ts∫
0

Λ(s)ds. (14)
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Let us also introduce pE = (β2
s − β2

0)/β2
0
∼= (W s

k −W 0
k )/W 0

k as a characteristic
of kinetic energy increment for the synchronous particle relative to its value at the
entrance of the accelerator in the non-relativistic case:

pE = Λ2 − 1. (15)

The parameters pβ = (β − βs)/βs and pw = (Wk −W s
k )/W s

k are the velocity
and energy deviations respectively for a particle in the beam with respect to the
synchronous particle:

pβ = −k
(
ψ′ + ψ

Λ′

Λ

)
, pw = (pβ + 1)2 − 1. (16)

We can now formulate the longitudinal motion optimization problem in the
following way. Find the laws of variation for the functions η(s) and ϕ(s) such
that the maximal (preassigned) particles capture into the acceleration mode and
attaining the assigned energy values are guaranteed with a maximal acceleration
rate. The restrictions by the defocusing factor must be fulfilled:

pdef =
2k2η|sin(ϕ)|

Λ2
. (17)

Taking into account the defocusing factor restrictions at the longitudinal motion
optimization step provides us with reasonable parameters of transversal motion and
successful choice of structure parameters at the transversal motion optimization
step.5,8

3. Solution Method

Consider in a formal way the problem stated above. Let us examine the following
equations:

x′ = f(s, x, u), x(0) = x0, (18)

y′ = F (s, x, y, u), y(0) = y0 ∈M0. (19)

Here x = (x1, x2, x3)∗, y = (y1, y2)∗, u = (u1, u2)∗, the set M0 = {y| − π1 ≤
y1 ≤ π2, θ1 ≤ y2 ≤ θ2} is a set of assigned initial values for the beam trajectories,
−π ≤ −π1 < π2 ≤ π, s ∈ [0, Ts], Ts has a fixed value.

We say that the subsystem (18) describes the program motion dynamics, while
the subsystem (19) describes the dynamics of the beam of trajectories or the dy-
namics of motions perturbed at initial values.

The equations (18), (19) actually are the former equations (7), (8) written in
the normal form using new notation:

x1 = Λ2, x2 = η, x3 = ϕ, y1 = ψ, y2 = ψ′, u1 = η′(s), u2 = ϕ′(s). (20)

x′1 = 2ξ, x′2 = u1, x′3 = u2, (21)
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y′1 = y2, y′2 =
x2(cos(x3) − cos(y1 + x3)) − 2ξy2 − (ξ′ − ξ2/x1)y1

x1
. (22)

Here ξ = kx2 cos(x3), ξ′ = k(u1 cos(x3) − u2x2 sin(x3)). As a control function we
consider a vector function u(s), belonging to the class D of piecewise continuous
functions over [0, Ts].

Simultaneously with the equations (18), (19) let us consider the equation for
variation of the particles distribution density ρ(s, y) along the trajectories of (19):

ρ′ = −ρ divyF (s, x, y, u),

ρ(0, y(0)) = ρ0(y0),
(23)

where ρ0(y0) is the particle distribution density on the set M0. For the case under
consideration, divyF in Eq. (23) is equal to

divyF = −2ξ/x1. (24)

Let us define the penalty function h(p, a) to be used for the construction of the
quality functionals:

h(p, a) =

{
(p− a)2, p > a

0, p ≤ a.
(25)

Let us consider the following functionals for the evaluation of the dynamical
process. The functional J1(u) is an integral estimate of the deviation of particles in
the beam from the area captured into acceleration mode (taking into account the
particle distribution density along the trajectories):

J1(u) =

Ts∫
0

∫
Ms,u

h(pc, Vc)ρ(s, ys)dys ds. (26)

Here the set Ms,u is a cross-section of the beam of trajectories of the subsystem
(19) at the moment s. The trajectories start from the set M0 under a control u(s)
and a corresponding program motion x(s):

Ms,u = {ys|ys = y(s, y0, x(s), u(s)), y0 ∈M0, x(0) = x0}. (27)

Using the new notation of (20), we have pc = pc(x(s), ys), Vc = Vc(x(s)).
The functional J2(u) estimates the length of the accelerating structure:

J2(u) = pl = β0λ
1

2πk

Ts∫
0

√
x1(s) ds. (28)

The terminal functional J3 estimates the deviation of the kinetic energy increase
for the synchronous particle from the desired value aE at the end of the accelerator
channel:

J3(u) = (pE(x1(Ts)) − aE)2. (29)
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The functional J4(u) provides an integral estimate over the beam for particle
energy deviations from the energy of the synchronous particle at the exit of the
accelerator, when they overcome a certain acceptable value aw:

J4(u) =
∫

MTs,u

h(p2
w, aw)ρ(Ts, yTs)dyTs . (30)

Here we consider pw = pw(x(Ts), yTs) using the proposed notation.
The integral functional J5(u) estimates the defocusing factor pdef deviation from

a given value ad in order to minimize its influence on the transversal motion:

J5(u) =

Ts∫
0

h(pdef , ad)ds, (31)

pdef = pdef(x(s)).
We consider a weighted sum of the above functionals as the main functional to

be optimized:

J(u) =
5∑

i=1

ciJi(u). (32)

To minimize the functional (32) one can use various numerical optimization meth-
ods. Hereafter we will examine an analytical representation of the variation of such
type of functionals. The functional (32) may be represented in a generalized form
as follows:

J(u) =

Ts∫
0

(
ϕ1(s, x(s), u(s)) +

∫
Ms,u

ϕ2(s, x(s), ys, u(s))ρ(s, ys)dys

)
ds

+ g1(x(Ts)) +
∫

MTs,u

g2(yTs)ρ(Ts, yTs)dyTs , (33)

Let us consider the auxiliary functions χ(s), µ(s, ys), which satisfy the following
equations along the trajectories of (18), (19), (23):

dχ

ds
= −

(
∂f

∂x

)∗
χ+

(
∂ϕ1

∂x

)∗
+
∫

Ms,u

((
∂ϕ2

∂x

)∗
−
(
∂F

∂x

)∗
µ

)
ρ dys, (34)

dµ

ds
= −

(
∂F

∂y

)∗
µ+

(
∂ϕ2

∂y

)∗
, (35)

with the conditions on the right end:

χ(Ts) = −
(
∂g1(x(Ts))

∂x

)∗
, (36)
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µ(Ts) = −
(
∂g2(yTs)
∂y

)∗
. (37)

Let us introduce the function H1 with the arguments s, x, u and χ such that

H1(s, x, χ, u) = χ∗ · f(s, x, u) − ϕ1(s, x, u), (38)

and the function H2 with the arguments s, x, y, u, µ:

H2(s, x, y, µ, u) = µ∗ · F (s, x, y, u) − ϕ2(s, x, y, u). (39)

Thus the gradient of the functional (33) may be expressed in the following form:

grad J(u) = −∂H1/∂u−
∫

Ms,u

(∂H2/∂u)ρ dys, (40)

where x, y, ρ are the solutions of the system (18), (19), (23) which correspond the
control u = u(s); the auxiliary functions χ, µ, satisfy the equations (34), (35) with
the conditions (36), (37) on the right end, respectively.

4. Numerical Optimization

Using the analytical representation (40) for the gradient of the functional (33) we
developed a technique for the optimization of the proposed functional (32). This
technique was approved by longitudinal beam motion optimization in a proton
RFQ accelerator. The developed optimization process consists of several steps. The
optimization procedure based on the idea of the plan construction for the search
of controls using gradient descent methods. The optimization technique includes
study and optimization of the accelerator by parts: particle pre-grouping, group-
ing and acceleration parts are considered with corresponding priority functionals
for different optimization steps. At the first step we form initial approximations
for controls by means of consecutive choice, combination and variation of controls
using the genetic algorithm10,11 (with different modifications of data coding). The
most effective for RFQ structures is the derivative coding method, which is a result
of the supposed monotonicity of controls. At the second and third steps the main
task is the beam grouping, when almost 100% of particles are captured into acceler-
ation mode. For these steps changes of the defocusing factor along the accelerating
structure are essential. At the fourth step we solve the problem of final beam pro-
duction with a prescribed energy value and a maximal acceleration rate. Then we
consider the optimization problem for the whole accelerating structure to obtain
a minimal length accelerator for a given output energy value and minimal losses.
The constraints for the defocusing factor should be considered at all times. The
effectiveness of the optimization is provided by using different weight ratios, i.e.
the change of functionals priority at different optimization steps. It is noteworthy
that the weight ratio correction is carried out using the previously obtained results
analysis to determine which weights influence the system more, and where are their
effective areas.
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Figure 1. Parameters of program motion (1—variation of energy (MeV); 2—variation of length
of structure (m); 3—variation of defocusing factor (×100); 4—upper bound of defocusing factor
(×100)).
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Figure 2. Control functions.

Optimization was carried out for the proton accelerator at 352 MHz frequency.
The following limitations were taken into account: (UT )max ≤ 45 kV , pdef ≤ 0.01.
One of the aims of this study was the construction of the accelerator with smaller
injection energy. From our research, it is possible to obtain a structure with in-
jection energy values between 50 and 80 keV, and almost 100% particles captured
into the acceleration mode. For the output energy of 3 to 5 MeV this gives the
acceleration rate of more than 1 MeV/m. Fig. 1–3 correspond to the accelerator
with the injection energy value of 70 keV, the output energy of 5 MeV, and the
length of 4.7 m; for Fig. 4–6 the injection energy is 60 keV, the output energy is
5 MeV, and the length is 4.5 m. The properties of program motions, controls, and
phase space portraits of beams in separatrices are illustrated.
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Figure 3. Phase portrait of beam in (ψ, ψ′) plane and separatrix.
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Figure 4. Parameters of program motion (1—variation of energy (MeV); 2—variation of length
of structure (m); 3—variation of defocusing factor (×100); 4—upper bound of defocusing factor
(×100)).

5. Conclusion

The proposed technique and new functionals allow us to analyze the problem of
capturing the particles with decreased injection energies into the acceleration mode
and to estimate the possibility of compact RFQ accelerators. The effectiveness
of the approach of separate studies for longitudinal and transversal motions was
shown in [5, 6, 7, 8]. The calculations that were carried out confirmed the advan-
tages of this approach. The proposed technique may be generalized to the case of
Coulomb’s repulsion between the particles. It may be useful to additionally inves-
tigate a functional of particle phase grouping monotony at the step of longitudinal
motion analysis, as it was proposed in [5].
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Figure 5. Control functions.
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Figure 6. Phase portrait of beam in (ψ, ψ′) plane and separatrix.
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Optimization approach to define geometry (parameters) of the radial matching section
in an RFQ accelerator is suggested. This approach gives wider opportunities for the
design of the radial matching section because it does not have certain prescribed laws
of variation of focusing strength along the section.
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1. Introduction

Acceptance at the entrance of the RFQ accelerator, as it is known, depends on the
time of arrival and rotates with the frequency of the RF field. On the other hand, the
input beam has constant emittance, not changing in time. Thus, there is a problem
of the beam matching to the accelerating RFQ channel. It was suggested in [1] to
provide the transverse matching of the beam with the accelerating channel using
radial matching sections, and particular laws of change of the focusing strength in
these sections have been considered. Later, this problem was addressed by different
authors.2,3,4 In this paper the new approach for the solution of the problem is
suggested. Parameters of the radial matching section are defined by solving the
optimization problem described in the article.

2. Problem Statement

For the radial matching section of the accelerator, charged particle dynamics in the
x, y plane which is perpendicular to the longitudinal axis in the case of microcanon-
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ical charge distribution can be described by the following equations:5

d2x

dτ2
=

eU

W0a2
cos(θτ + ϕ0)x − eI

2W0πε0νrxry

(
1 − rx − ry

rx + ry

)
x

= Qx(τ, ϕ0, rx, ry)x, (1)

d2y

dτ2
= − eU

W0a2
cos(θτ + ϕ0)y − eI

2W0πε0νrxry

(
1 +

rx − ry
rx + ry

)
y

= Qy(τ, ϕ0, rx, ry)y, (2)

where τ = ct, θ = 2πω/c, U is the intervane voltage, W0 is the charged particle rest
energy, ω is the accelerating field frequency, ϕ0 is the initial phase, c is the velocity
of light, a is the radius of the channel, ν = ż is the longitudinal velocity of a particle
which is constant along the matching section, rx and ry are the normalized beam
envelopes, I is the beam current.

Eqs. (1) and (2) can be transformed into the system of equations

dξ

dτ
= Axξ,

dη

dτ
= Ayη, (3)

where ξ = (ξ1, ξ2), ξ1 = x, ξ2 =
dx

dτ
, η = (η1, η2), η1 = y, η2 =

dy

dτ
, and the matrices

Ax and Ay have the form

Ax =
(

0 1
Qx 0

)
, Ay =

(
0 1
Qy 0

)
. (4)

Let the set of conditions for system (3) at some instant τ fill the ellipses

ξ∗Gxξ ≤ 1, η∗Gyη ≤ 1, (5)

in the planes
(
x,
dx

dτ

)
and

(
y,
dy

dτ

)
correspondingly, and detGx = detGy = 1.

Then, the matrices Gx and Gy satisfy the following system of matrix equations

d

dτ
Gx = −A∗

xGx −GxAx,
d

dτ
Gy = −A∗

yGy −GyAy. (6)

The system of equations (6) should be solved on the interval from the entrance into
the regular part of the accelerator to the entrance into the radial matching section,
i.e. from τ = T to τ = 0. Initial conditions for the system (6) are the matrices of
ellipses defining acceptances of the regular part of the accelerator, depending on an
initial phase ϕ0:

Gx(T, ϕ0) = Gx,T (ϕ0), Gy(T, ϕ0) = Gy,T (ϕ0). (7)

The optimization problem for the radial matching section is to find a function
a(τ), i.e. law of the radius change along the matching sections, providing under
the conditions (7) the maximum possible overlapping of families of ellipses at the
entrance of the radial matching section.
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Let us consider the functions

Φx(ϕ0) = Sp(Gx(0, ϕ0) −Bx)2 and Φy(ϕ0) = Sp(Gy(0, ϕ0) − By)2, (8)

where Bx, By are given matrices, Sp is the trace of the corresponding matrix.
Functions Φx(ϕ0) and Φy(ϕ0) characterize deviations of ellipses Gx and Gy at
τ = 0 from the given ellipses Bx and By, accordingly.

Introduce the functional

J(a) = c1

ϕ2∫
ϕ1

Φx(ϕ0)dϕ0 + c2

ϕ2∫
ϕ1

Φy(ϕ0)dϕ0, (9)

estimating the degree of mutual overlapping of ellipses corresponding to various
initial phases at the entrance of the matching section. Here ϕ1 and ϕ2 are limits of
variation of initial phase ϕ0; c1, c2 are some positive constants.

3. Solution Method

Let us represent elements of the matrices Gx(τ, ϕ0) and Gy(τ, ϕ0) as follows

Gx =

(
1+α2

x

νx
αx

αx νx

)
; Gy =

(
1+α2

y

νy
αy

αy νy

)
, (10)

where νx = r2x, νy = r2y. Notice that values αx, νx, and αy, νy are the so-called
Courant-Snyder or Twiss parameters.6 Now the equations (6) can be written in the
following form

dνx

dτ = −2αx,
dαx

dτ = −Qx(τ, ϕ0, rx, ry)νx − 1+α2
x

νx

dνy

dτ = −2αy,
dαy

dτ = −Qy(τ, ϕ0, rx, ry)νy − 1+α2
y

νy

(11)

Rewrite the system (11) as a system of the equations of the form

dσ

dτ
= f(t, σ, ϕ, u), (12)

with the corresponding conditions on the right end

σ(T ) = σ(T, ϕ), ϕ ∈ [ϕ1, ϕ2]. (13)

Here σ = (σ1, σ2, σ3, σ4), σ1 = αx, σ2 = νx, σ3 = αy, σ4 = νy; u = a(τ) is a control
function; initial phase value ϕ = ϕ0 belongs to some interval. The functional (9)
can be written in the form

J(u) =

ϕ2∫
ϕ1

g(σ(0, ϕ))dϕ. (14)

Note that the optimization of the functional (14) over the control functions u = a(τ)
can be viewed as a nonstandard problem of the optimal control theory.
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We introduce a vector-function ψ(τ, ϕ) satisfying on the trajectories of the sys-
tem (12) the following differential equations

dψ(τ, ϕ)
dτ

= −
(
∂f(τ, σ(τ, ϕ), ϕ, u)

∂τ

)∗
ψ, (15)

with the initial conditions

ψ(0, ϕ) =
(
∂g(σ(0, ϕ))

∂σ

)∗
, ϕ ∈ [ϕ1, ϕ2]. (16)

Using the increment method (see [7, 8]) and the vector-function ψ(τ, ϕ)the variation
of the functional (14) can be represented as

δJ(u,∆u) = −
T∫

0

(p(τ))∗∆u(τ)dτ. (17)

Here the vector-function p(τ) is expressed as follows

p(τ) =

ϕ2∫
ϕ1

(
∂f(τ, σ(τ, ϕ), ϕ, u)

∂u

)∗
ψ(τ, ϕ)dϕ, (18)

where the vector-function ψ(τ, ϕ) is the solution of the auxiliary system of differ-
ential equations (15) with special initial conditions (16).

The vector-function p(τ) can be used as a “direction” (anti-gradient) for mini-
mization of the functional (12) in the space of admissible controls u(τ) (for example,
continuous functions with values in some bounded compact set). We set

uε(τ) = u(τ) + p(τ)ε, (19)

where ε > 0 and uε(τ) is the variation of the control u(τ).
In the case of smooth control functions it is possible to consider the following

variation of the control8

uε(τ) = u(τ + εδ(τ)), τ ∈ [0, T ]. (20)

Here ε ∈ [0, 1] is a parameter; δ(τ) is a smooth function such that 0 ≤ τ + εδ(τ) ≤
T . Then obviously uε(τ) is always an admissible control, we have ∆u(τ) =
du(τ)/dτ εδ(τ) + o(ε) and the variation of the functional (14) can be written in
the following form

δJ = −ε
T∫

0

(p(τ))∗
du(τ)
dτ

δ(τ)dτ. (21)

This representation of the functional variation can also be used for minimization of
the functional (12) and gives an obvious hint at function δ(τ) selection.

The obtained analytic representations (15), (21) of the variation of the func-
tional (9) were used to find geometric parameters of radial matching section of the
RFQ accelerator of protons (initial energy 45 keV, output energy 5 MeV, intervane
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Fig. 1.

Fig. 2.

voltage 100 kV, RF field frequency 352 MHz, initial cell length 3.91 mm). One of
the possible choices of the law of variation of the channel radius along the radial
matching section is presented in Figure 1. In Figure 2 the RFQ acceptances without
radial matching section are shown. The illustration of the radial matching section
effect is shown in Figure 3.

4. Conclusion

New mathematical models and methods of the RFQ structure optimization were
suggested in [9, 10]. In this paper the optimization approach to find geometric
parameters of the radial matching section is discussed. The mathematical model
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Fig. 3.

of the optimization using the Courant-Snyder parameters is developed and the
analytical representation of gradients of the functional to be minimized is found.
That allows developing different methods of the directional optimization. It should
be noted, that the proposed approach can be utilized to optimize the transverse
dynamics in accelerators if the dynamics is adequately described by linear equations.
In particular, this method can be used to minimize the growth of the effective
emittance in the RFQ channel. The nonlinear effects can be taken into account
while considering the nonlinear optimization models.7,8,10 The proposed approach
can also be used to calculate the tolerances of geometric parameters of the channel.
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The Neutrino Factory is an important tool in the long-term neutrino physics program.
Substantial effort is put internationally into designing this facility in order to achieve
desired performance within the allotted budget. This accelerator is a secondary beam
machine: neutrinos are produced by means of the decay of muons. Muons, in turn, are
produced by the decay of pions, produced by hitting the target by a beam of accelerated
protons suitable for acceleration. Due to the physics of this process, extra condition-
ing of the pion beam coming from the target is needed in order to effectively perform
subsequent acceleration. The subsystem of the Neutrino Factory that performs this con-
ditioning is called Front End, its main performance characteristic is the number of the
produced muons.

Evolutionary Algorithms demonstrated themselves as a reliable and efficient tool
for exploration, optimization and ultimately decision-making during the design process.
In this work we describe the scenario for the Neutrino Factory Front End production
optimization via the GATool Evolutionary Algorithm implemented in COSY Infinity
and discuss the results of this optimization.

Keywords: Genetic algorithm; neutrino factory; accelerator design.

PACS numbers: 41.85.Ct, 41.75.Lx

1. Neutrino Factory

1.1. Purpose and History

The Neutrino Factory is a very important facility for the long-term neutrino physics
program. Modern technologies of particle accelerators open the possibility to build
an accelerator complex to produce and capture more than 1020 muons per year.
The idea of the accelerator where the pions are injected into a storage ring, decay
to produce muons captured within the same ring and then further decay into a
neutrino beam was proposed several times by different researchers starting from
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Koshkarev in 1974. All proposed designs suffered from the same basic problem: the
resulting neutrino beam intensity was low [1].

Current design of the Neutrino Factory was proposed by Geer in 1997 [2]. He
suggested to create muons from an intense pion source at low energies, then com-
press their phase space to produce a bright beam which is then accelerated to the
energies of several tens of GeV and injected into a storage ring with long straight
sections, where they decay into highly intense neutrino beams

µ− → e−νµν̄e , µ+ → e+ν̄µνe (1)

that can be used for the extensive study of neutrino oscillations [3] and neutrino
interactions with the required high precision. Studies performed so far have shown
that the Neutrino Factory gives the best performance among all considered neutrino
sources over virtually all of the parameter space (except, for the case when θ13
turns out to be large). However, its time scale and cost are still being actively
investigated [4].

1.2. Design Overview

The Neutrino Factory is a secondary beam machine; that is, a production beam is
used to create secondary beams that eventually provide the desired flux of neutrinos.
For the Neutrino Factory the production starts from a high intensity proton beam
that is accelerated to a moderate energy (beams of 2–50 GeV have been considered
by various groups) and impinges on a target, typically made from a high-Z material
(baseline choice is a liquid Hg jet). Collisions between the proton beam and the
target nuclei produce secondary beams of pions that quickly decay (26.0 ns) into
longer-living (2.2 µs) muon beams. The remaining part of the Neutrino Factory is
used to condition the muon beam, rapidly accelerate it to the desired final energy
of a few tens of GeV, and then store it in a decay ring with long straight sections
where the intense beam of neutrinos is produced from the decaying muons (see (1)).
The resulting beam can be used to hit a detector located hundreds or thousands of
kilometers from the source or some other scenario.

The Feasibility Study II [5] that was carried out jointly by the Brookheaven
National Laboratory (BNL) and the U.S. Neutrino Factory and Muon Collider Col-
laboration, established most of the current Neutrino Factory design ideas. Although
a number of other ideas and their variations of existing ones was proposed since
FS II, later studies mainly concentrated on the exploration of the already proposed
concepts and their combinations. The main goals were set to a cost/performance
analysis and development of the consensus on a baseline design for the facility [6].
It is noteworthy that the FS II design is highly influenced by a specific scenario of
sending a neutrino beam from BNL to a detector in Carlsbad, New Mexico. More
generally, however, this design exemplified the Neutrino Factory for which the Fea-
sibility Studies had demonstrated technical feasibility, established a cost baseline,
and the expected range of physics performance. Another important feature of this
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scheme is that such a Neutrino Factory could be comfortably constructed on site of
an existing U.S. laboratory, such as BNL or Fermi National Accelerator Laboratory
(FNAL).

Here we list the main components of a Neutrino Factory (see example of the
RLA-acceleration based variant of the FS IIa design in Figure 1) and their primary
functions:
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Hg  Target 
Capture
Drift

Cooling

Linac

RLA

beam

Ring

Buncher

Acceleration
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StorageBunch Rotation 

FFAG
5 10 GeV

FFAG

10 20 GeV

Fig. 1. Neutrino Factory schematics from the Feasibility Study IIa (RLA acceleration variant).

• Proton Driver provides 4 MW beam of a moderate energy (several GeV) pro-
tons on target.

• Target A high-Z target is put inside a 20 T solenoidal field (superconducting
solenoid) to capture pions produced in the interactions of the inciding proton
beam with the nuclei of the target material (liquid Hg jet) (see the longitudinal
distribution of the particles 12 m from the target obtained from the MARS
simulation code [7] in Figure 2).

• Front End consists of the parts of the Neutrino Factory between the target and
the acceleration section. As can be seen in Figure 2, pions that are produced by
nuclear collisions on target occupy significantly large longitudinal phase space.
The transverse phase space is mainly determined by the strength of the magnetic
field inside the solenoidal capture channel. According to the properties of the
dynamics of particles in the solenoid, the particles with the transverse momentum
satisfying the following condition

p⊥ < 0.3
BR

2
,
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Fig. 2. Distribution of particles’ energies 12m from the target calculated by MARS, Etotal =
E0 + T , where E0 is a rest energy (105.6 MeV for muons), T—kinetic energy.

where B is a solenoidal field strength, R is a radius of the solenoid, are captured
after the target. In order to efficiently accelerate the beam, it has to be precon-
ditioned to be fully contained within the capture transverse acceptance (30 π

mm·rad) and the longitudinal acceptance (150 mm) of the subsequent accelerat-
ing section. Another constraint that the resulting beam has to satisfy is that only
the particles that are contained within the longitudinal bucket of the accelerating
system (bucket area depends on the RF frequency, phase and a field gradient) are
considered captured to the accelerating regime. Transverse emittance has to be
decreased by cooling in order to achieve optimal intensity. Hence the main figure
of merit for the Front End is the ratio of the produced and captured muons to
the number of incoming pions. See example of the longitudinal dynamics of a
beam with a relatively small initial phase space in Figure 3.
Front End consists of the following subsystems:

– Capture. The magnetic field at the target is smoothly tapered down to a
much lower value (2 T) which is then maintained through the bunching and
phase rotation sections to keep the beam confined in the channel.

– Decay. This region is just an empty magnetic lattice where pions are allowed
to decay to muons and where the particles of the resulting beam develop the
correlation between a longitudinal coordinate and an energy.

– Bunching and Phase Rotation. First, the large beam of muons is bunched
with RF cavities of modest gradient. Their frequencies decrease as we proceed
down the beam line. After bunching, another set of RF cavities with changing
frequencies is used to rotate the beam in longitudinal phase space in order to
reduce its energy spread and match the frequency to the one of the downstream
RF cavities, for efficient acceleration.
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Fig. 3. Example of the longitudinal beam dynamics in the Front End (phase-energy plane).

– Ionization Cooling. A solenoidal focusing channel filled with high-gradient
RF cavities and LiH absorbers cools the transverse normalized RMS emittance
of the beam. On this stage muons in the momentum range of 150–400 MeV/c
pass through the absorbers (made from LiH in the baseline design) thus losing
the total momentum (both longitudinal and transverse components). They are
then reaccelerated in RF cavities to regain only the longitudinal momentum
component. The total effect is a decrease in the transverse momentum spread
and, therefore, reduction of the transverse emittance.

• Acceleration. Increases the beam kinetic energy from ≈ 138 MeV to a final
energy in the range of 20–50 GeV. A superconducting pre-acceleration linac with
solenoidal focusing is used to increase the muon beam energy to 1.5 GeV. It
is then followed by a Recirculating Linear Accelerator (RLA), arranged in a
dogbone geometry, that increases the beam energy to 5 GeV. Finally a pair of
cascaded Fixed-Field Alternating Gradient (FFAG) rings with combined-function
doublet magnets is used to bring beam energy up to 20 GeV. Additional FFAG
stages could be added to reach a higher beam energy.

• Storage and Decay Ring. A compact racetrack-shaped superconducting stor-
age ring in which ≈ 35% of the stored muons decay to neutrinos and are then
sent towards the detector located approximately 3500 km from the ring. Muons
survive in a ring for ≈ 500 turns.

The baseline Front End schematics from the latest International Scoping Study
[8] is demonstrated in Figure 4. The baseline proton driver has an energy of 10 GeV,
capture system is a 12 m long channel where the solenoidal field drops from initial
20 T to 2 T at the end while the channel radius increases from 75 mm to 250 mm.
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It is followed by a 100 m long decay section where the pions decay to muons and
develop a correlation between the temporal position and an energy. This correlation
is then employed by the 50 m long bunching section in order to split the beam into
a train of bunches via a set of RF cavities of a modest gradient and decreasing
frequencies. Then another set of RF cavities with higher gradients in the 50 m long
rotator section is employed to rotate the beam in the longitudinal phase space to
reduce its energy spread. The achieved final RMS energy spread in this scheme is
≈ 10.5 %. Then 80 m long channel filled with high-gradient 201.25 MHz RF cavities
and LiH absorbers in the solenoidal field is used to cool the transverse normalized
RMS emittance from 17 π mm·rad to ≈ 7 mm·rad at a central muon momentum
of ≈ 220 MeV/c.

Fig. 4. The baseline Front End schematics from the latest International Scoping Study.

2. Evolutionary Algorithms

Evolutionary algorithms form a family of optimization methods that use a set of
points to explore the objective function landscape. They are inspired by the process
of evolution described by Darwin in his revolutionary work “Origin of Species” first
published in 1859 [9]. According to it, the main driving forces of evolution are the
variability in living organisms and the natural selection implicitly performed on
them by the environment. Over time those forces shape different species to be very
sophisticated inhabitants of the environment, i.e. make them fit to it.

If we view an objective function as an environment and points in a search space
as organisms evolving to find the best places in this environment (which are for our
purposes minima), we can easily sketch a general model of evolution suitable for
optimization which is called Evolutionary Algorithm (EA) (see Figure 5). Having
the evidence of the efficiency of this algorithm in the form of a variety of very well-
fit organisms on Earth, there emerged a strong belief that its main principles can
be applied to function optimization problems equally successfully.

Note that it actually is a meta-algorithm and that many conventional optimiza-
tion algorithms described earlier can be formulated in this form. Because of this
generality, the family of Evolutionary Algorithms typically includes only the ones
that imitate the processes of evolution more straightforwardly and more accurately.
A particularly important distinctive feature of EAs is that the members of the popu-
lation actively exchange information about the search space. However the boundary
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Generate initial population, evaluate fitness

While stop condition not satisfied do

Produce next population by

Selection

Recombination

Evaluate fitness

End while

Fig. 5. Evolutionary Algorithm.

is blurry and some EAs, for example the Differential Evolution [10], are closer to
multi-point direct search methods than to “true” Evolutionary Algorithms.

It is worth noting that EA does not pose any restrictions on the search space and
members of the population which, multiplied by a variety of different approaches to
define fitness, selection, recombination and mutation, leads to a very broad field of
applications. Examples include a wide variety of the optimization problems: numer-
ical optimization, combinatorial optimization, circuit design, scheduling problems,
video and sound quality optimization, control systems, image analysis, marketing
and economics, traffic control, manufacturing and many others. While EAs do not
explicitly guarantee to find even a local minimum, practical applications demon-
strate that frequently they are able to find a global minimum or at least produce a
practically acceptable solution.

Each of those applications is usually tied to a particular flavour of the Evolution-
ary Algorithms. Genetic Algorithms (GAs) [11] often encode parameters as strings
of bits and modify them with logical operators thus are better suited for combinato-
rial optimization, for example for a class of problems equivalent to the famous Trav-
eling Salesman Problem [12]. Genetic and Evolutionary Programming [13] evolve
computer programs. Evolution Strategies (ES) [14] and Differential Evolution (DE)
both use real numbers and arithmetic evolutionary operators for continuous func-
tion optimization. It is also worth noting a rapidly increasing interest in the de-
velopment of the optimizers mimicking various optimization and search processes
of nature: Particle Swarm Optimization, Ant Colony Optimization, Tabu Search,
Cultural algorithm, etc. [15] and their successful application to many real-world
problems.

Distinctive advantages of the EAs include:

• relative ease of implementation,
• ability to efficiently find global optima avoiding local ones even in very large

search spaces,
• no requirements on the objective function other than the ability to calculate its

value at every point of the search space,
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• good tolerance to noise,
• ability to work even when the traditional search methods fail.

The interest to the field of EAs is steadily growing, active research on the develop-
ment of the EAs and their applications produced a large number of publications:
bibliography on Evolutionary Computation as of now contains more than 4000
entries on Evolutionary Computation and related areas [16].

3. Implementation

The algorithm we implemented uses the best features of the Evolutionary Strategies
(ES), Genetic Algorithms (GA) and Differential Evolution (DE). From Evolutionary
Strategies we adopted the representation of a potential solution as a vector of the
real numbers, i.e. vector of a problem arguments:

x =
(
x1, x2, . . . , xv

)T
. (2)

Then the population members are:

xi =
(
xi1, xi2, . . . , xiv

)T
, i = 1, . . . , N

and

f =
(
f(x1), f(x2), . . . , f(xN )

)T
=
(
f1, f2, . . . , fN

)T
(3)

is a vector containing function evaluations for the members of the population, f and
f denote the minimum and maximum function values of the population members,
correspondingly. Noting the success of the ES and DE both using such representa-
tion, we suggested that it is more adequate for the optimization of the problems
with the real-valued parameters than the binary encoding frequently used in GAs.

It supports several methods for fitness scaling: Linear, Proportional and Rank;
several methods for selection: Roulette Wheel, Stochastc Uniform and Tournament;
two types of mutation: Uniform and Gaussian; Arithmetic (or Continuous) crossover
with additinal randomization. The next generation is produced from the previos by
means of mutation and crossover essential for exploration and exploitation of the
search space as well as elite members transfer which is essential for the preservation
of the already found solutions. The algorithm itself is presented in Fig. 6, its default
parameters are listed in Fig. 7, for more detailed description of the algorithm and
its parameters see [17].

4. Optimization

As can be seen from the Front End design description examples of the parameters
that can be changed for different sections include:

(1) Capture and Decay: the length of the section LD and the focusing fields.
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Randomly generate initial population, set predefined

members, if any

Calculate objective function values, scale to fitnesses

Update statistics

While any of the stop conditions is not satisfied do

Perform Roulette Wheel/Stochastic Uniform/Tournament

Selection

Generate next population

Produce mutants by Uniform/Gaussian Mutation

Produce children by Continuous Crossover

Copy elite members

Replace old population with newly generated

Calculate objective function values, scale to

fitnesses

Update statistics

End while

Fig. 6. GATool search algorithm.

Reproduction: number of elite = 10, mutation rate = 0.2

Mutation: UNIFORM, gene mutation probability = 0.1

Crossover: HEURISTIC, ratio = 0.8, randomization is on

Fitness scaling: RANK

Selection: STOCHASTIC UNIFORM

Creation: UNIFORM

Areal: initial box = [-10,10] x ... x [-10,10]

global box = [-10,10] x ... x [-10,10]

killing is off

Stopping: max generations = 1000,

stall generations = 25,

tolerance = 1E-5

Fig. 7. GATool’s default parameters (see Appendix B, [17] for detailed description of parameters).
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(2) Bunching: the length of the section LB, RF voltages V i
B, i = 1, nrfs or initial

and final voltage and the law of voltage increase (linear, quadratic, etc.). Final
frequency is usually strictly specified by the cooling/accelerating subsections of
the whole accelerator, but can also be varied if it can benefit the total Neutrino
Factory performance.

(3) Phase Rotation: the length LϕR, RF voltage VϕR of the phase-energy rota-
tion section, number N of full RF field oscillation periods separating the main
central particle (with n = 0) and the second central particle, and the vernier
parameter δ (see [18] for detailed explanation). Also the kinetic energy Tc of
the main central particle can be changed (usually Tc is taken as the peak of
energy distribution of the particles of the beam).

(4) Ionization Cooling: parameters of the RF cavities (νrf,cool, Vrf,cool, ϕrf,cool);
placement, width, material and the location of absorbers, focusing field strength
and profile.

For our study we consider the exploration of the cooling section: we varied the
RF cavities parameters and the desired momentum of the central particles in the
beam within the ranges obtained from the physical considerations in order to find
a configuration which would provide optimal production parameters.

Most of the numerical studies of the beam dynamics in the Front End is done
with ICOOL—the de-facto standard Muon Collaboration particle tracking code
originally developed for the ionization cooling simulations of the muon beams in
1999 [19] and actively developed over years to include new elements and models
(available at http://pubweb.bnl.gov/users/fernow/www/icool/readme.html).
It simulates beam dynamics in accelerator coordinates, performing particle-by-
particle propagation through materials and electromagnetic fields. Field can given
by built-in models that include most common accelerator elements and their ap-
proximations, be calculated from field maps or Fourier coefficients and read from
files. ICOOL accurately models the decays of particles and their interactions with
matter including energy loss, energy straggling and multiple Coulomb scattering.
The beam can be generated from the uniform or Gaussian distributions or read
from an input file.

ICOOL belongs to the family of so-called ray tracing codes, i.e. it calculated
particle dynamics via the Runge-Kutta or the Boris numerical integration methods.
For the description of dynamics it uses Frenet-Serret coordinate system. This is a
right-handed system where s is tangent to the reference orbit, y is vertical and x

is the third orthogonal coordinate. In a circular orbit x is in the radial direction.
The reference orbit is defined to be that path where the transverse coordinates x
and y and the transverse momenta px and py always remain zero. The shape of
the reference orbit in a global Cartesian coordinate system is determined by the
curvature parameter.

Various tools are developed to analyze the date produced by ICOOL simulation.
The code that is used as a standard for the emittance calculation is called ECALC9
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[20]. It allows user to compute number of particles in the fixed phase space volumes.
The input is given as a file that contains the particle type, maximum and minimum
value for pz in GeV/c, two different cuts for transverse acceptance in m·rad (to
obtain number of particles that correspond to two different acceptance cuts with
all other cuts the same at once), a longitudinal acceptance cut in m·rad and a RF
frequency to determine the RF bucket area for another longitudinal cut.

The toolchain that was developed for the optimization consists of the 4 pro-
grams:

• COSY Infinity [21]: provided the implementation of GATool optimization
method.

• ICOOL: performed actual simulations of the beam dynamics in the Front End
with the parameters values passed from COSY.

• ECALC9: performed analysis of the results of the ICOOL simulations, calculated
the number of particles within desired acceptance that served as the objective
function value.

• glue.pl is a Perl script that was used to control other programs in the toolchain. It
was setting up the Front End lattice to ICOOL based on the control parameters
provided by COSY, running ICOOL and then ECALC9 to obtain the objective
function value which it was then passing back to COSY for the whole optimiza-
tion run.

Initial distribution consists of 8000 particles after the target was generated by
MARS simulation code for the 24 GeV proton beam on the Hg jet target [7]. The
Front End lattice that was used for this study starts from the target and included
capture, decay, bunching and phase rotation regions as well as cooling section and
a matching between phase rotation and cooling subsystems:

• Capture: 15.25 m of the vacuum channel immersed in a solenoidal field that falls
off starting from 20 T on the target to 2 T at the end of the channel. At the same
time radius of the channel increases from 0.075 m to 0.3 m.

• Decay: vacuum channel of a constant aperture of 0.3 m immersed in a constant
solenoidal field of 2 T.

• Bunching: vacuum channel of a constant aperture of 0.3 m and a total length
of L = 21 m immersed in a constant solenoidal field of 2 T. An array of RF
cavities separated by drifts so as to perform the adiabatic bunching (28 cells,
each consists of the drift of 0.125 m, followed by RF cavity of 0.5 m and an-
other drift of 0.125 m). Particles are bunched around the central momentum
of 0.280 GeV/c. An integer number of wavelength that separate two reference
particles is 7, initial RF gradient is set to 15 MV/m, the law that determines
the RF gradient at the longitudinal coordinate z counted from the start of the
buncher is

Vrf = V0,rf
z

L
.
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• Phase rotation: vacuum channel of a constant aperture of 0.3 m and a total
length of L = 24 m immersed in a constant solenoidal field of 2 T. An array of
RF cavities separated by drifts so as to perform the rotation of the beam in the
longitudinal space by decelerating higher-energy bunches and accelerating lower-
energy ones (32 cells, each consists of the drift of 0.125 m, followed by RF cavity
of 0.5 m and another drift of 0.125 m). Vernier offset δ is 0.1, RF gradient is 15
MV/m for all cavities.

• Cooling: vacuum channel of a constant aperture of 0.3 m and a total length of
L = 93 m immersed in an alternating solenoidal field of the maximum strength
≈ 2.5 T. An array of the 124 cells (0.75 m each), containing LiH absorbers to
provide total momentum loss and RF field to provide longitudinal momentum
regain to cool the transverse emittance of the beam. The first four cells are
immersed in the solenoidal field designed so as to match the transverse particle
dynamics in phase rotation section to the one of the cooling section. All RF
cavities have the frequency of 201.25 MHz, field gradient is 18 MV/m and the
RF phase is 30 degrees.

This particular design is shorter than the one of the baseline and is aimed to study
the cost gains versus the performance losses resulted from shortening the Front End
by removing some of its elements that were originally present. Another goal is to
study the potential of this design for the Muon Collider project [22].

We used the described lattice as a reference design and explored its performance
related to changes in the following control parameters:

• RF frequency in cooling section (also influences the following accelerator section):
νrf,cool ∈ [200, 204] MHz.

• RF field gradient in cooling section: Vrf,cool ∈ [12, 20] MV/m.
• RF field phase in cooling section: ϕrf,cool ∈ [0, 360] degrees.
• Central momentum in the first 4 matching sections of the cooling channel:
pc,match ∈ [0.22, 0.24] GeV/c.

The values of the cuts to set up ECALC9 analysis were obtained as an estimate of
the acceptance of the subsequent acceleration subsystem:

• minimum and maximum pz: 0.100 GeV/c and 0.300 GeV/c, correspondingly;
• transverse acceptance cut: 30E-3 m·rad;
• longitudinal acceptance cut: 0.25 m·rad;
• RF frequency for the bucket calculation set to a value used by RF cavities of the

cooling section (on of the control parameters).

The number of particles withing the specified acceptance (n2) was chosen as an
objective value to be maximized. GATool parameters were set to default values
(see Figure 7, p.967), population size for this 4-dimensional problem was set to 250
(dimension×62.5) which provides a good compromise between the total time of the
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search given the expensiveness of the objective function calculation (see below) and
a setting that is known to provide good GATool performance.

Even though 2000 particles were used instead of 8000 in order to reduce the
computation time (ICOOL integrates each particle dynamics separately) one sim-
ulation run of the described Front End lattice still takes approximately 0.4 hour
on a Pentium IV 2Mhz computer with 1Gb of memory. Therefore the calculations
needed to perform one step of the GATool optimization took approximately 100
hours. Since a typical number of generations needed for GATool to explore the
parameters space and converge can get above 100, subsequent studies (possibly on
more realistic and thus more computationally expensive lattices), one can clearly
benefit from even the embarrassingly simple parallelization of the objective function
evaluation.

Several of the best obtained results (elite in GATool terminology) from three
runs (each of them took several months to complete on a single machine) were
evaluated using the described scheme and the full initial number of particles of
8000. The control parameters and objective function values for the found designs
are listed along with the reference design provided in Table 1. Range of the values
of the objective function with control parameters from the regions listed earlier on
combinations occurred during the optimization is from 15 to 497. From the table it
is seen that the optimization of the current scheme with control parameters in the
specified ranges was unable to achieve the designs that have statistically (simulation
includes stochastic processes) significantly better production efficiency. Although
this can not serve as a rigorous proof of the nonexistence of such designs, noting
generally good performance of the GATool on other problems, we can suggest that
this gives reason to believe that the reference design is, indeed, optimal. Relatively
small deviations of the optimal RF frequency (201.20–201.55) solution and RF
gradient (17.67–18.88) among all the solutions except for the 1st opt. run, best
suggest that the reference parameters are also robust and located near the global
optimum. This observation is particularly important here since the parameters of
the devices that are calculated by numerical simulations eventually have to be
implemented by physical devices operating with finite precision and subject to
construction errors.

The best solution obtained from the 1st optimization run provided one of the
best performance and with one of the smallest small RF gradient (among other
solutions) which is generally easier/cheaper to manufacture. However, its final fre-
quency is different from the frequency of the current baseline accelerating section
thus additional studies on the combined performance might reveal additional ben-
efits or drawbacks of this solution. The best solution from the 3rd optimization
run provided the same performance on the frequency that is much closer to the
reference 201.25 and thus might be preferable. Some of the other sets of parameters
that provide similar production performances can also be useful since they might
be easier or cheaper to obtain, or provide additional opportunities for the designers
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of the downstream sections of the Neutrino Factory. Another important result that
is obtained is that we established a framework for the Neutrino Factory Front End
lattice numerical optimization. It can be used for many optimization scenarios, in-
cluding, for example, a simultaneous optimization of all control parameters of the
most realistic Front End simulation on the large ranges of the parameter values.

Table 1. Results of the Front End design optimization (in ascending order sorted on the produc-
tion rate for the 8000 particles initial beam). Column 5 and 6 contain the results of the simulations
for 2000 and 8000 particles in the initial beam, correspondingly. The number of the particles in
the exit beam per each particle in the initial beam is listed in parentheses

Parameters
νrf,cool Vrf,cool ϕrf,cool pc,match n2 n2

(from 2000) (from 8000)

[MHz] [MV/m] [degrees] [GeV/c] [particles] [particles]

reference parameters 201.25 18.00 30.000 0.220 498 (0.249) 1740 (0.218)

3rd opt. run, 6th best 201.46 17.77 11.320 0.229 480 (0.240) 1791 (0.224)

3rd opt. run, best 201.40 17.06 12.648 0.226 492 (0.246) 1782 (0.223)

1st opt. run, best 200.55 17.10 26.970 0.220 467 (0.234) 1780 (0.222)

3rd opt. run, 5th best 201.28 17.76 12.457 0.226 484 (0.242) 1773 (0.222)

3rd opt. run, 3rd best 201.47 17.67 13.470 0.228 485 (0.243) 1762 (0.220)

3rd opt. run, 2nd best 201.42 17.68 12.555 0.226 486 (0.243) 1750 (0.219)

3rd opt. run, 7th best 201.34 17.68 12.020 0.226 479 (0.240) 1746 (0.218)

2nd opt. run, 2nd best 201.24 18.91 20.520 0.228 471 (0.236) 1714 (0.214)

3rd opt. run, 4th best 201.48 17.75 11.860 0.227 485 (0.243) 1669 (0.209)

2nd opt. run, best 201.20 18.88 22.477 0.230 497 (0.249) 1643 (0.205)

5. Conclusions

In this work we described our Genetic Algorithm and demonstrated its applicability
to a real-life problem of the accelerator physics. We developed a method for the
Neutrino Factory Front End optimization and obtained some practically useful
numerical results. We are planning to use this method for the subsequent studies
in design and optimization of this facility. We also hope to see more problems of
accelerator physics to be approached using this approach.
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The calculation of the nonlinear tune shift with amplitude based on the results of mea-
surements and the linear lattice information is discussed. The tune shift is calculated
based on a set of specific measurements and some extra information which is usually
available, namely that about the size and particle distribution in the beam and the linear
optics effect on the particles. The method to solve this problem uses the technique of
normal form transformation.

The proposed model for the nonlinear tune shift calculation is compared to both the
numerical results for the nonlinear model of the Tevatron accelerator and the indepen-
dent approximate formula for the tune shift by Meller et al. The proposed model shows
a discrepancy of about 2%.

1. Introduction

Finding the nonlinear tune shift depending on the position of the particle in the
beam might be an elaborate task, because the nonlinear component of the dynamics
is not known to the desired precision or because there are reasons to doubt the
correspondence between the model and the machine optics.

At the same time, there is still a way to find the tune shift, if there is a set
of specific measurements and some extra information which is usually available,
namely that about the geometry of the beam (its size and particle distribution)
and the linear effect of the optics on the particles (in the form of a one-turn linear
transfer matrix).

The tune of a system is one of the most important characteristics of the dynamics
of particles. For linear systems, the tune stays constant, while in the nonlinear case
it might change, mainly depending on the position of the particle in the beam (the
so-called tune shift with amplitude), but also depending on other parameters of the
system.

Consider the problem of evaluation of the tune shift with amplitude in the
nonlinear case using some extra information obtained by the specific kind of mea-

974
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Fig. 1. Measurement results: horizontal position of the cen-
ter of mass over a number of turns and its envelope.

Fig. 2. Behavior of particles in
normal form coordinates.

surements. All the proposed methods have been tested on the Tevatron accelerator
model1 and measurements,2 but the algorithm for finding the tune shift with am-
plitude is applicable to other machines. In fact, the algorithm should stay valid for
any other synchrotron, as long as one can proceed with a linear normal form trans-
formation. The normal form transformation is the core of the method.3 Throughout
the article the new set of coordinates, after the normal form transformation is ap-
plied to the pair of transversal phase space coordinates (x, px/p0) or (y, py/p0), is
denoted (t+, t−). Here x and y are horizontal and vertical positions, respectively, of
the particle under consideration, px and py are the horizontal and vertical compo-
nents of the momentum, respectively, p0 is the reference momentum. The horizontal
and vertical planes are assumed to be uncoupled.

2. Calculation Results versus Measurement Results

Suppose that one only has the information on the linear component of the dynamics
of the particles in the accelerator. Assume that there is some extra information
available: the size of the beam, the particle distribution type and also the results of
the special type of measurements of the beam position. A corrector is introduced
into the accelerator optics to kick the beam in the horizontal or vertical direction.
Once the strength of the corrector is known, the displacement of the center of the
beam can be found. After the corrector is turned on and off instantaneously, the
amplitude of the beam center of mass decreases due to the filamentation of the
beam, not the damping, as the motion is symplectic. The position of the center of
mass of the beam is then registered after each turn of the particles. One sample of
the measurement data for the horizontal position is shown in Fig. 1.

In the normal form coordinates the initially displaced beam behaves in a very
similar fashion, which allows to restore the information about the nonlinear tune.
The normal form transformation is a nonlinear change of coordinates, such that
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after the transformation the dynamics of the particles is represented in a very
systematic way. The details of the transformation algorithm can be found in [3].
The most important part for this study is that after the normal form transformation
all the particles follow concentric circles with angular velocity depending on the
amplitude. This is the key fact allowing to establish a connection between the
nonlinear tune shift with amplitude and the behavior of the beam.

The function connecting the initial and final coordinates of the particles after
one full revolution (called the transfer map) has the form:

M =
(

cos 2πµ(r) − sin 2πµ(r)
sin 2πµ(r) cos 2πµ(r)

)
, (1)

where the tune µ(r) can be represented in the following form:

µ = µ0 + c1r
2 + c2r

4 + . . . . (2)

Here µ0 is a constant linear tune, c1, c2 are the coefficients of the higher order terms
in the expansion of the dependence of the tune µ on the particle’s amplitude in the
normal form coordinates, where the amplitude is defined to be r =

√
(t+)2 + (t−)2

for the particle with normal form coordinates (t+, t−).
Figure 2 schematically shows the positions of four particles with initial positions

chosen along some fixed polar angle, after several turns. Particles cannot leave
their corresponding circles, but the rotation frequencies are different for different
radii. Assume that the outer particles move faster than the inner particles. In this
particular case the outer particle will leave the inner particle behind in the phase.
As a result of such a redistribution of particles, the center of mass of the beam
initially displaced from the origin shifts toward the origin of the coordinate system
and then oscillates around it. In other words, the amplitude of the center of mass of
the beam in the normal form coordinates decreases until it reaches a stable value.

As it is assumed that an accurate linear lattice description is available, one may
use the linear normal form transformation, for which the information on the linear
dynamics is sufficient, to obtain the information on the distribution of the beam in
the linear normal form coordinates after the kick. The linear normal form trans-
formation is discussed in great detail in [3]. In new coordinates all the particles
follow circles with the same angular frequency µ0. Hence, the linear transformation
does not provide any information on the coefficients in the expansion (2) describing
the nonlinear tune shift. At the same time the linear transformation is sufficient to
obtain an approximate initial distribution of the beam in the normal form coordi-
nates.

Since the tune of the particle can also be viewed as the limit of the total phase
advance divided by the number of turns when the number of turns goes to infinity,
the average tune for a large number of turns is the same in both sets of coordinates,
as the contribution of the normal form transformation and the inverse normal form
transformation becomes negligible. Hence, if the nonlinear tune of the particle in
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the normal form coordinates is found, then the nonlinear tune of that particle in
the original coordinates is the same.

As a rule, c1r2 is the dominating term in the expansion (2). Accelerator designers
try to avoid high order nonlinearities, unless there is a specific need of them. Hence,
finding the coefficient c1 is the most important part. Later, if there are multiple
measurements available, the coefficient c2 could be attempted to be found as well.

If the transfer map M from Eq. (1) is known, one can track the behavior of
particles for arbitrary many turns. That, in turn, allows us to find the number of
turns corresponding to the moment when the amplitude of the center of mass is at
the half of its value after the kick, N1/2. This establishes the connection between
c1 and N1/2. The number N1/2 can be found from the measurements (Fig. 1).

The general scheme for establishing the connection between c1 and N1/2 is as
follows:

(1) The outer particle of the beam having the amplitude R rotates with a frequency
µ(R), and hence, after 1/|µ(R) − µ0| turns this particle phase advance is 2π
bigger (or smaller, depending on the sign of c1) than that of the particle close to
the origin; assume that the kick is weak enough and the beam is not displaced
too far from the origin. In fact, in most cases the kick is such that the origin is
still inside the part of the phase space covered by the beam.

(2) R depends on the strength of the kick and the initial particle distribution, the
value of R can be found as the maximum of the deviations of particle positions
from the origin after the linear normal form transformation, that is, all the
components to find R are known.

(3) The value of c1 is not known, but one can always fix a certain c1 and using the
form of the transfer map (1) obtain the value of N1/2 as a function of c1 and R.

(4) Once the algorithm for finding N1/2(c1) is established, it can be used multiple
times to obtain the correct value of the coefficient c1 for a known value of N1/2

inferred from the measurements as discussed above; it is a typical one-parameter
optimization problem.

Hence, the problem under consideration has been reduced to establishing a de-
pendence ofN1/2 on various values of c1 andR. Depending on the initial distribution
of particles this can be a complicated task, which is not possible or not feasible to
solve analytically to obtain an explicit expression for c1 = c1(N1/2). This problem
is addressed below and solved numerically for various distributions.

3. Sector Approximation, Uniform Particle Distribution

Let our initial distribution be uniform in the sector bounded by the two radii R1, R2

and two angles ϕ1, ϕ2 (Fig. 3). This is a very simple and unrealistic case, but it is
instructive to consider it first in order to obtain basic formulas.

After N turns each particle of this distribution will have the phase advance of

θN (r) = 2πNµ(r) = 2πN(µ0 + c1r
2 + c2r

4)
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Fig. 3. Uniform particle distribution in the sector.

(orders up to 4 are taken into account). Hence, the particle with radius R1 < r < R2

located on the front (back) line of the distribution will have a phase difference of
∆θN (r) = 2πN(µ(r) − µ(R1)) with respect to the inner particle.

To find the centroid of the resulting planar figure, bounded by two radii R1, R2

and two curves given by φ1+θN(r), φ2+θN (r), R1 < r < R2 three integral formulas
are used:

S =
∫ ∫

rdrdθ; xc =
1
S

∫ ∫
r2 cos θdrdθ; yc =

1
S

∫ ∫
r2 sin θdrdθ.

For the case under consideration:



x(N)

c =
1
S

∫ R2

R1

∫ ϕ2+θN (r)

ϕ1+θN (r)

r2 cos θdθdr;

y(N)
c =

1
S

∫ R2

R1

∫ ϕ2+θN (r)

ϕ1+θN(r)

r2 sin θdθdr.

(3)

Hereafter, x(N)
c and y

(N)
c are the coordinates of the beam center of mass in the

normal form coordinate system (t+, t−).3

Let us simplify the form of the last two integrals. Without loss of generality one
can assume −ϕ1 = ϕ2 = ϕ (the angle can be changed as only the radius is the
quantity of interest). In addition to that the coordinate θ is changed to ψ + θN (r).
Then one has dθ = dψ, and the integrals transform to:

x(N)
c =

1
S

∫ R2

R1

∫ ϕ+θN(r)

−ϕ+θN(r)

r2 cos θdθdr =
1
S

∫ R2

R1

∫ ϕ

−ϕ

r2 cos(ψ + θN (r))dψdr; (4)

y(N)
c =

1
S

∫ R2

R1

∫ ϕ+θN(r)

−ϕ+θN(r)

r2 sin θdθdr =
1
S

∫ R2

R1

∫ ϕ

−ϕ

r2 sin(ψ + θN (r))dψdr. (5)
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After integrating with respect to ψ, under the remaining integral one can use
the some trigonometric identities ultimately obtaining

x(N)
c =

1
S

∫ R2

R1

r2 {sin(ϕ+ θN (r)) − sin(−ϕ+ θN (r))} dr

=
2
S

sinϕ
∫ R2

R1

r2 cos θN (r)dr,

y(N)
c =

1
S

∫ R2

R1

r2 {− cos(ϕ+ θN (r)) + cos(−ϕ+ θN(r))} dr

=
2
S

sinϕ
∫ R2

R1

r2 sin θN (r)dr.

(6)

These integrals cannot be found analytically due to the polynomial nature of the
argument θN . Even if one assumes θN ∝ r2, the result is a complicated expression
given in terms of Fresnel functions∫ R2

R1

r2 cos θN (r)dr =
1

4πNc1

(
R2 sin(2πNc1R2

2) −R1 sin(2πNc1R2
1)
)

− 1
8π(Nc1)3/2

(
S(2(Nc1)1/2R2) − S(2(Nc1)1/2R1)

)
,

∫ R2

R1

r2 sin θN (r)dr = − 1
4πNc1

(
R2 cos(2πNc1R2

2) −R1 cos(2πNc1R2
1)
)

− 1
8π(Nc1)3/2

(
C(2(Nc1)1/2R2) − C(2(Nc1)1/2R1)

)
,

(7)

where S(x) =
∫ x

0 sin(π
2 t

2)dt, and C(x) =
∫ x

0 cos(π
2 t

2)dt.4 The shape of the graphs of
Fresnel functions explains the behavior of the beam center of mass shown in Fig. 1:
both C(x) and S(x) oscillate around 1

2 as x→ ∞ with slowly decreasing amplitude.
Hence, the difference of the two C or S functions oscillates around zero, provided
the arguments are proportional, which is the case in Eqs. (7). To illustrate this the
graph of the function S(1.5x) − S(x) is shown in Fig. 4.

To calculate the integrals (4)–(5) in the general case, numerical integration
methods should be employed. For this study the adaptive Simpson quadrature
method5 is used. The main issue with the sector approximation is that it is not
sharp enough, and only works for beams which are displaced by the transversal
kick in such a way that the whole beam is away from the origin. To handle the
situation with a beam that crosses the origin, and to be more precise with the
conclusions about the centroid, attention should be paid to the exact shape and
position of the beam after the kick.

4. Elliptical Beam, Uniform Distribution

Let us assume that the particles in the beam are distributed uniformly (we will
consider the general case later), and the beam has an elliptical shape. Then after
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Fig. 5. R1 = d − ρ > 0. Fig. 6. R1 = d − ρ < 0.

the transformation to the normal form coordinates, the beam has an elliptical shape
again, and the axes of the transversal section of the beam are equal. Then the
boundary curve for the beam in the normal form coordinate pair is a circle, and the
parametric representation for it can be found in the form of the equations for two
half-circles: (r, ϕ1(r)), (r, ϕ2(r)). Without loss of generality it can be assumed that
the resulting circle has its center on the horizontal axis, with the coordinates (d, 0),
where d > 0 is known (similar to the previous section: the angular position of the
distribution of particles does not matter, since we are ultimately interested in the
distance to the origin from the center of the distribution which is invariant from
the angle). Let ρ be the radius of the beam, then the beam lies between R1 = d− ρ

and R2 = d+ρ, where it is often the case that the radius R1 is less than zero, which
means that the origin (0,0) is inside the beam (Fig. 5–6). Both d and ρ parameters
can be found by applying the linear normal form transformation to the displaced
beam boundaries. Below it will be shown that the two cases R1 > 0 and R1 < 0
can be treated in a uniform way. For the moment let us assume that R1 > 0.
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Fig. 7. The intersection of two circles.

Similar to the previous section, the centroid of the beam has the coordinates


S =
∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

rdθdr;

x(N)
c =

1
S

∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

r2 cos θdθdr;

y(N)
c =

1
S

∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

r2 sin θdθdr;

(8)

the only difference being that ϕ is now a function of r.
To simplify the integral expression, some additional information is needed on

the intersection of two circles, as we are integrating along the arcs of a circle and
the boundary curve is also a circle. Let us consider two circles: the first one centered
at the origin (0, 0) and having a radius r, and the second one centered at (d, 0) and
having a radius ρ (Fig. 7). This setup gives{

x2 + y2 = r

(x− d)2 + y2 = ρ
or x =

r2 − ρ2 + d2

2d
, (9)

which yields

cosϕ(r) =
x

r
=
r2 − ρ2 + d2

2dr
, ϕ(r) = arccos

(
r2 − ρ2 + d2

2dr

)
.

Using the resulting expression for ϕ and trigonometric identities, similar to what
is done in the previous section, one obtains∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

r2 cos θdθdr = 2
∫ R2

R1

r2 sinϕ(r) cos θN (r)dr

= 2
∫ R2

R1

r2 sin arccos
(
r2 − ρ2 + d2

2dr

)
cos θN (r)dr

= 2
∫ R2

R1

r2

√
1 −

(
r2 − ρ2 + d2

2dr

)2

cos θN (r)dr,

(10)
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and hence 


S =
∫ R2

R1

r

√
1 −

(
r2 − ρ2 + d2

2dr

)2

dr;

x(N)
c =

1
S

∫ R2

R1

r2

√
1 −

(
r2 − ρ2 + d2

2dr

)2

cos θN (r)dr;

y(N)
c =

1
S

∫ R2

R1

r2

√
1 −

(
r2 − ρ2 + d2

2dr

)2

sin θN (r)dr.

(11)

The integrand is not simplified further here, as the non-uniform density beam
case will be considered in the next section, which only makes the integrand more
complicated, thus not allowing any simplification of the general form.

Let us consider a special case of R1 = d− ρ < 0 with the layout corresponding
to Fig. 6. For 0 < r < |R1|, the intersection of the two circles in (9) is purely
imaginary, and hence the whole contour (r, ϕ ∈ [−π, π)) belongs to the beam, and
one can assume for such r that ϕ goes from −π to π. This is the approach used
later for the non-uniform distribution.

5. Elliptical Beam, Normal or Arbitrary Distribution

Assume that the beam distribution is normal in both directions in every pair of
coordinates, and each two directions are independent. As the beam is round in
the normal form coordinates, the variances σx and sigmay in both eigen-directions
are the same, i.e. σ = σx = σy, and hence the resulting density of the bivariate
distribution is defined by the formula

f(x, y) =
1

2πσ2
exp

(−((x− d)2 + y2)
2σ2

)
,

as the mean values for the distribution are d and 0. Note that this formula is only
valid for the initial distribution, when θN = 0, and after N turns θN should be
subtracted from the value of the angle.

A typical particle distribution after various number of turns is shown in Fig. 8.
In the case of the non-uniform distribution the expressions for S, xc, and yc are

essentially the same as in Eqs. (11), except that now the integrand is complicated by
the additional factor of f(r cos(θ−θN ), r sin(θ−θN )). The term “−θN” is introduced
to always take the density of the initial normal distribution:


S =
∫ R2

R1

∫ ϕ(r)+θN (r)

−ϕ(r)+θN(r)

rf(r cos(θ − θN ), r sin(θ − θN ))dθdr;

x(N)
c =

1
S

∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

r2 cos θf(r cos(θ − θN ), r sin(θ − θN ))dθdr;

y(N)
c =

1
S

∫ R2

R1

∫ ϕ(r)+θN(r)

−ϕ(r)+θN(r)

r2 sin θf(r cos(θ − θN ), r sin(θ − θN ))dθdr.

(12)
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Fig. 8. Particle distribution in the beam, the cross indicates the center of mass of the beam.

6. Numerical Experiment Results

All the numerical results of this section are based on the Tevatron model avail-
able on the Fermi National Accelerator Laboratory website.1 All the calculations
are performed using the arbitrary order code COSY INFINITY6 written by Mar-
tin Berz, Kyoko Makino, et al. at Michigan State University. The source code for
the lattice is in the format of the MAD programming environment,7 for which a
converter8 to COSY INFINITY is readily available.

The calculation method described above allows one to find the dependence r =
r(N, c1, c2) for elliptical beams with an arbitrary particle distribution, the only
requirement being that the initial distribution density function is known. Having
this data available and employing various optimization methods, one can find the
correct values of c1 based on one particular measurement or both coefficients c1
and c2, provided that measurements for different kick strengths are available.

Let us compare the results of the proposed algorithm to the values obtained by
tracking the nonlinear model of the Tevatron accelerator.

We use the beam position monitor (BPM) measurement results2 similar to those
shown in Fig. 1. The number of turns after which the amplitude of the center of
mass falls down to half of its value varies depending on the BPM. Taking the average
over the total of 115 reliable BPMs, one obtains that N1/2 = 1021.

A parameter fitting procedure results in the expected value of c1 = −2511 for
the initial beam amplitude after the kick of r = 0.24 · 10−3. Taking into account
that µ0 = 0.585, one obtains

µ ≈ µ0 + c1r
2 = 0.585 − 1.4463 · 10−4. (13)

To conceive how close the obtained value of c1 is to the realistic value of the
tune shift with amplitude, a comparison was performed in COSY using the nonlin-
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Fig. 9. Calculation results and the comparison with the nonlinear model.

ear model of the Tevatron available at the official lattice page at Fermilab.1 The
model reflects changes made to the accelerator as of November 2005, while the
measurement results are dated January 2006. Hence, there are strong reasons to
assume that the model distribution tracking should yield results comparable to the
calculated value of the tune shift, and therefore, the measurements. The COSY
calculation shows that the expected value of c1 for the nonlinear model should be
−2541, which means the calculated value found by applying the algorithm differs
from the model value by 1.2%. At the same time, only the information about the
distribution of the particles in the beam, the size of the beam, and the linear dy-
namics was used to find the nonlinear tune shift. Necessary additional information
was extracted from the measurements.

Figure 9 shows the graphs of the calculated amplitude with c1 = −2511 and the
model amplitude with c1 = −2541. The slight difference between the graphs can be
explained not only by using different c1’s, but also by the fact that the fourth order
term c2r

4 in the expansion of µ has not been taken into account. Also the nonlinear
model represents an approximation to the real machine’s optics. At the same time,
the similarity of the graphs allows to conclude that the model represents the real
machine quite accurately, at least for the low order nonlinearities affecting the tune
shift (mainly the sextupole content of the ring).

Also, the validity of the approach studied is perfectly supported by the inde-
pendent calculations done earlier. There is an estimate of the nonlinear tune shift9

based on the approach by R.Meller et al.,10 given by the following formula:

µ ≈ µ0 − κA2, κ ≈ 1
4πN1/2

, (14)

where A is the amplitude of the center of mass of the beam, measured in σ units
of the beam under consideration. This formula is derived for the beams with a
normal distribution of particles, and it represents a good approximation when the
transversal kick is relatively weak (A is not too much greater then 1), and the
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underlying dynamical system is weakly nonlinear with a quadratic term being the
main contribution to the tune shift. It is noteworthy that Eq. (14) is connected to
the initial distribution, the strength of the transversal kick and the transfer map of
the system under consideration via A and N1/2.

The comparison of the value κA2 from Eq. (14) to the value of c1r2, obtained by
the calculation using the algorithm described above, leads to the following result:
κ = 7.96 · 10−5, A = 1.36,

µ ≈ µ0 + κA2 = 0.585− 1.4723 · 10−4, (15)

that is, the difference between the values obtained using different approximations
in Eqs. (13) and (15) is 1.75%.

7. Summary

The correspondence is found between the first and the most important term in the
expansion of the nonlinear tune shift with amplitude and the BPM measurement
results after the beam is kicked transversely. This correspondence can be found by
fitting the parameter c1. To be able to find the correct value of the parameter it is
necessary to have the information on the behavior of the amplitude r of the center
of mass. This amplitude can be found in the most general case using Eq. (12).

A method for the calculation of the nonlinear tune shift with amplitude was
tested on the Tevatron BPM measurement results and compared to the nonlin-
ear model calculations as well as the independent approximation formulas. In both
cases the discrepancy was within 2%, which can be considered a very good result
considering that only the information on the one-turn linear transfer map and the
geometry of the beam has been used, while the lack of information on the nonlin-
ear behavior was compensated by a single BPM measurement with one particular
perturbation (kick) strength.

After the coefficient c1 has been found, one might try finding the coefficient c2
if multiple measurement results are available. On the other hand, in the case of the
Tevatron, c2r4 is 2 orders smaller than c1r

2, so in this particular study there was
no attempt made to find c2.
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The RFOFO ring is considered to be one of the most promising six-dimensional cooling

channels proposed for the future muon collider. It has a number of advantages over other
cooling channels, but it also has certain drawbacks. The injection and extraction issue
as well as the absorber overheating are its main problems. In this article the simulations
of a possible solution to these problems, the RFOFO helix, commonly referred to as the
Guggenheim channel, are studied in detail. The details of the tracking studies of both
the idealized and realistic lattices are presented and compared to the performance of the
underlying RFOFO cooling ring design.

Keywords: Muon collider; ionization cooling; six-dimensional dynamics simulations;
Guggenheim cooling channel.

PACS numbers: 29.20.db, 29.27.-a, 29.27.Bd, 41.75.Lx

1. Introduction

In a muon collider design the muon beam 6D phase space volume must be reduced
in order to be able to further accelerate it and inject into the storage ring. Ionization
cooling is currently the only feasible option for cooling the beam within the muon
lifetime (τ0 = 2.19 µs). The RFOFO ring1,2 is one of the feasible options currently
under active investigation along with other designs.3,4,5 The RFOFO ring provides
an impressive reduction in the six-dimensional emittance in a small number of turns
with a relatively low particle loss factor. However, the design of the injection and
extraction channels and kickers is very challenging, and this ring could not be used
as is, because the bunch train is too long to fit in the ring. Both problems would be

987
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Table 1. RFOFO and Guggenheim parameters.

RFOFO Guggenheim
Circumference, [m] 33.00 32.86
Pitch, [m] 0 3.00
Pitch angle, [deg] 0 5.22
Radius, [mm] 5252.113 5230.365
Maximum axial field, [T] 2.77 2.80
Coil tilt (wrt orbit), [deg] 3.04 3.04
Average momentum, [MeV/c] 220 220
Reference momentum, [MeV/c] 201 201
RF frequency, [MHz] 201.25 201.25
RF gradient, [MV/m] 12.835 12.621
Absorber angle, [deg] 110 110
Absorber thickness on beam axis, [cm] 27.13 27.13

Fig. 1. RFOFO ring.

removed in the RFOFO helix, also known as the Guggenheima channel.6 In addition,
utilizing the helix solves another important problem, namely, the overheating in
the absorbers. Also, since the injection and extraction come naturally with the
Guggenheim design, full use of all 12 cells for cooling is possible as opposed to the
RFOFO ring in which RF cavities and absorbers in two of the 12 cells should be
removed for the purposes of installing utility insertions.

2. Lattice Description, Modeling the Helix

The lattice of the Guggenheim channel is based on the RFOFO ring lattice7,8 and
inherits most of its parameters with little or no change. The RFOFO ring is shown
in Fig.1, and its vital parameters are summarized and compared to the RFOFO
helix parameters in Table 1. The only difference between the ring and the helix is
the change in the elevation of the elements. The helix has a pitch of arcsin(H/R),
where H is the distance between the corresponding elements of the two subsequent
turns, and R is the radius of the helix. It should be noted that the radius of the
helix is slightly smaller than the radius of the ring in order to keep the same path

aRefers to the Solomon R. Guggenheim Museum in New York with its helical gallery, details at
http://www.guggenheim.org/the building.html
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length over one turn. Since the circumference of the original RFOFO ring is 33 m,
its radius is 5252.113 mm, while the radius of the Guggenheim is 5230.365 mm.

The longitudinal magnetic field on axis has an approximately sinusoidal depen-
dence on position with a peak magnitude of 2.8 T. The solenoids are tipped to
produce an average vertical dipole field of 0.125 T on axis. The beam axis is dis-
placed laterally with respect to the coil centers to minimize horizontal fields that
cause unwanted deviations of the reference orbit. The desired horizontal magnetic
field that changes the reference orbit from circular to helical is generated by tip-
ping all the solenoids further by the fixed pitch angle of 5.22 degrees. The lattice
transmits particles in the momentum band from 160 to 260 MeV/c.

The RF cavities are modeled using cylindrical pillboxes. The cavities are located
in a dipole field in this design. The RF cavities are at a frequency of 201.25 MHz
and have an accelerating gradient of 12 MV/m to compensate for the energy loss
in absorbers.

The liquid-hydrogen wedge absorbers only extend part way across the gap, such
that a particle on the reference orbit always loses the same amount of energy cross-
ing the wedge. The absorber has a central thickness of 27.13 cm and a total wedge
angle of 110 degrees. The absorber central plane is perpendicular to the direction
of the beam.

3. Preliminary Analysis of the Lattice

All the simulations in this article are performed using the G4Beamline code by
Tom Roberts,9 based on the Geant410 simulation toolkit. G4Beamline performs a
particle-by-particle tracking. Muon decay and stochastic processes can be either
taken into account or turned off. The magnetic field of the solenoids is generated
by the simulation software before the tracking and saved as a field map. The effect
of all the solenoids in the lattice is taken into account at any point on the trajectory
of each particle.

Since the Guggenheim is not symmetric as compared to the RFOFO ring, we
consider only the middle half of the ring in the initial study sequence to avoid
problems with significant field discrepancies at both ends of the structure. This
layout is shown in Fig.2.

A Gaussian input beam11 is typically used in the simulations with a normalized
transverse emittance of 12 mm and a normalized longitudinal emittance of 18.4
mm. The reference particle momentum is 201 MeV/c. This value was chosen to
make the circulation time on the helix equal to the 25th harmonic of 201.25 MHz.
The initial beam has a correlation between the axial momentum and the transverse
amplitude, to minimize the tendency for the particles in the bunch to spread out
longitudinally in the solenoidal field.

Muons are injected at the boundary of the cell (the absorber central plane),
where the transverse momentum vanishes for a reference orbit. The reference orbit
is offset by −10.25 mm in x and by 17.62 mm in y at the beginning of the cell.
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Fig. 2. Guggenheim helix.

By tracking the particles through the half-turn lattice repeatedly one can sim-
ulate the multiturn behavior in an idealized RFOFO helix.

The results of this simulation serve as the point of reference for all the subsequent
simulations. Also, the results are compared to the RFOFO ring performance. By
adjusting the parameters of the Guggenheim its performance can be made virtually
the same as the RFOFO ring. However, one should not forget that in the realistic
RFOFO ring, as opposed to the ideal case shown, only 10 cells out of 12 are filled
with RF cavities and used for cooling, while the Guggenheim does not suffer such
a decrease in performance.

4. 5-Turn Scheme

It is useful and instructive to study the multilayer Guggenheim layout, to see how
significant the change in the field is when neighboring layers are added, and how it
affects the performance. This allows one to draw conclusions about the efficiency
of the unshielded structure and evaluate its feasibility.

The geometry of the helix is the same as in the one layer case. However, there are
two major changes in the magnetic field: the longitudinal field at the beginning and
at the end of the structure is severely affected due to the absence of the neighboring
cells. This problem can be efficiently mitigated by introducing extra pair of coils
before the first cell and after the last cell. These extra coils are marked in Fig.3.
Using these extra coils is extremely important, especially in the beginning of the
structure, because otherwise many particles will be lost right at the injection. The
two coils at the end might not be dramatically important, especially since the
particles from the Guggenheim are fed into a matching section of the downstream
channel.

Another problem, namely, the asymmetry in the first and last turns of the helix,
is a more serious issue. Fig.4 shows the vertical component of the magnetic field
on the geometrical helix of radius R = 5230.36 mm and H = 3000 mm. It clearly
demonstrates that the three middle turns are not affected and can still perform well,
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Fig. 3. Multilayer lattice.

while in the two extreme turns, especially in the innermost cells, the changes are
drastic. Many particles are lost in cells 11 and 12 of the first and fourth turn, cells
1 and 2 of the second and last turn. These areas are marked in Fig.4. The changes
in the longitudinal and radial components of the magnetic field on the geometric
helix are not significant compared to the one layer scheme, Fig.5.

Various attempts were made to compensate for the change in the magnetic field;
however, the most efficient way is probably to shield the layers from one another
in the vertical direction. Another option might be to use only the inner turns,
and replace the extreme turns by a simpler configuration of magnets generating a
vertical field similar to the one of the full helix turn of tilted coils, but that requires
a separate study.

5. Acceptance Analysis

To rule out one of the possible causes of particle loss for the 5-layer layout, namely,
the loss due to the mismatch between the injected beam and the phase space that
can be transmitted through the structure, acceptance studies are in order. The
results of acceptance analysis at the central momentum are shown in Fig.6. They
suggest that all particles in the beam at this particular momentum are within the
transmitted volume. The full acceptance analysis has also been performed to locate
loss regions, especially in the longitudinal direction.
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Fig. 4. Magnetic field discrepancies in the multiturn Guggenheim layout.

A 6-dimensional grid of 262144 particles was tracked through the 5-layer
Guggenheim lattice in order to find the full 6-dimensional acceptance of the chan-
nel and check whether the beam commonly used for simulations is matched to the
acceptance. The scatterplots of the acceptance are shown in Fig.7.

The analysis shows that the beam matches the acceptance of the structure, and
no particle loss is attributed to the initial beam mismatch. However, the longitudinal
size of the initial distribution is slightly larger than the accepted 160 ≤ pz ≤ 260
MeV/c as well as −1 ≤ t ≤ 1 ns. This fact is responsible for approximately 6% of
the loss in transmission.

6. Realistic Scheme Analysis

The study of the 5-turn Guggenheim layout showed that vertical shielding is neces-
sary between individual layers to eliminate the discrepancies in the vertical compo-
nent of the magnetic field. Another study by A. Klier12 showed that adding shielding
material between layers does not affect the paraxial magnetic field significantly, as
compared to the single layer case. Therefore, the idealized half turn lattice model
described above in Section 3 can be used with no further modification to analyze
the more realistic shielded case.

For a more realistic layout of the Guggenheim cooling channel it is necessary
to consider the effects of the aluminum windows in the wedge absorbers as well as
beryllium windows in the RF cavities. Including windows introduces new sources
of scattering and degrades the cooling performance.
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Fig. 6. Particle distribution vs. Guggenheim channel acceptance for the central momentum of
Pz = 220 MeV/c.

The RF cavities are enclosed with tapered beryllium end windows. The RF
windows are stepped in thickness radially, in order to provide minimum thickness
near the beam axis and still control the temperature increase due to RF heating.
The thickness of the windows is taken to be 175 and 350 µm for the internal windows
and 50 and 100 µm for the external ones. These are the values suggested by the
Neutrino Factory feasibility study II,13 divided by 4.1

The absorbers are enclosed with aluminum windows 360 µm thick, located right
next to and conforming to the wedge shape of the absorber. In addition to these
windows, extra security windows of the same thickness are considered. The simu-
lated security windows are planar and located axially on both sides of the wedge.
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Fig. 7. Scatterplots of particle distribution vs. Guggenheim channel acceptance, (x−y−pz) and
(x − y − t) projections.

These additions result in considerable change of performance as compared to
the ideal helix. The 6D emittance is reduced by a factor of 361 in the ideal case and
the transmission is expected to be 51% after 15 turns (495 m), while in the realistic
case the 6D emittance is reduced by a factor of 61 with the transmission of 48%.
Other merit factors are compared in the next section. Still, the cooling performance
of the realistic Guggenheim channel is very promising.

7. Summary, Simulation Results Comparison

The results of different simulations including the RFOFO ring, the ideal Guggen-
heim helix, the realistic Guggenheim helix and the 5-layer Guggenheim layout are
summarized in Fig.8. Here the transverse emittance and longitudinal emittance are
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Table 2. Decrease in variation for different models.

Structure

Parameter Turn #
RFOFO Guggenheim Guggenheim Guggenheim

ideal ideal realistic 5 layers

σx [mm]

0 41.79 41.79 41.79 41.79

5 25.48 27.05 28.81 30.72

10 19.62 20.74 25.58 -

15 18.71 19.47 26.60 -

σy [mm]

0 42.86 42.86 42.86 42.86

5 24.14 27.72 30.10 38.08

10 18.61 21.74 27.77 -

15 18.24 20.81 26.73 -

σp
[MeV/c]

0 27.85 27.85 27.85 27.85

5 11.80 12.00 13.58 12.79

10 7.98 8.40 11.55 -

15 7.37 7.45 10.83 -

σt [ns]

0 0.298 0.298 0.298 0.298

5 0.235 0.237 0.261 0.364

10 0.171 0.166 0.201 -

15 0.143 0.144 0.185 -

given in millimeters, the 6D emittance—in mm3, the transmission—in percent of the
initial number of particles in the beam. There are a number of factors introduced to
evaluate the performance of cooling channels. Among them, the quantity M-factor,
defined by M = ε6(initial)

ε6(final) × Transmission, is most useful for collider applications.
All of the above criteria have been calculated using ECALC9 ver.2 by Gregg Penn,
the de facto emittance calculation standard for the Muon Collaboration.14,15

In addition to the qualitative comparison represented by Fig.8 the quantitative
results are summarized in Table 2. This table shows the change in the variation of
the transverse coordinates x and y, total momentum p, and the time of flight t after
a number of turns in the cooling channel for various models. The phase portraits
in (x− px), (y − py) and (t− pz) before and after cooling are given in Fig.9.

It should be noted that the viability of the Guggenheim channel depends to a
large extent on the issue of whether the RF cavities work in a magnetic field.16 It
should be proved by experiment that RF cavities at 12 MV/m do not break down
in the magnetic field of up to 3 T (on the central axis). As an alternative, the open
cell approach might be considered,17 which allows the RF cavities to be moved
outside the magnetic field.

Another issue is the behavior of the M-factor. As the graph in Fig.8 shows,
the efficiency of the Guggenheim cooling channel at a fixed frequency decreases as
the number of turns grow. After nine turns in the realistic Guggenheim, both the
6D emittance graph and the merit factor graph become essentially flat. To solve
this problem, the concept of the tapered cooling channel is suggested,18 where the
radius of the helix decreases and the RF frequency increases with the number of
turns. This concept is currently being investigated.
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Fig. 9. Reduction in the 6D phase space due to cooling. Gray—initial distribution, black—after
15 turns in the realistic Guggenheim cooling channel (495 m).
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The nonlinear model predictive control algorithms for plasma current and shape sta-
bilization are proposed. Such algorithms are quite suitable for the situations when the
plant to be controlled has essentially nonlinear dynamics. Besides that, predictive model
based control algorithms allow to take into account a lot of requirements and constraints
involved both on the controlled and manipulated variables. The significant drawback of
the algorithms is that they require a lot of time to compute control input at each sam-
pling instant. In this paper the model predictive control algorithms are demonstrated
by the example of plasma vertical stabilization for ITER-FEAT tokamak. The tuning of
parameters of algorithms is performed in order to decrease computational load.

Keywords: Model predictive control; plasma vertical stabilization.

PACS numbers: 11.25.Hf, 123.1K

1. Introduction

Tokamaks, as future nuclear power plants, currently present exceptionally signifi-
cant research area. The basic problems are electromagnetic control of the plasma
current, shape and position. High-performance plasma control in a modern tokamak
is the complex problem. This is mainly connected with the design requirements im-
posed on magnetic control system and power supply physical constraints. Besides
that, plasma is an extremely complicated dynamical object from the modeling point
of view and usually control system design is based on simplified linear system, rep-
resenting plasma dynamics in the vicinity of the operating point. This paper is
focused on the control systems design on the base of Model Predictive Control
(MPC).1,2 Such systems provide high-performance control in the case when ac-
curate mathematical model of the plant to be controlled is unknown. In addition,
these systems allow to take into account constraints, imposed both on the controlled
and manipulated variables.3 Furthermore, MPC algorithms can base on both linear
and nonlinear mathematical models of the plant. So MPC control scheme is quite
suitable for plasma stabilization problems. However, predictive control algorithms
are very time-consuming, since they require the repeated on-line solution of the

999
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optimization problem at each sampling instant. Plasma vertical stabilization prob-
lem for the ITER-FEAT machine is considered to illustrate MPC algorithms. The
problem of real-time implementation is investigated.

2. Control Problem Formulation

2.1. Mathematical model of the plasma vertical stabilization

process in ITER-FEAT tokamak

The dynamics of plasma control process can be commonly described by the system
of ordinary differential equations 4,5

dΨ
dt

+RI = V, (1)

where Ψ is the poloidal flux vector, R is a diagonal resistance matrix, I is a vector
of active and passive currents, V is a vector of voltages applied to coils. The vector
Ψ is given by nonlinear relation

Ψ = Ψ(I, Ip), (2)

where Ip is the plasma current. The vector of output variables is given by

y = y(I, Ip). (3)

Linearizing equations (1)–(3) in the vicinity of the operating point, we obtain a
linear model of the process in the state space form. In particular, the linear model
describing plasma vertical control in ITER-FEAT tokamak is presented below.

ITER-FEAT tokamak6 has a separate fast feedback loop for plasma vertical
stabilization. The Vertical Stabilization (VS) converter is applied in this loop. Its
voltage is evaluated in the feedback controller, which uses the vertical velocity of
plasma current centroid as an input. So the linear model can be written as follows

ẋ = Ax + bu,
y = cx + du,

(4)

where x ∈ E58 is a state space vector, u ∈ E1 is the voltage of the VS converter,
y ∈ E1 is the vertical velocity of the plasma current centroid.

Since the order of this linear model is very high, an order reduction is desirable
to simplify the controller synthesis problem. The standard Matlab function schmr

was used to perform model reduction from 58th to 3rd order. As a result, we
obtain a transfer function of the reduced SISO model (from input u to output y)

P (s) =
1.732 · 10−6(s− 121.1)(s+ 158.2)(s+ 9.641)

(s+ 29.21)(s+ 8.348)(s− 12.21)
. (5)

This transfer function has poles which dominate the dynamics of the initial plant.
The unstable pole corresponds to vertical instability. It is natural to assume that
two other poles are determined by the virtual circuit dynamic related to the most
significant elements in the tokamak vessel construction. The quality of the model
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reduction can be illustrated by the comparison of the Bode diagram for both initial
and reduced models. Fig. 1 shows the Bode diagrams for initial and reduced 3rd

order models on the left and for initial and reduced 2nd order model on the right.
It is easy to see that the curves for initial model and reduced 3rd order model are
actually indistinguishable, contrary to the 2nd order model.
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Fig. 1. Bode diagrams for initial (solid lines) and reduced (dotted lines) models.

In addition to plant model (5), we must take into account the following limits
that are imposed on the power supply system

V V S
max = 0.6kV, IV S

max = 25kA, (6)

where V V S
max is the maximum voltage, IV S

max is the maximum current in the VS con-
verter. So, the linear model (5) together with constraints (6) is considered in the
following as the basis for controller synthesis.

2.2. Optimal control problem formulation

The desired controller must stabilize vertical velocity of the plasma current centroid.
One of the approaches to control synthesis is based on the optimal control theory.
In this framework, plasma vertical stabilization problem can be stated as follows.
One needs to find a feedback control algorithm u = u(t, y) that provides a minimum
of the quadratic cost functional

J = J(u) =
∫ ∞

0

(y2(t) + λu2(t))dt, (7)
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subject to plant model (5) and constraints (6), and guarantees closed-loop stability.
Here λ is a constant multiplier setting the trade-off between controllers performance
and control energy costs.

Specifically, in order to find an optimal controller, LQG-synthesis can be per-
formed. Such a controller has high stabilization performance in the unconstrained
case. However, it is perhaps not the best choice in the presence of constraints.

Contrary to this, the MPC synthesis allows to take into account constraints.
Its basic scheme implies on-line optimization of the cost functional (7) over a finite
horizon subject to plant model (5) and imposed constraints (6).

3. Model Predictive Control Algorithms

3.1. MPC Basic Principles

Suppose we have a mathematical model, which approximately describes control
process dynamics

˙̃x(τ) = f(τ, x̃(τ), ũ(τ)), x̃|τ=t = x(t). (8)

Here x̃(τ) ∈ En is a state vector, ũ(τ) ∈ Em is a control vector, τ ∈ [t,∞], x(t) is
the actual state of the plant at the instant t or its estimation based on measurement
output.

This model is used to predict future outputs of the process given the pro-
grammed control ũ(τ) over a finite time interval τ ∈ [t, t + Tp]. Such a model
is called prediction model and the parameter Tp is named prediction hori-
zon. Integrating system (8) we obtain x̃(τ) = x̃(τ,x(t), ũ(τ))—predicted process
evolution over time interval τ ∈ [t, t+ Tp].

The programmed control ũ(τ) is chosen in order to minimize quadratic cost
functional over the prediction horizon

J = J(x(t), ũ(·), Tp) =
∫ t+Tp

t

((x̃−rx)′R(x̃)(x̃−rx)+(ũ−ru)′Q(x̃)(ũ−ru))dτ, (9)

where R (x̃) , Q (x̃) are positive definite symmetric weight matrices, rx, ru are state
and control input reference signals. In addition, the programmed control ũ(τ)
should satisfy all of the constraints imposed on the state and control variables.
Therefore, the programmed control ũ(τ) over prediction horizon is chosen to pro-
vide minimum of the following optimization problem

J(x (t) , ũ (·) , Tp) → min
ũ(·)∈Ωu

, (10)

where Ωu is the admissible set given by

Ωu =
{
ũ(·) ∈ K0

n[t, t+ Tp] : ũ(τ) ∈ U, x̃(τ,x(t), ũ(τ)) ∈ X, ∀τ ∈ [t, t+ Tp]
}
.

(11)
Here, K0

n[t, t+Tp] is the set of piecewise continuous vector functions over the interval
[t, t+ Tp], U ∈ Em is the set of feasible input values, X ∈ En is the set of feasible
state values.
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Denote by ũ∗(τ) the solution of the optimization problem (10), (11). In order to
implement feedback loop, the obtained optimal programmed control ũ∗(τ) is used
as the input only on the time interval [t, t + δ], where δ << Tp. So, only a small
part of ũ∗(τ) is implemented. At time t + δ the whole procedure—prediction and
optimization—is repeated again to find new optimal programmed control over time
interval [t+ δ, t+ δ + Tp]. Summarizing, the basic MPC scheme works as follows:

(i) Obtain the state estimation x̂ on the base of measurements y.
(ii) Solve the optimization problem (10), (11) subject to prediction model (8) with

initial conditions x̃|τ=t = x̂(t) and cost functional (9).
(iii) Implement obtained optimal control ũ∗(τ) over time interval [t, t+ δ].
(iv) Repeat the whole procedure 1–3 at time t+ δ.

From the previous discussion, the most significant MPC features can be noted:

• Both linear and nonlinear model of the plant can be used as a prediction model.
• MPC allows taking into account constraints imposed both on the input and

output variables.
• MPC is the feedback control with the discrete entering of the measurement in-

formation at each sampling instant 0, δ, 2δ, . . . .
• MPC control algorithms imply the repeated (at each sampling instant with in-

terval δ) on-line solution of the optimization problems. It is especially important
from the real-time implementation point of view, because fast calculations are
needed.

3.2. MPC real-time implementation

In order for real-time implementation, piece-wise constant functions are used as a
programmed control over the prediction horizon. That is, the programmed control
ũ(τ) is presented by the sequence{ũk , ũk+1, ..., ũk+P−1}, where ũi ∈ Em is the
control input at the time interval [iδ, (i+ 1)δ] , δ is the sampling interval. Note that,
P is a number of sampling intervals over the prediction horizon, that is Tp = Pδ.
Likewise, general MPC formulation presented above consider nonlinear prediction
model in the discrete form

x̃i+1 = f(x̃i, ũi), i = k + j, j = 0, 1, 2, ..., x̃k = xk,

ỹi = Cx̃i.
(12)

Here ỹi ∈ Er is the vector of output variables, xk ∈ En is the actual state of
the plant at time instant k or its estimation on the base of measurement output.
We shall say that the sequence of vectors {ỹ k+1 , ỹk+2, ..., ỹk+P } represents the
prediction of future plant behavior.
Similar to the cost functional (9), consider also its discrete analog given by

Jk = Jk(ȳ, ū) =
∑P

j=1

[
(ỹk+j − ry

k+j)
T Rk+j(ỹk+j − ry

k+j)
+ (ũk+j−1 − ru

k+j−1)
T Qk+j(ũk+j−1 − ru

k+j−1)
]
,

(13)
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where Rk+j and Qk+j are the weight matrices as in the functional (9), ry
i and ru

i

are the output and input reference signals,

ȳ =
(
ỹk+1 ỹk+2 ... ỹk+P

)T ∈ ErP ,

ū =
(
ũk ũk+1 ... ũk+P−1

)T ∈ EmP

are the auxiliary vectors.
The optimization problem (10), (11) can now be stated as follows

Jk(xk, ũk, ũk+1, ...ũk+P−1) → min
{ũk,ũk+1,...,ũk+P−1}∈Ω∈EmP

, (14)

where Ω={ū∈EmP : ũk+j−1∈U, x̃k+j ∈X, j = 1, 2, ..., P} is the admissible set.
Generally, the function J(xk, ũk, ũk+1, ...ũk+P−1) is a nonlinear function of mP
variables and Ω is a non-convex set. Therefore, the optimization task (14) is a
nonlinear programming problem.
Now real-time MPC algorithm can be presented as follows:

(i) Obtain the state estimation x̂k based on measurements yk using the observer.
(ii) Solve the nonlinear programming problem (14) subject to prediction model (12)

with initial conditions x̃k = x̂k and cost functional (13). It should be noted,
that the value of the function Jk(xk, ũk, ũk+1, ...ũk+P−1) is obtained by numer-
ically integrating the prediction model (12) and then substituting the predicted
behavior x̄ ∈ EnP into the cost function (13) given the programmed control
{ũk , ũk+1, ..., ũk+P−1} over the prediction horizon and initial conditions x̂k.

(iii) Let {ũ∗
k , ũ

∗
k+1, ..., ũ

∗
k+P−1} be the solution of the problem (14). Implement

only the first component ũ∗
k of the obtained optimal sequence over time interval

[kδ, (k + 1)δ].
(iv) Repeat the whole procedure 1–3 at next time instant (k + 1)δ.

Note, that the algorithm stated above implies real-time solution of the nonlinear
programming problem at each sampling instant. The complexity of such a problem
is determined by the number of sampling intervals P .

The simplest way to reduce the optimization problem order is to decrease the
prediction horizon. But, it is necessary to keep in mind that the performance of the
closed-loop system depends strongly on the number P of samples. The quality of
the processes is decreased if the prediction horizon is reduced. Moreover, the system
can lose stability if the quantity P is sufficiently small.

So, the following approaches to reduce computational load can be proposed:

1. Using the control horizon. The positive integer number M < P is called the
control horizon if the following condition hold:

ũk+M−1 = ũk+M = ... = ũk+P−1.

Thus, the number of independent variables is decreased from mP to mM . This
approach allows to essentially reduce the optimization problem order. However, if
the control horizon M is too small, the closed-loop stability can be compromised
and the quality of the processes can decrease.
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2. Increasing the sampling interval δ and reducing the number P of samples over
the prediction horizon. This also allows to decrease the optimization problem
order while preserving the value of the prediction horizon.

3. The computational consumption also depends on the prediction model used. So,
one needs to use as simple models as possible. But the prediction model should
adequately reflect the dynamics of the plant considered. The simplest case is
using the linear prediction model.

3.3. Linear MPC

In this particular case, MPC is based on the linear prediction model. These algo-
rithms are computationally efficient which is especially important from the real-time
implementation point of view.
Generally, linear prediction model is presented by

x̃i+1 = Ax̃i + Bũi, i = k + j, j = 0, 1, 2, ..., x̃k = xk,

ỹi = Cx̃i.
(15)

Suppose ū =
(
ũk ũk+1 ... ũk+P−1

)T
is the programmed control over the prediction

horizon. Then, integrating (15) we obtain future outputs of the plant in the form

ȳ = Lxk + Mū, (16)

where

L =




CA
CA2

...
CAP


 , M =




CB 0 . . . 0

CAB
. . .

...
. . .

CAP−1B . . . CAB CB


 .

Substituting (16) into (13) we get

Jk = Jk(xk, ū) = ūT Hū + 2fT ū + g. (17)

Here we assumed that all weight matrices are equal, that is

Rk+1 = Rk+2 = ... = Rk+P = R,
Qk+1 = Qk+2 = ... = Qk+P = Q.

The matrix H and vector f in (17) are as follows

H = M′RM + Q, f = M′RLxk. (18)

It can easily be shown that in this case the optimization problem (14) is reduced
to the quadratic programming problem of the form

Jk(xk, ũk, ũk+1, ..., ũk+P−1) = ūTHū + 2fT ū + g → min
ū∈Ω⊂EmP

. (19)

Here H is a positive definite matrix and Ω is a convex set defined by the system
of linear constraints. On-line solution of the optimization problem (19) at each
sampling instant generally leads to nonlinear feedback control law.
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Note that the optimization problem (19) can be solved analytically for the uncon-
strained case. The result is the linear controller

ũk = Kx̃k, (20)

which converges to the LQR-optimal one as P is increased. This convergence is
obvious, because the discrete LQR controller minimizes the functional (13) with
infinity prediction horizon for linear model (15).

4. Plasma Vertical Stabilization Based on the Model Predictive
Control

Let us remember that SISO model (5) represents plasma dynamics in the vertical
stabilization process and limits (6) are imposed on the power supply system. It is
necessary to transform the system (5) to the state-space form for MPC algorithms
implementation. Besides that, in order to take into account the constraint imposed
on the current, one more equation should be added to the model (5). Finally, the
linear model of the stabilization process is given by

ẋ = Ax + bu,
y = cx + du,

(21)

where x ∈ E4 and the last component of x corresponds to current, y = (y1, y2) ∈
E2, y1 is the vertical velocity and y2 is the current in the VS-converter. We shall
assume that the model (21) describes the process accurately.
We can obtain a linear prediction model in the form (15) by the system (21) dis-
cretization. As a result, we get

x̃i+1 = Adx̃i + bdũi, x̃k = xk,

ỹi = Cdx̃i.
(22)

The constraints (6) form the system of linear inequalities given by

ũi ≤ V V S
max, i = k, ..., k + P − 1

ỹi2 ≤ IV S
max, i = k + 1, ..., k + P

(23)

These constraints define the admissible convex set Ω. The discrete analog of the
cost functional (7) with λ = 1 is given by

Jk = Jk(ȳ, ū) =
P∑

j=1

(
ỹ2

k+j,1 + ũ2
k+j−1

)
. (24)

So, in this case MPC algorithm leads to real-time solution of the quadratic pro-
gramming problem (19) with respect to the prediction model (22), constraints (23)
and the cost functional (24).

From the experiments the following values for the sampling time and number
of sampling intervals over the horizon were obtained

δ = 0.004 sec, P = 250.
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Hence, we have the following prediction horizon

Tp = Pδ = 1 sec .

Let us consider the MPC controller synthesis without taking into account the con-
straints imposed. Remember that in this case we obtain a linear controller (20)
that is practically the same as the LQR-optimal one. The transient response of
the system closed by the controller is presented in Fig. 2. The initial state vector
x (0) = h is used, where h is a scaled eigenvector of the matrix A corresponding
to the only unstable eigenvalue. The eigenvector h is scaled to provide the initial
vertical velocity y1 = 0.03 m/sec. It can be seen from the figure that the constraints
(6) imposed on the voltage and current are violated.
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Fig. 2. Transient response of the closed-loop system with unconstrained MPC-controller.

Now consider the MPC algorithm synthesis with constraints. Fig. 3 shows tran-
sient response of the closed-loop system with constrained MPC-controller. It is not
difficult to see that all constraints imposed are satisfied.

In order to reduce computational load, approaches proposed in Section 3.2 can
be used.

1. Experiments with using the control horizon were carried out. This experiments
show that the quality of stabilization remains approximately the same with con-
trol horizon M = 50 and prediction horizon P = 250. So, optimization problem
order can be significantly reduced.

2. Another approach is to increase the sampling interval up to δ = 0.005 sec and
reduce the number of samples down to P = 200. Hence, prediction horizon has
the same value Tp = Pδ = 1 sec. The optimization problem order is also reduced
in this case and consequently time consumptions at each sampling instant is
decreased. However, further increase of δ tends to compromise closed-loop system
stability.
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Fig. 3. Transient response of the closed-loop system with constrained MPC-controller.

5. Conclusion

The problem of plasma vertical stabilization based on the model predictive control
has been considered. It is shown that MPC algorithms are superior compared to
the LQR-optimal controller, because they allow taking constraints into account
and provide high-performance control. It is also shown that it is possible to reduce
the computational load significantly using relatively small control horizon or by
increasing sample interval while preserving the processes quality in the closed-loop
system. It allows us to use MPC algorithms to solve plasma vertical stabilization
problem.

References

1. Camacho E.F. and Bordons C., Model Predictive Control. (Springer-Verlag, London,
1999).

2. Morari M., Garcia C.E., Lee J.H. and Prett D.M., Model Predictive Control. (Prentice
Hall, New York, 1994).

3. Maciejowski J. M., Predictive Control with Constraints. (Prentice Hall, 2002).
4. Ovsyannikov D. A., Veremey E. I., Zhabko A. P., Ovsyannikov A. D., Makeev I. V.,

Belyakov V. A., Kavin A. A., Gryaznevich M. P., McArdle G. J., Mathematical methods
of plasma vertical stabilization in modern tokamaks, in Nuclear Fusion, Vol.46, pp.
652-657 (2006).

5. Misenov B.A., Ovsyannikov D.A., Ovsyannikov A.D., Veremey E.I., Zhabko A.P., Anal-
ysis and synthesis of plasma stabilization systems in tokamaks, in Proc. 11th IFAC
Workshop. Control Applications of Optimization, Vol.1 (New York, 2000), pp. 255-260.

6. Gribov Y., Albanese R., Ambrosino G., Ariola M., Bulmer R., Cavinato M., Coccorese
E., Fujieda H., Kavin A. et. al., ITER-FEAT scenarios and plasma position/shape con-
trol, in Proc. 18th IAEA Fusion Energy Conference, (Sorrento, Italy, 2000), ITERP/02.



February 23, 2009 12:39 WSPC/Guidelines-IJMPA 04446

International Journal of Modern Physics A

Vol. 24, No. 5 (2009) 1009–1018

c© World Scientific Publishing Company

SPECTRAL APPROACH TO H-OPTIMIZATION OF

PLASMA CONTROL

EVGENY VEREMEY

Applied Mathematics and Control Processes Department, Saint Petersburg State University,

35 Universitetskii prospekt, Petergof, Saint Petersburg, 198504, Russia

veremei@vrm.apmath.spbu.ru

This paper presents a spectral approach to H-optimal linear synthesis with the appli-

cation for tokamak plasma control systems. Two main problems of a synthesis are dis-

cussed: the mean square optimization and the appropriate guaranteeing interpretation.

The simple computational technique to solve these problems is proposed. Their imple-

mentation is illustrated by the example on the base of one variant of ITER tokamak

model for the plasma vertical feedback control.

Keywords: Tokamak; plasma control; optimization.

PACS numbers: 52.55.Fa, 02.30.Yy

1. Introduction

The modern tokamaks represent an extensive and promising field of applied research

in modern control theory. The central problem is plasma position, current and shape

stabilization.

Various mathematical approaches to the synthesis are widely used as analytical

and computational tools for practical problem-solving with the purpose to satisfy

a priori given conditions, requirements and constraints.1–3

In particular, during the last few decades, special attention has been paid to the

design methods based on the norms of Hardy spaces H2 and H∞. Linear systems

optimization in the sense of the mentioned norms is treated now as a basis for a lot

of research directions which were formerly considered independent areas of control

theory.4

Now we have very effective analytical and computational tools to support re-

search and practical design works based on the H-theory. Correspondent review,

for example, is presented in [6, 7].

Nevertheless, H-optimization theory continues to develop now both in funda-

mental and applied directions. Naturally, this is also true with respect to the prob-

lems of tokamak plasma control. There exists a variety of theoretical publications

reflecting aspects of these problems. However, the practical implementation of H-

1009
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optimization results is not too rich. For example, H-theory is not used yet in practice

for plasma control in such tokamaks as GLOBUS-M, MAST and other machines.

In our opinion, this is because of several reasons, one of which is computational

complexity of H-optimization.

This article represents the spectral approach to the mean-square synthesis which

is the particular case of H-theory. This approach is quite suitable to simplify the

computation of the optimal controller avoiding solving of the Riccati equation for

the SISO-situation. In this connection proposed method can be useful for the design

of the plasma vertical stabilizers in tokamaks. To illustrate the applicability of the

approach, one practical example is considered. This example uses a linear model

of plasma stabilization system for ITER machine (one of the mathematical models

for ITER-FEAT variant at the technical project stage in 1999–2001).

2. Mathematical Representation of Plasma Control Problem

One of the central problems to be investigated is plasma control in the toroidal

magnetic chamber. It is well-known that plasma as an object of control is a mo-

bile non-stable dynamic system with extremely high values of physical parameters,

temperatures as high as millions centigrade, first of all. As a result, the requirement

for electromagnetic capture system control accuracy is very high. Special attention

is paid to the stabilization of the plasma pinch to chamber walls gap at some fixed

control points. Therefore, the following high requirements for dynamic character-

istics of the control process arise: settling time, overshoot, dispersion, oscillations

etc. It is known that plasma position, current and shape are essentially determined

by conductor currents and their evolution is dominated by the current dynamics.2

Conductor current evolution is described by linear circuit equations derived from

Faraday’s law and presented in the form

ẋ = Ax + Bu,

y = Cx,
(1)

where x ∈ Rn, u ∈ Rm, y ∈ Rk are deviations of currents, voltages and gaps from

the nominal values determined by the plasma equilibrium position, correspondingly.

Further we shall limit ourselves by considering only SISO linear models (1)

with single input (m = 1) and single output (k = 1). This particular situation

corresponds to the problem of vertical plasma position control in modern tokamaks.

The limitation mentioned above allows presenting the mathematical model (1)

in the following input-output form

A(p)y = B(p)u + ϕ(t), (2)

where y, u, ϕ ∈ R1 are the controlled value, control and external disturbances,

correspondingly, A, B are reciprocally simple polynomials of differential operator

p = d/dt with constant coefficients. Suppose that an external disturbance ϕ(t)

is a stationary stochastic process with the zero expectation satisfying the ergodic
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hypothesis and having given rational spectral density Sϕ(ω)—a strictly proper even

function

Sϕ(ω) = Nϕ(ω)/Tϕ(ω) ≡ S1(jω)S1(−jω). (3)

Here S1(s) ≡ N(s)/T (s), s = jω, N , T—Hurwitz polynomials.

Let us consider the problem

I = I(W ) → min
W∈Ω

(4)

to find the optimal linear controller

u = W (p)y, W (p) = W1(p)/W2(p), (5)

where W1, W2—polynomials,

I(W ) =< y2 > +k2 < u2 >= lim
T→∞

1

T

T∫

0

[
x2(t) + k2u2(t)

]
dt (6)

—mean square functional, given on the motions of the closed-loop system (2),(5).

Here an admissible set Ω is the set of stabilizing controllers (5).

It is also possible to consider another variant of the design problem for plasma

stabilizing controllers. This variant is actual if there are some uncertainties con-

cerning the properties of the external disturbance.

Let the controlled plant (2) be given. Consider the controllers (5) and the mean

square functional (6). Nevertheless, suppose that a function Sϕ(ω) is not given, but

we know that it belongs to the set

< =



Sϕ(ω) :

1

π

∞∫

0

Sϕ(ω)dω 6 1



 . (7)

It is obvious that the functional (6) depends on the functions W and Sϕ. So

it is quite suitable to pose the problem of finding the guaranteeing estimation and

the appropriate guaranteeing controller for the mean square functional:

I0 = min
W∈Ω

sup
Sϕ∈<

I(W, Sϕ), W0 = arg min
W∈Ω

sup
Sϕ∈<

I(W, Sϕ). (8)

It is easy to show that the posed problems (4) and (8) can be transformed to

corresponding optimization problems in Hardy spaces RH2 and RH∞:7

I2 = I2(W ) =
∥∥∥F̃ (W )

∥∥∥
2

2
→ min

W∈Ω2

, (9)

I∞ = I∞(W ) =
∥∥∥F̃ (W )

∥∥∥
2

∞
→ min

W∈Ω∞

. (10)

Here Ω2 =
{

W ∈ R0 : F̃ (W ) ∈ RH2

}
, Ω∞ = {W ∈ R0 : F (W ) ∈ RH∞}. Also

the following notation is used

F̃ (jω) = F (jw)S1(jω), F̃ (s) = F (s)S1(s), (11)
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|F (jω)|
2

= |Fy(jω)|
2
+ k2 |Fu(jω)|

2
, (12)

Fy = 1/ [A(s) − B(s)W (s)] , Fu = W (s)/ [A(s) − B(s)W (s)] . (13)

It is known that the solutions to the problems (9) and (10) exist on the sets

Ω2 and Ω∞ correspondingly. These solutions can be obtained based on the special

spectral approach which is discussed below.

3. Spectral Algorithms of H-Optimal Synthesis

To begin, let us consider the problem (9), where a functional to be minimized can

be presented in an explicit dependence on the controller transfer function F (s) as

follows

I2(W ) =

∞∫

0

1 + k2 |W (jω)|2

|A(jω) − B(jω)W (jω)|
2 Sϕ(ω) dω. (14)

Note that direct search of the minimum I2(W ) (14) is hampered by its nonlinear

dependence on the controller transfer function W (s). This difficulty can be overcome

using a parameterization of the set Ω with the help of varying functions-parameters

Φ(s):

Φ(s) = α(s)Fx(s) + β(s)Fu(s). (15)

Here α(s) and β(s) are any polynomials not equal to zero at the same time such

that

Q(s) = A(s)β(s) + B(s)α(s) (16)

is a Hurvitz polynomial.

Note that the mentioned functions-parameters Φ(s) and the transfer functions

W (s) in (14) are connected by obvious formulas

W = W (Φ) =
AΦ − α

BΦ + β
, Φ = Φ(W ) =

α + βW

A − BW
. (17)

Let us introduce the set ΩΦ
2 =

{
Φ(s) ∈ R0 : F̃ (W (Φ)) ∈ RH2

}
of the rational

functions. It is easy to see that the relations (17) determine a biunique correspon-

dence between the sets ΩΦ
2 and Ω2.

Using formulas (17) we present the functional (14) as an evident dependence on

the function-parameter Φ:

I2 = Ĩ(Φ) =

j∞∫

0

[
Fx(Φ)F̄x(Φ) + k2Fu(Φ)F̄u(Φ)

]
Sϕ(s) ds. (18)

Here and later the sign “−” under a rational fraction or polynomial means the

change of its argument s to −s.
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Taking into account the biunique correspondence (17), it is easy to see that the

problem (9) is equivalent to the analogous problem

Ĩ(Φ) → min
Φ∈ΩΦ

2

, Φ0 = arg min
Φ∈ΩΦ

2

Ĩ(Φ). (19)

Theorem 3.1. The function-parameter Φ0(s) which is the solution of the problem

(19), can be determined by the expressions

Φ0(s) =

[
k2α(s)A(−s) − βB(−s)

]
S1(s) − R(s)Q(s)

G(s)G(−s)S1(s)
,

where R(s) =
n∑

i=1

G(−s)
gi−s

B(−giN(gi)
A(gi)T (gi)G′(−gi)

; gi are the roots of the polynomial G(−s)

(assume that all of them are simple); Hurwitz polynomial G(s) is the result of

factorization k2AĀ + BB̄ ≡ GḠ, G′(−gi) = dG(−s)
ds

∣∣
s=gi

.

Proof. Let us transform the integrand expression in (18) the following way

Fy(Φ)F̄y(Φ) + k2Fu(Φ)F̄u(Φ) = (T1 − T2Φ)(T̄1 − T̄2Φ̄) + T3, (20)

T1 =
k2αĀ − βB̄

QG
, T2 =

Ḡ

Q
, T3 =

k2

GḠ
.

Based on (20), the functional (18) can be represented as

Ĩ(Φ) =

j∞∫

0

(T1 − T2Φ)(T̄1 − T̄2Φ̄)Sϕds+

j∞∫

0

T3Sϕds.

Since the second item does not depend on the function Φ, the optimal solution

Φ0 of the problem (19) is simultaneously a solution of the problem I(Φ) → min
Φ∈ΩΦ

2

,

where

I(Φ) =
1

2π

∞∫

−∞

|T1(ω) − T2(ω)Φ(ω)|2 Sϕ(ω)dω,

or I(Φ) = ‖F (s)S1(s)‖
2
2 = ‖[T1(s) − T2(s)Φ(s)] S1(s)‖

2
2. After substituting the ex-

pressions for T1 and T2, we obtain

I(Φ) =

∥∥∥∥
(

k2αĀ − βB̄

QG
−

Ḡ

Q
Φ

)
S1

∥∥∥∥
2

2

. (21)

This equality can be transformed by dividing both items by (Ḡ/G). Since
∥∥Ḡ/G

∥∥2

2
=

1, we have

I(Φ) = ‖(M − LΦ) S1‖
2
2 = ‖MS1 − LΦS1‖

2
2 ,

M =
k2αĀ − βB̄

QḠ
, L =

Ḡ

Q
.
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The product MS1 can be represented as a sum of orthogonal elements using

Toeplitz ΘM and Hankel ΓM operators:7

I(Φ) = ‖ΘM (S1) + ΓM (S1) − LΦS1‖
2
2 =

= ‖ΘM (S1) − LΦS1‖
2
2 + ‖ΓM (S1)‖

2
2 ,

where

ΘM (S1) =
M1(s)

Q(s)T (s)
, ΓM (S1) =

R(s)

G(−s)
. (22)

Using the roots gi (i = 1, n) of the polynomial G(−s), it is possible to find the

polynomial R(s) =
n∑

i=1

G(−s)
gi−s

B(−gi)N(gi)
A(gi)T (gi)G′(−gi)

.

From the obvious condition ΘM (S1)−LΦS = 0 we find Φ0 = (k2αĀ−βB̄)S1−RQ

GḠS1

.

It is easy to see that
[
(k2αĀ − βB̄)S1 − RQ

]
s=gi

= 0, i = 1, n, i.e. Φ0 ∈ ΩΦ
2 .

Note that the given theorem presents only an auxiliary result in the form of

optimal varying function-parameter Φ0(s). But using the formulas (18) it is possible

to find the corresponding expression for the transfer function W0(s) of the optimal

controller to be designed.

In fact, substitution of the optimal parameter Φ0(s) into (17) after some algebra

taking into account formulas for polynomials Q(s) and G(s)G(−s) gives us the

following expression

W0(s) =
[A(s)T (s)R(s) + B(−s)N(s)] /G(−s)

[B(s)T (s)R(s) − k2A(−s)N(s)] /G(−s)
, (23)

It is easy to prove that both the numerator and denominator in the last formula

are divisible by the polynomial G(−s).

Let us consider the problem (10) which is equivalent to the problem (8) of the

guaranteeing controller synthesis for the particular situation determined by the

equality k = 0 for mean square functional (6).

Suppose that the polynomial B(s) in (2) can be presented as

B(s) ≡ Bh(s)Bn(−s), (24)

where Bh(s) is a Hurwitz polynomial and Bn(−s) is a polynomial with the roots

βi, i = 1, l placed in the half plane Re s > 0.

Let 1 6 l < n, i.e. polynomial B(s) has at least one root in the open right half

plane.

In accordance with (13) and (11) we have Fx(s) ≡ 1/ [A(s) − B(s)W (s)] for the

closed-loop system. The functional to be minimized can then be presented based

on (10) in the form:

I∞(W ) = sup
ω∈[0,∞)

1

|A(jω) − B(jω)W (jω)|
2 . (25)
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As for the previous problem, let us parameterize the set Ω by the functions-

paremeters Φ(s) (15) taking into account (11). We introduce the following set of

rational functions:

ΩΦ
∞ = {Φ(s) ∈ R0 : F (W (Φ)) ∈ RH∞} .

The expressions (19) define a biunique correspondence between the sets ΩΦ
∞ and

Ω∞.

Using the formulas (17), represent the functional (25) as a dependence on the

function-parameter Φ:

I∞ = I(Φ) =

∥∥∥∥
β

Q
+

B

Q
Φ

∥∥∥∥
2

∞

. (26)

So it is easy to see that the problem (10) is equivalent to the search of the

optimal function-parameter Φ∞:

I∞(Φ) → min
Φ∈ΩΦ

∞

, Φ∞ = arg min
Φ∈ΩΦ

∞

I(Φ). (27)

Theorem 3.2.

The function-parameter Φ∞(s) which is the solution of the auxiliary problem

(27), can be determined by the expression

Φ∞(s) = [γ0Q(s)G0(s) − β(s)] /B(s), (28)

where γ0 is a square root of the maximum eigenvalue of the positive-define Hermi-

tian matrix

Γ∞ = Γ−1/2
m Γ0Γ

−1/2
m , Γm =

{
1

βi + β̄j

}
, Γ0 =

{
βiβ̄j

βi + β̄j

}
, (29)

G0(s) is the solution of the Nevanlinna-Pick (NP) interpolation problem with initial

data
{
βi, 1/ [γ0A(βi)] , i = 1, l

}
.

Proof. Let us try to find a function Φ ∈ ΩΦ
∞ satisfying the inequality

‖(β + BΦ) /Q‖∞ 6 γ (30)

for some given real number γ > 0.

This intermediate problem can be transformed to the known equivalent NP-

problem. To make this transformation we introduce a rational function of the form

G(s) = [β(s) + B(s)Φ(s)] / [γQ(s)] . (31)

Note that complex numbers βi are the roots of the polynomial B(s) and param-

eters Φ has no poles in the right half plane. So, based on the formula (16) which

determines the polynomial Q(s) we have

G(βi) = β(βi)/ [γQ(βi)] = 1/ [γA(βi)] , i = 1, l.
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NP-problem is defined as a search for such a function G(s) ∈ RH∞, that satisfies

the following two conditions:

‖G(s)‖∞ 6 1; G(βi) = 1/ [γA(βi)] , i = 1, l. (32)

The solution of the NP-problem can be obtained with the help of a finite-step

algorithm presented in Ref. 6. This solution exists if and only if the Hermitian Pick

matrix

Γ(γ) =

{
1 − 1/

[
γ2A(βi)A(β̄j)

]

βi + β̄j

}

is nonnegative-definite.

It follows from the Pick’s theorem that there exists the a minimal real positive

number γ = γ0, determined by the formulas (29), satisfying the above mentioned

condition. It is obvious that this number allows to obtain the corresponding function

G0(s) with the aid of the formula (31) and then to find the optimal parameter Φ∞(s)

(28).

Remark 3.1. It is easy to see that the obtained rational function G0(s) is all-pass,

i.e. |G0(jω)| = const, ∀ω ∈ [0,∞).

As in the previous case, the last theorem gives an auxiliary result in the form of

optimal varying function-parameter Φ∞(s). But the formulas (18) allow to obtain

the transfer function W∞(s) of the optimal guaranteeing controller.

Indeed, after substitution of the optimal parameter Φ∞(s) to (17) we have

W∞ = W (Φ∞) =
AΦ∞ − α

BΦ∞ + β
=

(Aγ0QG0 − Q)/Bn

Bhγ0QG0
.

Using the notation G0(s) ≡ m1(s)/m2(s), we directly obtain

W∞(s) =
[A(s)m1(s) − m2(s)/γ0] /Bn(−s)

Bh(s)m1(s)
. (33)

It is easy to prove divisibility by the polynomial Bn(−s) and all-pass property

of the transfer function for the closed-loop system in accordance with the remark

3.1.

Based on spectral theorems presented above, it is possible to construct the

effective computational support for optimal controller synthesis in the range of

accepted approach. The essence of this support is determined by formulas (23) and

(33).

Note that these algorithms do not include operations based on solving Riccati

equations. This allows us to use them in real time of the tokamak control processes

to adopt control system for actual conditions of the plasma burning.
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4. Controller Synthesis Example

To illustrate the practical applicability of the method presented above, let us discuss

an example of H∞-synthesis based on the proposed approach for plasma vertical

stabilizer design.

Consider the input-output equation

y = P (s)u (34)

as a representation of the control plant to be stabilized using the linear controller.

In particular, this equation can be used as a mathematical model of plasma vertical

dynamics for ITER project. Here y is the rate of the plasma vertical displacement,

u is the control voltage of a stabilizer, P (s) is a given plant transfer function.

As for P (s), we shall use the model of ITER-FEAT5 variant, which was thor-

oughly investigated on the ITER technical project stage in 1999–2001. This model

corresponds to the 15 MA design scenario for the SOF-point without auxiliary heat-

ing during the current ramp-up. One of the results obtained at that time was the

plant transfer function of the form

P (s) =
1.732 · 10−6(s − 121.1)(s + 158.2)(s + 9.641)

(s + 29.21)(s + 8.348)(s− 12.21)
(35)

as a good admissible reduced representation for initial plant of the 58th order. Note

that the plant is non-stable and non-minimal-phase that reflects significant features

of the vertical plasma dynamics. Thus, it is necessary to design the controller

u = W (s)y, (36)

stabilizing vertical position of the plasma centroid or the closed-loop system (34),

(36).

In accordance with (34) and (35), a differential equation of the controlled plant

in the form (2) can be given as follows

A(p)y = B(p)u + ϕ(t), (37)

A(p) = (s + 29.21)(s + 8.348)(s− 12.21),

B(p) = 1.732 · 10−6(s − 121.1)(s + 158.2)(s + 9.641).

Using the formula (33) from the previous section, it is possible to find the

transfer function W = W∞(s) of the optimal guaranteeing controller (36).

It directly follows from the initial data (37) that Bn(−s) = s − 121.1, i.e. we

have l = 1 and the only root β1 = 121.1 is placed in the right half plane.

Then, executing the computations according to the formulas (27), (31) we obtain

γ0 = 12.2, G0(s) = 1, m1(s) = 1, m2(s) = 1. Accordingly, the transfer function of

the optimal controller is

W∞(s) =
107(7.78 · 10−5s2 + 8.46 · 10−3s + 1.01)

(0.001s2 + 0.168s + 1.53)
. (38)
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Given example allows saying that the proposed spectral approach can be used in

principle to design the stabilizing controllers for plasma position control systems.

However, the obtained controller is not intended for immediate practical imple-

mentation. This is connected with some negative features of the mentioned transfer

function such as robust properties, for example. Nevertheless, the result of the above

example can be useful for analysis of extreme possibilities of the proposed synthe-

sis. Therefore, studies in the chosen direction applied to plasma control problems

should be continued.

In conclusion it is noteworthy that the proposed approach to the vertical sta-

bilizers synthesis has two obvious advantages over the universal methods of H-

optimization. Firstly, spectral approach considered in a framework of the mean

square synthesis allows to directly take into account the action of external distur-

bances having a random nature. Secondly, this approach is not based on the solution

of the matrix Riccati equations that significantly decreases computational load and

makes the analytical investigation of the optimal controller features more conve-

nient. It is probably suitable to discuss a possibility to use proposed algorithms

directly in real time of the tokamak control processes to adopt the control system

for actual conditions of the plasma burning.

The proposed approach also has certain disadvantages such as mentioned robust

features, some problems with the dynamics for low frequency disturbances and some

other points to be improved. Nevertheless, in our opinion all the negative features

can be overcome in the course of additional research to achieve the best effectiveness

for plasma control systems design.
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The Beam Dynamics simulation package in COSY INFINITY is built upon a differential
algebra data type. With it, it is possible to compute transfer maps or arbitrary systems
to arbitrary order. However, this data type is limited by the precision of the underlying
floating point number model provided by the computer processor.

We will present a method to extend the effective precision of the calculations based
purely on standard floating point operations. Those algorithms are then integrated into
the differential algebra data type to efficiently extend the available precision, without
unnecessarily affecting overall efficiency. To that effect, the precision of each coefficient
is adjusted automatically during the calculation.

We will then proceed to show the effectiveness of our implementation by calculating
high precision maps of combinations of homogeneous dipole segments, for which the
exact results are known, and comparing the high precision coefficients with the results
produced by the traditional COSY beam physics package.

Keywords: High precision; differential algebra; COSY INFINITY; high precision aber-
rations.

PACS numbers: 41.85.Ja, 41.85.Lc

1. Theory of High Precision Operations

We will begin by introducing some elementary operations on floating point numbers
which we will use to build our high precision implementation on.

1.1. Floating Point Numbers

To represent calculations on the real numbers on a computer, most modern proces-
sors use floating point numbers. The concept behind the representation of a floating
point number is essentially the same as the “scientific notation” in terms of relevant
digits and a power of ten to represent the order of magnitude. The same is done
with floating point numbers. The only difference is that, due to the binary number
system, a power of two is used to signify the magnitude.

1019
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Definition 1.1. We define the set of all floating point numbers R to be given by

R = {mz · 2ez | 2t−1 � |mz| < 2t; M < ez < M},
where t,M and M are positive integer constants.

The constants t,M and M define the floating point number system. M and M
limit the exponent range and thus the largest and smallest representable numbers.
To make the following proofs easier to understand, we will assume that the exponent
range is unlimited, i.e. M = −∞ and M = ∞. This is, of course, not true for
computer systems, where overflows and underflows of the exponent may happen.
In our practical implementation we have to deal with those cases separately. The
parameter t is the mantissa length in binary digits and thus defines the relative
precision of the floating point system (see below).

In the following we will use floating point systems with different mantissa lengths
which we will denote by Rt. Over- and underflows notwithstanding, we clearly have
that Rt ⊂ Rt′ if t � t′. The lower bound requirement on the mantissa is called the
normalization. With this additional requirement, the values represented by floating
point numbers become unique. Mantissae with absolute value less than 2t−1 can
be multiplied by a power of two so that they lie within the allowed range for the
mantissa, while the exponent is adjusted accordingly.

Given any real number r ∈ R within the range of the floating point representa-
tion, we will denote by r̃ ∈ R the closest floating point number in the given system
of floating point numbers. Then it follows readily from Definition 1.1 that

|r − r̃|
|r| < εm = 2−t.

The value εm is called the machine precision and is given by the length of the
mantissa t.

Every floating point implementation has to provide at least the basic operations
addition, subtraction, and multiplication. Clearly the mathematical result of any
of those operations on two arbitrary floating point numbers a, b ∈ R does not
necessarily have to be in R. Thus, the floating point operations corresponding to
+,−,× are not the same as their mathematical counterparts on the real numbers.
Let ⊕,�,⊗ denote the floating point operations for +,−,×.

Definition 1.2. Let � denote one of the floating point operations ⊕,�,⊗ and •
the same operation on the real numbers.
The operation � is said to be round-to-nearest if ∀a, b ∈ R

|(a� b) − (a • b)| = min
x∈R

(x− (a • b)).

Note that if a floating point operation is round-to-nearest, the result is the
floating point number closest to the mathematically correct result. In case of a
toss-up, i.e. if the mathematically correct result is exactly between two floating
point numbers, we will accept either one. Another immediate consequence is that if
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the result of an operation is representable exactly by a floating point number then
we obtain the correct result without roundoff errors.

From the above definition, a bound for rounding errors and a useful condition
for the mantissa of the result of a round-to-nearest operation � easily follow. Let
z = mz · 2ez = a� b. Then

|z − (a • b)| < εm · z. (1)

This is clear since if the error was more than εm · z then either the floating point
number (mz + 1) · 2ez or (mz − 1) · 2ez would be closer to the correct result. Fur-
thermore for the mantissa mz, the following equation holds.

mz =
[
ma · 2ea •mb · 2eb

2ez

]
, (2)

where [x] denotes rounding to the nearest integer.
In most modern computers the constants t,M,M are defined to follow the IEEE

754 standard.1 The double precision numbers defined in that standard specify that
t = 53, M = 1023, M = −1024. Thus, for double precision numbers εm = 2−53 ≈
10−16. Therefore in double precision we can represent about 16 valid decimal digits.
The standard also defines that the elementary floating point operations ⊕,�,⊗ can
be set to be round-to-nearest. Consistent with the notation introduced above, we
will denote the set of double precision floating point numbers by R53.

1.2. Exact operations

In the following subsections we will state some well-known facts about obtaining
exact results for the basic floating point operations. While this may sound surprising
at first, it is indeed possible to obtain the roundoff errors of the basic floating point
operations exactly from within the floating point arithmetic. The theorems and
proofs given here are originally due to Dekker,2 who showed that the theorems also
hold with slightly lesser requirements on the underlying floating point operations
than prescribed by the IEEE 754 standard. But since our implementation will build
on IEEE 754 double precision floating point numbers, we will restrict ourselves to
those. To give the reader an idea of how the proofs of those theorems work, we will
prove some of the theorems while referring the reader to [2] for others.

1.2.1. Two-Sum

The first theorem will provide us with a way to calculate the exact roundoff error
occurring when adding two floating point numbers.

Theorem 1.1. Let two double precision floating point numbers a and b such that
|a| > |b| be given. Let z = a⊕b, w = z�a and zz = b�w. Then, neglecting possible
over- or underflows during the calculation, we have that z + zz = a+ b exactly.
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Proof. Let a = ma ·2ea and b = mb ·2eb . Since |a| > |b| and floating point numbers
are normalized, we have that ea � eb. It is sufficient to show that w ∈ R53 and
b − w ∈ R53, then the result follows readily from optimality of the floating point
operations.

Let z = a⊕ b = mz · 2ez . From Equation 2 we get that

mz =
[
ma · 2ea−ez +mb · 2eb−ez

]
.

Since |a + b| < 2|a| we have that ez � ea + 1. Now we consider the two cases
ez = ea + 1 and ez � ea.

• Assume ez = ea + 1. Then mz =
[
ma · 2−1 −my · 2eb−ea−1

]
and letting w =

mw · 2ea we find that

|mw| = |mz · 2ez−ea −ma|
= |mz · 2ez−ea −ma −mb · 2eb−ea +mb · 2eb−ea |
� |2mz −ma −mb · 2eb−ea | + |mb · 2eb−ea |
< 2|mz −ma · 2−1 −mb · 2eb−ea−1| + 253

< 2
1
2

+ 253.

Since mw is an integer, we therefore have that mw � 253 and thus w ∈ R53, i.e.
w is a double precision floating point number.

• If ez � ea the exact same proof carries through, the only difference being that
we define w = mw · 2ez .

To prove that zz ∈ R53, we first note that we can write w = i · 2eb for some
integer i since ea � eb. Secondly, we have that |b − w| = |b − z + a| � |b| by
optimality. To see this simply let z = x, and then apply Definition 1.2. We thus
have

|zz| = |b− w| = |mb − i| · 2eb � |b| = |mb| · 2eb < 253 · 2eb ,

and therefore (mb − i) · 2eb = zz ∈ R53.

Note that by Definition 1.1 floating point numbers are symmetric, i.e. if a ∈ R

then −a ∈ R. Thus the above theorem automatically provides exact subtraction as
well.

It is worth mentioning that there are also other algorithms to calculate the
same two values without the condition that a > b, but requiring some additional
floating point operations. The following algorithm is due to Knuth.3 The advantage
of this method is that due to pipelining on modern processors it is often faster to
perform the three additional floating point operations instead of having to evaluate
a conditional statement on the absolute values of a and b.

Theorem 1.2. Let two double precision floating point numbers a and b be given.
Let z = a⊕ b, bv = z� a, av = z� bv and zz = (a� av)⊕ (b� bv). Then, neglecting
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possible over- or underflows during the calculation, we have that z + zz = a + b

exactly.

Proof. For a proof see, for example, [3].

1.2.2. Splitting

Before we can move on to the exact multiplication, we require the concept of the
splitting of a double precision number.

Definition 1.3. Let a ∈ R53 be given. We call ah, at ∈ R26 the head and the tail
of the splitting of a if

ah =
[
ma · 2−26

] · 2ex+26,

at = a− ah.

This definition may sound surprising at first. After all a has 53 mantissa bits, but
both ah and at only have 26 bits each yielding a total of 52 bits. The solution to
this riddle is the fact that the difference |[x]− x| � 1/2, but depending on x it can
have either positive or negative sign. So the missing bit is the sign bit of the tail of
the splitting.

The following theorem, also presented by Dekker, allows us to calculate such a
splitting of a double precision number.

Theorem 1.3. Let a ∈ R53 be given and let p = x ⊗ (227 + 1). Then the head of
the splitting of a is given by ah = p⊕ (x� p).

Proof. Since the proof of this theorem is somewhat technical and does not con-
tribute much to the understanding of these operations, we refer the reader to the
papers of Dekker2 or Shewchuk.4

1.2.3. Multiplication

With the notion of a splitting, we can formulate the following theorem for exact
multiplication of two double precision numbers:

Theorem 1.4. Given two double precision floating point numbers a and b let a =
ah + at, b = bh + bt be a splitting as defined above. Also let p = (ah ⊗ bh), q =
(at ⊗ bh)⊕ (ah⊗ bt) and r = (at ⊗ bt). Then, neglecting possible over- or underflows
during the calculation, z = p ⊕ q and zz = (p � z) ⊕ q ⊕ r satisfy z + zz = a · b
exactly.

Proof. First note that for any two numbers x, y ∈ R26 their product x · y ∈
R52 ⊂ R53. This is clear since for x = mx · 2ex and y = my · 2ey we have that
x · y = mx ·my · 2ex+ey and |mx ·my| < 252 since |mx| < 226 and |my| < 226.
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We also have that

a · b = (ah + at) · (bh + bt) = ah · bh + ah · bt + at · bh + at · bt.
Since ah, at, bh, bt ∈ R26, each single term in this sum is in R52. Furthermore, the
two cross terms ah · bt and at · bh have the same exponent and therefore their sum
is in R53. Thus p, q, and r, as defined in the statement of the theorem, are exact,
and we obtain that a · b = p+ q + r.

Now we perform an exact addition of p and q as described above, yielding the
leading term z = p ⊕ q and a remainder term z1 = (p � z) ⊕ q. We thus have
a · b = z + z1 + r. Close examination of the proof of the exact addition shows
that r and z1 have the same exponent and both are in R52, so their sum can be
calculated exactly in R53. This leaves us with the final equation a ·b = z+(z1⊕r) =
z + ((p� z) ⊕ q ⊕ r) = z + zz, which completes the proof.

1.3. High precision numbers

Based on the exact multiplication and addition, it is now possible to implement
high precision numbers. Those numbers are stored as unevaluated sums of dou-
ble precision floating point numbers. The value represented by that high precision
number is given by the exact sum of all terms:

Definition 1.4. A high precision number a is given by a finite sequence of double
precision floating point numbers ai. We call each ai a limb of the number. The value
of a is given by

a =
n∑

i=1

ai.

The sequence ai is also called a floating point expansion of a.

Note that in this definition we do not specify any requirements as to the relative
size of the ai. In general we would like the ai to be ordered by magnitude in such a
way that |ai| ≈ εm|ai−1|. If that condition is true for all limbs, we call the number
normalized.

Depending on the desired accuracy, the maximum length is fixed before calcula-
tions commence. Although the machine precision is almost 10−16, we conservatively
estimate that each additional limb adds 15 more significant decimal digits to the
expansion. Thus for a desired accuracy of n digits the number of limbs necessary is
given by 
n/15�.

In order to make our high precision numbers rigorous, we add an error bound
to the expansion, similarly to the remainder bound of Taylor Models.5,6

Definition 1.5. A high precision interval a is given by a high precision number
consisting of n limbs ai and a double precision error term aerr. The value of the
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interval is then given by

a =

[
n∑

i=1

ai − aerr,

n∑
i=1

ai + aerr

]
.

For shorter notation we also denote the above interval by a =
∑n

i=1 ai ± aerr.
This way of storing intervals as only one high precision midpoint and a sim-

ple double precision error term has obvious advantages over intervals stored as two
high precision endpoints. Only one high precision number is needed, so the memory
footprint of the high precision intervals is smaller. Furthermore, the computation
time is less since operations only need to operate on one high precision number,
whereas the error term can be calculated quickly in double precision arithmetic.
Finally, this representation fits in nicely with the general concept of our high preci-
sion numbers. As we will see in the next section, verification is almost automatic in
our algorithms. Thus our high precision intervals are almost as fast as non-verified
high precision numbers would be.

1.3.1. Accumulator

The core operation used by our high precision numbers is the addition of a sequence
of double precision numbers. The algorithm to perform that operation is called the
accumulator. It takes a sequence of n double precision numbers ai and returns
another sequence of double precision numbers bi of predefined maximum length.
If there are roundoff errors or the result does not fit into the requested length, we
optionally return an accumulated, outward rounded error term, which contains an
upper bound on the error of the result. The input sequence is not required to be in
any specific order, but to minimize the roundoff errors and to speed up execution
time it is best if the input is sorted by decreasing order of magnitude. The output
sequence is not guaranteed to be ordered, yet typically it will even be normalized,
depending on the amount of cancellation happening during operations.

The implementation of this accumulator algorithm is not complicated. Let
a1, . . . , an denote the double precision numbers in the input array. Using the exact
addition presented in the previous section, we begin by adding a1 and a2 exactly
resulting in a result sum1 and an error term b1. Then we continue to exactly add
sum1 and a2 into sum1 and an error term b2. This process is repeated until we have
added all an. The resulting term sum1 then is the first limb of the result. Note that
after this procedure we are left with b1, . . . , bn−1 error terms. To calculate the next
limb, we just repeat the same procedure on b1, . . . , bn−1, and so forth. Once the
maximum number of limbs is reached, the absolute values of all remaining error
terms are added up and rounded outwards to give a rigorous bound on the error.
This algorithm is graphically represented in Fig. 1.
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Fig. 1. The accumulator algorithm. In this example we want to add six double precision numbers
a1 . . . a6. The arrows indicate the error term of the exact addition of the two numbers above them.
If only three limbs are desired for the result the summation terminates after three iterations and
the left over terms are either discarded or accumulated into an outward rounded error term.

1.3.2. High precision interval operations

Utilizing the accumulator as outlined above, we have implemented a rigorous high
precision interval arithmetic data type in COSY INFINITY.7 As in any arithmetic,
the two most important operations are addition and multiplication of two such
intervals. Using the accumulator, addition is fairly straightforward. All we need
to do is copy the limbs of each interval into an array and then send it through
the accumulator. Since we get exact values for the leftover roundoff errors in this
process, obtaining a remainder bound is trivial. For the multiplication we essentially
use the fact that we can multiply each limb of the first argument with each limb of
the second argument exactly using Dekker’s algorithm. Then all the results of those
multiplications are added up using the accumulator. Here, again, the accumulator
gives us precise bounds for the left-over errors.

Division and intrinsic functions such as square roots, trigonometric functions,
etc. are then implemented based on addition and multiplication. Using argument
reduction based on mathematical identities, Taylor expansions, and Taylor remain-
der formulae for some intrinsics8 or interval Newton iterations9 for others, it is
possible to calculate rigorous enclosures of the correct results. We will not go into
more detail of this implementation, for a full discussion see [6].

At this point it is worth noting some differences between our implementation
and other high precision implementations based on floating point expansions, such
as the “double double” implementation in the original Dekker paper2 and the ar-
bitrary precision arithmetic by Shewchuk.4 In those implementations the authors
were very careful to develop algorithms that provide some guaranteed accuracy and
derived error estimates for their operations. For floating point expansions, these es-
timates always lead to a requirement for normalization of the input. Normalization,
however, is a rather complicated and computationally expensive operation. We, on
the other hand, use an entirely different approach. Instead of making any analytic
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estimates for roundoff errors, we have our numbers validate themselves by adding
a rigorous remainder bound. The only claim we make is that the interval result-
ing from an operation rigorously encloses the mathematically correct result. If the
input numbers are badly conditioned or if excessive cancellation occurs during the
calculation, it is possible that our algorithm produces significant overestimation.
The result, however, is rigorous nonetheless. Applying our high precision intervals
to real world problems shows that those cases are very rare and that our inter-
vals typically provide sharp enclosures of the correct results.10 To the best of our
knowledge, our implementation is the only rigorous interval implementation based
on floating point expansions as of now.

2. Implementation of a High Precision Differential Algebra

Utilizing the same basic algorithms outlined above, we can begin to implement
high precision DA vectors. Instead of starting from scratch, we will extend the
already existing implementation of a DA vector in COSY. The final goal for this is
to extend the existing DA vector type to high precision in such a way that it can
act as a drop in replacement for the traditional double precision type. That is, old
code should run without any major modification besides adding one command in
the beginning of the code to select the desired precision. All subsequent operations
should be transparently carried out without any change to the user interface. The
full implementation of this is beyond the scope of this paper, but we will present
the basic algorithms used.

As with the scalar data type, the two most important operations are addition
and multiplication. Once these two have been properly implemented all other op-
erations will follow naturally from those two. But before we can begin with the
details of the implementation we shall introduce the way DA vectors are stored in
our implementation.

2.1. Storage

Currently, DA vectors are stored as a list of double precision coefficients and an
associated coding integer denoting the monomial for this coefficient. The method
by which these coding integers are calculated is beyond the scope of this paper. For
details, see [11]. Our way of representing high precision numbers blends in naturally
with this storage format. Instead of only storing one double precision number per
monomial, we will simply store several limbs continuously, all with the same coding
integer. As with the high precision numbers, the value for each coefficient is the
sum of all double precision numbers with the same coding integer.

By thus storing the limbs continuously in memory, we greatly simplify the ad-
dition and multiplication process as will be seen later. Also the typical output of
such a DA vector is rather easy to interpret. As with the traditional DA vectors
we simply print a list of all coefficients. Only this time there will not only be one
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coefficient per monomial, but several. In the typical case the coefficients will de-
crease by orders of εm, so that the first coefficient printed should be roughly what
the traditional DA vectors would produce, while all following coefficients will be
corrections to that value. To make the output rigorous, we also print the exact
binary representation of the floating point number as given in Definition 1.1.

2.2. Addition

The addition of two DA vectors is a fairly straightforward operation. It is a simple
merging of the two vectors, where a monomial is copied into the output vector if
it only appears in one of the vectors, or is added and then copied if a monomial
appears in both vectors. In the high precision implementation we do exactly the
same with the only difference that to add up two monomials appearing in both
input vectors, we first copy the limbs into a temporary array, alternating between
the two vectors. That way, as in the case of the high precision interval addition,
we typically obtain an order of the array elements in roughly decreasing order of
magnitude.

This array is then sent through the accumulator (see 1.3.1) that accumulates
the numbers, starting with the smallest ones at the end of the temporary array,
into the output vector. Once the maximum number of limbs has been reached, the
absolute values of the left over terms are added up and kept in a separate tallying
variable. This is in preparation for the implementation of Taylor Models, where all
calculations are made rigorous by keeping an error bound.

This way of adding numbers is essentially the same we used for high precision
scalars. Of course we thus get all the benefits that implementation had, including
the automatic renormalization in case the input was denormalized and not too much
cancellation occurs. Also the addition of a DA vector and a scalar (i.e. in COSY
either a real or a high precision number) follows trivially from this. As always,
once addition is implemented, by symmetry of the floating point numbers we also
automatically have subtraction.

2.3. Multiplication

The more complex operation, and thus the core of our DA implementation, is the
multiplication of two DA vectors. This is a very important operation that needs
to be carried out quickly as it is used often throughout calculations. The perfor-
mance of all other arithmetic operations depends crucially on this one operation.
We therefore have taken great care to make this operation as fast as possible.

Because our way of storing high precision coefficients is quite natural in the
current DA implementation, we can use most of the current implementation with
only minor changes. A detailed description of the existing DA multiplication is
beyond the scope of this paper, the reader is referred to [11] for full details. All we
need to know here is that the algorithm walks through each coefficient in the first
DA vector and multiplies it with every relevant coefficient in the second DA vector,
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adding the result to a location in a temporary array which is determined by the
coding integers of the first and the second coefficient. In order to determine which
coefficients are “relevant”, the algorithm first sorts the second DA vector by the
monomial order of the coefficients. Note that this is not the same ordering induced
by the coding integers.11

To amend this algorithm for efficient high precision operations, several things
are necessary. First the temporary array which keeps all the new resulting coeffi-
cients needs to be enlarged, so it can keep the maximum number of limbs for each
coefficient. Then we need to add the high precision multiplication. The naive way
of achieving this would be to first extract all limbs for a given coefficient, and then
to utilize the multiplication routine for high precision intervals. That, however, is
very time consuming and also does not make use of some intrinsic properties of
coefficients of DA vectors, which can be exploited to speed up the operation. So
instead, we will rewrite the multiplication from scratch without relying on the high
precision interval code here.

First, note that for the exact multiplication we need to split every coefficient
into a head and a tail. This operation only has to be done once for each coefficient,
and the most natural place to do the splitting is when the second DA vector is
sorted by order. The first vector does not need to be pre-split since there every
coefficient is only used once. Next, note that, instead of multiplying all limbs of the
high precision coefficients at once, we can just multiply each limb separately and
add the result to the appropriate resulting coefficient. There are two operations
involved in this, a multiplication and then an addition.

One of the intrinsic properties of coefficients in DA vectors is that the mag-
nitude of coefficients typically decrease exponentially with the order. We can use
this fact to our advantage. In the COSY implementation of DA vectors, there is a
cutoff value that specifies a lower bound on coefficients to be kept in the DA vec-
tor. Coefficients that are below that cutoff value are swept out of the calculation.
We keep that concept of a cutoff value ε for our high precision implementation.
Assuming that the high precision coefficients are normalized, we then can say that
the last limb of any coefficient is of order ε/εm since all terms of order ε or lower
are discarded. Now, when multiplying two coefficients, we do not immediately start
with an expensive high precision multiplication. Instead, we first multiply the two
coefficients in floating point arithmetic and then compare the order of the resulting
number. If this product is of order ε/εm then the roundoff error due to floating
point precision is of order (ε/εm) · εm = ε and thus is subject to the cutoff. In this
case, there is no need to do any precise operations. We can proceed exactly as in
the case of the traditional DA vectors, where the result is just added to the last
limb of the correct monomial in the temporary array.

Only when this floating point multiplication yields a result that is of larger
order than ε/εm do we perform a precise multiplication of the two coefficients. We
still retain the approximate result of the floating point operation, though. This is
because, in the next step, we need to add the two double precision numbers we
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obtained from the exact multiplication to the resulting high precision coefficient.
Naively, one could just copy the two numbers and all limbs in the result into an
array and then send that through the accumulator. That, however, is not the most
efficient way to perform the addition. Note that if we know the order of magnitude
of the numbers we want to add, we can skip all limbs of higher order in the result
since during the addition their value will not be affected. This is where the floating
point product we calculated as a first step comes in. By estimating the order of
magnitude of the approximate product, we can determine at which limb in the
result we have to start to add the precise product.

The addition then also is carried out in an especially fast way. Assuming that the
result is normalized, it is not necessary to add all numbers using the accumulator
algorithm. Instead, we can do the following. Assume a1 and a2 are the two parts of
the precise multiplication, and ck is the limb of the result we determined to start
our addition at. Then we perform an exact addition of a1 and a2 yielding ã and an
error term a11. Secondly, we exactly add ã and ck to yield the new limb ck and an
error term a22. Now we simply advance to the next limb of the result and repeat
the same operations with a11, a22 and ck+1. We continue this process until we reach
the maximum length of the result or until a11 and a22 are both zero.

A graphical representation of this algorithm is shown in Fig. 2. It is worth noting
that at the end of this procedure, the two error terms left over are the exact roundoff
error. Thus it is very easy to turn the DA vectors into rigorous Taylor Models later
by simply adding the two left over terms to the correct tallying variable used in the
rigorous Taylor Model operations.
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Fig. 2. Addition in the DA multiplication algorithm. a1 and a2 are the result of the exact
addition, ck is the limb of the result we start adding to. In this example there are four more
limbs after that. The arrows indicate the error term of the exact addition of the two numbers

above them.

Last we note that, since the limbs of a coefficient are stored linearly, we can keep
the number of lookups in the coding integer tables constant. As in the traditional
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DA vector case, only one lookup for each resulting monomial is required. To achieve
that, we simply check if the coding integer for each coefficient is that same as that
for the preceding one. If so, it is not necessary to perform another lookup since the
last calculated address is still valid.

This completes the multiplication algorithm for high precision DA vectors.
To practically implement the algorithm outlined above, we have to have a way

to estimate the order of magnitude of a floating point number. Fortunately, the
representation of floating point numbers offers an easy way to do that. It is very
fast to extract the exponent from a floating point number. But for the exponent ea

of a double precision floating point number a we have that

ln2(a) � e < ln2(a) + 1,

and thus it is a very good measure for the order of magnitude of a.
The efficiency of this implementation can be seen when comparing it to the

traditional DA multiplication. Due to the floating point test we introduced, only
operations which really need to be carried out in high precision are evaluated in that
way. Practically this means that most higher order coefficients, which are typically
very small, are treated exactly the same as before. Only the relatively few lower
order coefficients are operated on in higher precision, but even here we try to keep
the overhead small by only working on the relevant limbs. Thus the overhead is
kept at a minimum.

2.4. Other arithmetic operations

The implementation of all other arithmetic operations from here on is straightfor-
ward. In fact, we can use the almost exact same code that already exists for the
double precision DA vectors. The only somewhat non-trivial thing we need are the
high precision intrinsic functions for high precision numbers. But as mentioned be-
fore, we already did implement a complete data type for high precision intervals
based on the same representation used for the coefficients. So we can simply use
those functions to calculate the needed high precision intrinsics.

The code for DA intrinsics essentially uses two methods: either a fixed point
iteration or a simple Taylor expansion in the DA vector up to the necessary order
to calculate the intrinsics. Without going into too much detail about the DA imple-
mentation, all intrinsics are reduced to one essential function. The intrinsics split
off the constant part of the DA vector, evaluate the intrinsic on it using the cor-
responding high precision interval operation and then construct a one-dimensional
polynomial of the non-constant remaining part of the DA argument. This is then
evaluated efficiently by the procedure DAFUN. The original implementation of that
function passes coefficients of the polynomial to evaluate as an array of double pre-
cision numbers. In the high precision implementation that clearly does not yield
the desired result. The coefficients are instead passed as COSY variable numbers
referencing high precision intervals. That is an easy and fast way to pass coefficients
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to DAFUN while still allowing easy calculation of those coefficients in the calling
intrinsic function. It also has the added benefit that repeating coefficients only re-
quire one COSY variable, as the same variable can be referenced several times as
a coefficient. Those coefficients, of course, have to be calculated in high precision,
otherwise the loss of precision there will lead to a loss of precision in the resulting
DA vector and neutralize all benefits of high precision DA vectors.

Inside DAFUN we perform exactly the same operations as in the existing double
precision implementation. Starting with the argument as the result we successively
shift the highest remaining coefficient into the (empty) constant part of the result
and multiply it by the argument using the high precision DA multiplication. We
continue until all coefficients are used up. This is exactly the approach of the original
implementation. The only difference is that we not only have to copy one but several
double precision numbers into the result each time, as the coefficients themselves
are high precision numbers consisting of several limbs. Since the DA vectors are
non-verified, we can discard the high precision interval information and only use
the interval’s mid point as the coefficient.

With that change to DAFUN and minimal changes to all intrinsic functions
to use high precision numbers for the coefficients, we can easily implement all
remaining arithmetic operations. This for now completes the implementation of
our basic high precision DA vectors. There are other functions in COSY which
require further attention to make them work with the high precision DA vectors.
Particularly the coefficient extraction operations to extract a certain coefficient
from a DA vector need to be adjusted to extract not only one, but all limbs and to
return a high precision number instead of just a double precision number.

2.5. Output

To output a high precision DA vector, we use essentially the same output format as
for the traditional DA vectors. Non-zero coefficients of the expansion are printed,
sorted by their order, each in one line. The first number in each line represents a
running index of the coefficient, starting with 1. This is followed by a non-rigorous
decimal fraction with 16 digits after the decimal point, representing an approx-
imation to the coefficient’s value. Note that, due to the nature of floating point
numbers, not every floating point value can be represented as a decimal fraction of
that length. The third field gives the order of that coefficient, followed by the expo-
nents. Each integer in the exponent field represents a power of the corresponding
independent variable.

Thus far, the output follows the traditional format. The last field in the line,
however, is new. Here we print a rigorous representation of the floating point num-
ber. This is achieved by extracting the exact mantissa and exponent from the rep-
resentation of the floating point number, as given by Definition 1.1. To assure the
representation is compact, yet readable, we followed the representation of decimal
fractions. Numbers are output as their mantissa value, the letter “b”, followed by
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the exponent. Similar to the letter “E” in the decimal fraction notation used in the
first field, the “b” represents 2 raised to the power of the following integer.

Consider, for example, the following output line

6 -.1250000000000000 2 2 0 -1b-3

This is the 6th line of the output, the decimal representation of the coefficient
is given as −0.125. The coefficient has order two, and belongs to the x2y0 = x2

term. The exact representation is given by −1b− 3 = −1 · 2−3 = − 1
8 . Although in

this example the exact and decimal representation are the same, this is generally
not true due to possible rounding in the conversion to a decimal fraction.

If the DA vector contains high precision coefficients, each limb of the coefficients
is printed as a regular coefficient. Since the limbs are stored sequentially, they will
also appear in sequence in the output. If the high precision coefficient is normalized,
typically each limb will be about 10−15 times smaller than the previous limb. An
example of this output style is given below.

1 0.8660254037844386 1 1 0 3900231685776981b-52

2 0.5017542110903451E-16 1 1 0 8141427543753187b-107

3 -.7479771237866948E-33 1 1 0 -8745358328802511b-163

4 0.2653073781648097E-49 1 1 0 87312899972227b-211

Note how each line has the same exponents, x1y0 = x, thus signaling that these
coefficients represent limbs of the same high precision coefficient. The correct value
for this coefficient is the exact sum of all limbs. To calculate a decimal representation
of the coefficient, one can simply add up the exact representation of each limb using
a third party high precision package.

3. Illustrating Example

The DA vectors in COSY INFINITY were initially implemented to derive arbitrary
order transfer maps for beam physics applications.12 This is particularly useful in
connection with assessment of long-term stability through symplectic tracking.13,14

To show how our high precision DA vectors can help to get even better results, we
will present transfer maps for several homogeneous dipole magnet segments.

Currently we cannot yet just run the existing COSY INFINITY code with high
precision DA vectors due to the missing implementation of some essential functions
used in the COSY beam physics package. Instead, we have manually derived an
algebraic equation to calculate the final coordinates xf and af of a beam depending
on the initial position xi and slope ai in a homogeneous dipole magnet of reference
radius r0 and angle θ based on the geometry of the problem.
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Let

cx = r0 sin(ai),

cy = xi + r0 (1 − cos(ai)) ,

A = tan(θ)2 + 1,

B = 2 (tan(θ)cx + cy) ,

C = c2x + c2y − r20 .

Then

xf =
−B +

√
B2 − 4 · A · C
2
√
A

− r0, (3)

af = θ − arctan
(

r0 sin(ai) − (xf + r0) sin(θ)
xi + r0(1 − cos(ai)) − (xf + r0) cos(θ)

)
. (4)

The corresponding COSY INFINITY function that represents the same beam
line element is MS r0 θ 1 0 0 0 0 0;.

With our high precision DA vector implementation we should, of course, be
able to reproduce essentially the same map as the COSY beam code, except for
small roundoff errors. Our test case will be a homogeneous dipole segment of angle
θ = π

6 and reference radius r0 = 1. The expansion for the final position and slope
as calculated by the current COSY INFINITY double precision code using the
command

MS 1 30 1 0 0 0 0 0;

is given in Fig. 3. Comparing that to the results of the evaluation of Eq. (3) in high
precision DA arithmetic with about 60 digits, given in Fig. 4, shows that, indeed, the
leading limb of the result is the same as in the COSY beam physics expansion. All
the small roundoff errors of magnitude 10−15 encountered in the double precision
expansion, however, are not seen in the high precision implementation. We have
set the cutoff value, below which coefficients are discarded, to 10−60 in the high
precision operation. That is why there seem to be no roundoff errors in the high
precision map. They were all below the cutoff value.

Note how some of the coefficients actually do not require high precision. At first
glance it looks like there is no benefit to high precision calculations. All there is, is
the same number as in the double precision case. But actually this result shows how
well our implementation works. Those coefficients can be accurately represented by
only one double precision number. All digits up to 10−60 are actually 0.
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To see the full power of the high precision DA vectors, we now combine 12 of
those 30 degree segments together to form a full 360 degree bend. Clearly the result-
ing transfer map has to be the identity. Simply repeating the COSY MS command
12 times yields the expected transfer map shown in Fig. 5. The linear coefficients
are almost 1 whereas the other coefficients are all of order 10−15 or less. On the
other hand, iterating Eq. (3) 12 times with high precision DA vectors results in
the map shown in Fig. 6. In these calculations, we set the cutoff value to 10−70.
That way, the small roundoff error terms become visible in the result. As before the
result is the identity map, up to roundoff noise introduced during the calculation.
The notable difference is that, since we work with high precision numbers of length
60, the noise is of the order of 10−63.

xf :

I COEFFICIENT ORDER EXPONENTS

1 0.8660254037844386 1 1 0 0

2 0.4999999999999999 1 0 1 0

3 -.1249999999999999 2 2 0 0

4 0.4330127018922192 2 1 1 0

5 0.5801270189221930E-01 2 0 2 0

6 -.1250000000000000 3 1 2 0

7 0.2165063509461096 3 0 3 0

8 -.7812499999999993E-02 4 4 0 0

9 0.5412658773652738E-01 4 3 1 0

10 -.1406249999999999 4 2 2 0

11 0.1623797632095823 4 1 3 0

12 0.6690675473054825E-02 4 0 4 0

13 -.1562499999999999E-01 5 3 2 0

14 0.8118988160479110E-01 5 2 3 0

15 -.1718749999999999 5 1 4 0

16 0.1353164693413186 5 0 5 0

---------------------------------------

af :

I COEFFICIENT ORDER EXPONENTS

1 -.4999999999999999 1 1 0 0

2 0.8660254037844386 1 0 1 0

3 -.2500000000000000 2 0 2 0

4 -.6250000000000000E-01 4 0 4 0

5 0.2220446049250313E-15 5 2 3 0

--------------------------------------

Fig. 3. Transfer map for a 30 degree homogeneous dipole with COSY beam package.
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xf :

I COEFFICIENT ORDER EXPONENTS EXACT REPRESENTATION

1 0.8660254037844386 1 1 0 3900231685776981b-52

2 0.5017542110903451E-16 1 1 0 8141427543753187b-107

3 -.7479771237866948E-33 1 1 0 -8745358328802511b-163

4 0.2653073781648097E-49 1 1 0 87312899972227b-211

5 0.5000000000000000 1 0 1 1b-1

6 -.1250000000000000 2 2 0 -1b-3

7 0.4330127018922193 2 1 1 3900231685776981b-53

8 0.2508771055451726E-16 2 1 1 8141427543753187b-108

9 -.3739885618933474E-33 2 1 1 -8745358328802511b-164

10 0.1326536890824049E-49 2 1 1 87312899972227b-212

11 0.5801270189221933E-01 2 0 2 2090127860996437b-55

12 -.2667865061111657E-17 2 0 2 -6926173687902441b-111

13 0.1119742698409979E-34 2 0 2 4189454815015701b-168

14 -.9845464222053095E-52 2 0 2 -2592120999413b-214

15 -.1250000000000000 3 1 2 -1b-3

16 0.2165063509461096 3 0 3 3900231685776981b-54

17 0.1254385527725863E-16 3 0 3 8141427543753187b-109

18 -.1869942809466737E-33 3 0 3 -8745358328802511b-165

19 0.6632684454120243E-50 3 0 3 87312899972227b-213

20 -.7812500000000000E-02 4 4 0 -1b-7

21 0.5412658773652741E-01 4 3 1 3900231685776981b-56

22 0.3135963819314657E-17 4 3 1 8141427543753187b-111

23 -.4674857023666842E-34 4 3 1 -8745358328802511b-167

24 0.1658171113530080E-50 4 3 1 21828224993057b-213

25 -.1406250000000000 4 2 2 -9b-6

26 0.1623797632095823 4 1 3 45705840067699b-48

27 -.4469896349870486E-17 4 1 3 -1450564298463051b-108

28 0.2449402781674419E-33 4 1 3 2863844940720025b-163

29 0.2101110160114334E-49 4 1 3 138295453756081b-212

30 0.6690675473054831E-02 4 0 4 7713823633230503b-60

31 0.2003954727104893E-18 4 0 4 2081025566838551b-113

32 0.2799356746024948E-35 4 0 4 4189454815015701b-170

33 -.2461366055511375E-52 4 0 4 -2592120999411b-216

34 -.1562500000000000E-01 5 3 2 -1b-6

35 0.8118988160479113E-01 5 2 3 45705840067699b-49

36 -.2234948174935243E-17 5 2 3 -1450564298463051b-109

37 0.1224701390837209E-33 5 2 3 2863844940720025b-164

38 0.1050555080057157E-49 5 2 3 553181815024319b-215

39 -.1718750000000000 5 1 4 -11b-6

40 0.1353164693413186 5 0 5 4875289607221227b-55

41 -.1297677216343504E-16 5 0 5 -4211203333632873b-108

42 -.3094644200303947E-33 5 0 5 -7236524105121281b-164

43 0.1750925133428610E-49 5 0 5 3687878766828823b-217

------------------------------------

Fig. 4. Transfer map for a 30 degree homogeneous dipole with high precision DA vectors (nor-
malized).
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af :

I COEFFICIENT ORDER EXPONENTS EXACT REPRESENTATION

1 -.5000000000000000 1 1 0 -1b-1

2 0.8660254037844386 1 0 1 3900231685776981b-52

3 0.5017542110903451E-16 1 0 1 8141427543753187b-107

4 -.7479771237866948E-33 1 0 1 -8745358328802511b-163

5 0.2653073781648059E-49 1 0 1 349251599888903b-213

6 -.2500000000000000 2 0 2 -1b-2

7 -.6250000000000000E-01 4 0 4 -1b-4

-----------------------------------

Fig. 4. (Continued)

xf :

I COEFFICIENT ORDER EXPONENTS

1 0.9999999999999993 1 1 0 0

2 -.1665334536937735E-15 1 0 1 0

3 -.1665334536937734E-15 2 1 1 0

4 0.3330669073875470E-15 2 0 2 0

5 0.5499073418846478E-15 4 2 2 0

6 0.3348016308635238E-15 4 1 3 0

7 0.1942890293094024E-15 4 0 4 0

8 -.1387778780781446E-15 5 4 1 0

9 -.1110223024625157E-15 5 3 2 0

10 0.1110223024625157E-15 5 2 3 0

11 0.1082467449009528E-14 5 1 4 0

---------------------------------------

af :

I COEFFICIENT ORDER EXPONENTS

1 0.1665334536937735E-15 1 1 0 0

2 0.9999999999999993 1 0 1 0

3 -.2220446049250313E-15 4 1 3 0

4 -.7359851755371739E-15 5 4 1 0

5 0.9601694439531627E-15 5 3 2 0

6 0.1214306433183765E-14 5 2 3 0

7 0.5273559366969494E-15 5 1 4 0

--------------------------------------

Fig. 5. Transfer map for 12 30 degree homogeneous dipoles with COSY beam package.
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xf :

I COEFFICIENT ORDER EXPONENTS EXACT REPRESENTATION

1 1.000000000000000 1 1 0 1b0

2 0.1001967514747971E-62 1 0 1 3712637180178849b-261

3 -.8517491040037048E-63 2 2 0 -3156025864275235b-261

4 0.8502528978208232E-63 2 1 1 6300963802800349b-262

5 -.8058934833360440E-63 2 0 2 -5972229768846003b-262

6 -.1421155290465671E-62 3 3 0 -164558540213685b-256

7 -.1914009193660878E-62 3 2 1 -7092067947309569b-261

8 -.3175427147967325E-62 3 1 2 -367689343684029b-256

9 0.1793778628155982E-62 3 0 3 3323285999734849b-260

10 0.3216870906455098E-62 4 4 0 372488203065175b-256

11 -.7424413638917452E-63 4 3 1 -5502005546318573b-262

12 -.2598190020076057E-62 4 2 2 -4813597610562419b-260

13 0.2515338308647966E-62 4 1 3 4660100446352085b-260

14 0.1805036934614915E-62 4 0 4 6688287929906621b-261

15 0.8011932350143374E-63 5 5 0 5937397668167309b-262

16 -.7490211353162293E-62 5 4 1 -6938457771293817b-259

17 -.7799594535945731E-62 5 3 2 -7225050772168895b-259

18 0.4235531564115624E-62 5 2 3 7847056781432733b-260

19 -.1500571371277421E-62 5 1 4 -5560137412157345b-261

20 0.1584098366644266E-63 5 0 5 4695707121437689b-264

------------------------------------

af :

I COEFFICIENT ORDER EXPONENTS EXACT REPRESENTATION

1 0.3560837904659925E-63 0 0 0 75b-217

2 -.2278936258982352E-63 1 1 0 -3b-213

3 1.000000000000000 1 0 1 1b0

4 0.1367361755389411E-62 1 0 1 9b-212

5 0.7976276906438231E-63 2 2 0 21b-214

6 0.1583069429958924E-63 2 1 1 2346328533794189b-263

7 -.6077163357286271E-63 2 0 2 -1b-210

8 -.1367361755389411E-62 3 3 0 -9b-212

9 0.1411139791891778E-62 3 2 1 2614381195344969b-260

10 -.2765903754149412E-62 3 1 2 -5124316389156745b-260

11 -.2051042633084117E-62 3 0 3 -27b-213

12 -.1139468129491176E-63 4 4 0 -3b-214

13 0.2033073242981725E-62 4 3 1 941655193509359b-258

14 0.2449856478406028E-62 4 2 2 129b-215

15 0.9779722569634157E-63 4 1 3 7247452854395351b-262

16 0.1185759022251755E-62 4 0 4 8787296929185793b-262

17 -.4329978892066468E-62 5 5 0 -57b-213

18 0.7659812972263426E-62 5 4 1 7095565977803831b-259

19 0.5849269731388036E-62 5 3 2 77b-213

20 0.1000543052127116E-61 5 2 3 4634198815107191b-258

21 -.5147305191874726E-62 5 1 4 -2384068888437037b-258

22 0.2468847613897548E-62 5 0 5 65b-214

------------------------------------

Fig. 6. Transfer map for 12 30 degree homogeneous dipoles with high precision DA vectors
(normalized).
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Mathematical models of the structural parametric optimization of plasma dynamics
are discussed. Optimization approach to plasma dynamic is based on the consideration
of trajectory ensemble. This ensemble describes transient process in tokamak subject
to the initial data and external disturbances. In the framework of this approach the
optimization of dynamics of the trajectory ensemble in ITER tokamak is given. The
trajectories of this ensemble are perturbed at the initial point set and the set of external
disturbances.

Keywords: Tokamak; ITER; plasma control; optimization; transient process optimiza-
tion.

PACS numbers: 52.55.Fa, 02.30.Yy

1. Introduction

Problems of analysis and synthesis of stabilizing regulators of current, position
and plasma shape in tokamak are of great importance. Linear systems are widely
used in design problems of control systems for complex objects. The synthesis of the
regulator that stabilizes plasma shape in tokamak is done based on the linearization
of differential equations that define plasma behavior. The procedure of reduction
and LQG-algorithms of analytical regulator construction are applied to the LTI-
object, see [1–7, 10] for more details. The control object in the state space can be
described by the following equations:

ẋ = Ax+Bu+Gf(t),

e = Lx+Mu, (1)

y = Cx+Du+ Ff(t),

1040
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Fig. 1. The control object closure by the obtained regulator.

where x ∈ En is the state space vector, u ∈ Er is the control voltages vector,
y ∈ Ek is the diagnostic signals vector, e ∈ Ed is the measurement variables vector,
all the matrices in the model are known, with constant components, f(t) is the
vector function of external disturbances, which is called li, β – drops disturbance
and is defined in the following form

f(t) = fdrop(t) =
(
w1(t)
w2(t)

)
, w1(t) = dβe

−(t/tβ), w1(t) = dle
−(t/tl), (2)

where dβ , dl, tβ , tl are known real numbers. The control object is closed with a
regulator of a decreased dimension with the following structure:

ż = Acz +Bcy,

u = Ccz,
(3)

where vectors y and u are the output and input of the object (1) respectively,
matrices Ac, Bc, Cc are the constant component matrices of the controller, which
can be obtained, for example, using the reduction procedure and the LQG-optimal
synthesis.4 The control object closure by the obtained regulator is done in accor-
dance with the scheme in Fig. 1.

By the “regulator synthesis” we mean such a choice of parameters of the reg-
ulator of the LTI component that gives us a closed object that is stable. On the
trajectory of the closed system we define the following quadratic quality functional
and consider the problem of its minimization

J(W ) =
∫ T

0

(
e∗(t)Re(t) + u∗(t)Qu(t)

)
dt → min,

where R and Q are positively defined, symmetrical weight matrices.
Also, we need to take into account the nonlinear amplitude constraints on control

voltage signals. For example, the ITER tokamak has 11 control coils with constraints
on voltage amplitudes. These constraints have different numerical values and can
be represented in the following form

ui =



ci, ui > ci

ui, |ui| ≤ ci, i = 1, . . . , 11,

−ci, ui < −ci
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Fig. 2. Structural model of ITER plazma control system.

where i is the index of a coil, ci is the amplitude maximum for the i-th coil. It
complicates the design of the controller and allows no simple raise in the magnitude
of control voltage signals.

Note, that the controller design is analyzed by means of the linear model, how-
ever this controller is tested on the nonlinear model, and has to possess appropriate
characteristics.

2. The Structural Model of ITER Plasma Control System

The mathematical model of ITER plasma control system can be represented us-
ing the structural diagram (Fig. 2) which links LTI-blocks of various subsystems.
Matrices of these subsystems are known with constant components.

Further, the elements of matrices Ac, Bc, Cc of the dynamic shape controller
will be taken as parameters that are to be optimized and combined into a vector
of parameters

p = {pk} ↔ {Ac, Bc, Cc}.
A mathematical model of the structural parametric optimization of dynamics of a
set of trajectories that are perturbed at the initial point set and the set of external
disturbances is suggested. In the framework of this approach, the optimization of
transient processes of the full-sized control object that is closed by a regulator of
a decreased dimension is conducted. It is suggested to use an integral performance
criterion as a functional that allows optimizing the transient process, perturbed at
the initial point set and the set of external disturbances.
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3. Parametric Optimization Method

Let us investigate the equation of the control object (1) with constantly applied
perturbation (2), which is closed by the regulator of decreased dimension (3) and
the subsystem objects of the structural diagram presented in Fig. 2. We combine
the structural diagram of control system into a system of linear differential equa-
tions with perturbation. To do that, let us introduce the following vectors and
matrices: extended state-space vector x = {xst, xν , xp, xf , xc} that includes plasma
states, vertical controller states, power system states, filter system states and shape
controller states; matrices P and N with constant components such what P is a
matrix of the linear part of the system mentioned above, and N is the coefficient of
the non-linear part; these matrices can be easily identified in Fig. 2; the matrices
L and K for linear combinations with extended state- space vector. So, by using
the newly introduced variables, we represent the structural diagram of the control
system shown in Fig. 2 in the following form:

ẋ = P (p)x+N(p)f(t),

x(0) = x0,

f(t) = f(dβ , tβ, dl, tl, t), (4)

e = Lx(t, x0, p),

u = K(p)x(t, x0, p),

where x ∈ E112 is the extended state space vector, e ∈ Ed is the measurement
variables vector, u ∈ E11 is the control voltages vector, P,N,L,K are the above
introduced constant component matrices, f(t) is the li, β–drops disturbance, p =
{pk} is a vector of parameters. Note, that the matrices Ac, Bc, Cc of a designed
regulator (3) will be taken as parameters that are to be optimized. We combine the
elements of these matrices into a vector of parameters , where each parameter has
its own index. By labeling it P (p) and N(p) we emphasize that it depends on the
parameters that are being optimized. Based on this differential system (4) we have
measurement variables vector e and control voltages vector u.

Further, we will describe transient process by an ensemble of trajectories. Let
x0, f(t) be arbitrary disturbance vectors that satisfy the following equation at the
instant t (disturbance ensemble)8

(x0, f(t)) ∈ Ψ ≡ Ψ(G1, G2(t), µ2),

Ψ = {(x0, f(t)) : x∗0G1x0 +
t∫

t0

f∗(τ)G2(τ)f(τ)dτ ≤ µ2},
(5)

where G1, G2(t) are the positively defined matrices and µ is the real positive con-
stant. This disturbance ensemble includes modeling drops and vertical shift of
plasma.
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Let us consider matrix D as a solution of the matrix differential equation

Ḋ = P (p)D +DP ∗(p) +N(p)G2(t)−1N∗(p),

D(0) = G−1
1 , (6)

D(t) ≡ D(t, p,G1, G2(t)).

Note that the proposed approach employing the D matrix allows us to estimate the
ensemble of trajectories as a whole, compared to the previously developed methods
that allowed to estimate just one trajectory. So, using the D matrix we obtain the
following dynamic estimations for trajectories ensemble that allow us to control
whole set of trajectories:

sei(t) = sup
(x0,f(t))∈Ψ

|ei(t)2| = µ2liD(t)l∗i ,

sui(t) = sup
(x0,f(t))∈Ψ

|ui(t)2| = µ2kiD(t)k∗i ,
(7)

where sei(t) and sui(t) are the estimates for the measurement variables vector and
the control voltages vector respectively, li, ki are rows of the matrices L and K.
Based on the estimates (7) it is suggested to use the following integral performance
criterion that allows optimizing the set of transient processes perturbed by the sets
of initial points and external disturbances:

I(p) =

T∫
0

{ p∑
i=1

sei(t) +
r∑

i=1

sui(t)
}
dt+

p∑
i=1

sei(T ) =

=

T∫
0

{ p∑
i=1

sup
(x0,f(t))∈Ψ

|ei(t)|2 +
r∑

i=1

sup
(x0,f(t))∈Ψ

|ui(t)2|
}
dt+

p∑
i=1

sup
(x0,f(t))∈Ψ

|ei(T )|2.

Functional I(p) can be represented in the following form:

I(p) = µ2

( T∫
0

{
tr[W1LD(t)L∗] + tr[W2K(p)D(t)K(p)∗]

}
dt+

+tr[W3LD(t)L∗]
)

→ min,

(8)

where tr[A] is the trace of the matrix A, W1,W2,W3 are symmetrical weight ma-
trices. Let us study the performance functional (8) for the system (4) that is to
be optimized, where p = {pk} is a vector of parameters. The algorithms for the
optimization of this functional are suggested below.

After transforming the functional using the parametric optimization approach,9

we obtain a representation for the gradient of the functional with respect to the
parameters p = {pk}

∂I

∂pk
= −µ2

T∫
0

2tr
(

Θ(t)D(t)
∂P ∗

∂pk
+ Θ(t)NG2(t)−1 ∂N

∗

∂pk
− ∂K∗

∂pk
W2KD(t)

)
dt, (9)
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Fig. 3. Control voltage signals u1, . . . , u11 corresponding to a) initial controller and b) optimized
controller.

Fig. 4. Transient processes of gaps g1, . . . , g6 corresponding to a) initial controller and b) opti-
mized controller.

where matrix D is the solution of Eq.(6), matrix Θ is the solution of the following
equation

Θ̇ = −ΘP − P ∗Θ + L∗W1L+K∗W2K, Θ(T ) = −L∗W3L. (10)

Based on the analytical expressions (9)–(10) a gradient optimization method for the
functional (8) with respect to the parameters p = {pk} is implemented for C++
and Matlab environments.

4. Optimization Results

The optimization results are considered based on transient processes of checked
clearances—gaps, which are the members of the measurement variables vector for
the control object (4). The modeling of transient processes of the control object
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closed with the optimized and initial controller is shown. This initial controller is
obtained using the approaches described in [4, 10] and already possesses proper
characteristics. The graphical results of optimization are presented in Figs. 3–4.
Fig. 3 shows control voltage signals u1, . . . , u11 for control object closed with initial
and optimized controllers and Fig. 4 shows transient processes of gaps g1, . . . , g6 for
control object closed with initial and optimized controllers of the nonlinear model
with voltage limitations.

Fig. 3 shows that by using envelope estimation for ui we can choose maximums
of control voltages according to their limitations, then raise them and obtain better
performance for measurement variables ei. This is illustrated in Fig. 4. Also, we
consider optimization performance base on the numerical characteristics such as
the integral of squared gaps

Igaps =

T∫
0

∑
i=1...6

g2
i (t)dt

and the settling time

tsettling = min
t̃
{t̃ : max

i=1...6
|gi(t)| ≤ 0.01, ∀t ≥ t̃},

which are presented in Table 1.

Table 1. Settling time and integral of squared gaps
for control object closed with initial and optimized
controllers.

Control object closed Control object closed
with initial controller with optimized controller

Igaps = 0.027 Igaps = 0.024
tsettling = 6.373 sec. tsettling = 5.634 sec.

5. Conclusion

This work is dedicated to questions concerning synthesis and optimization of toka-
mak plasma control system. The structural model of ITER plasma control sys-
tem (Fig. 2) is discussed and the structural parametric optimization method is
suggested. We combine the structural diagram of control system into differential
equations system (4) with disturbances defined by Eq.(5). The estimate (7) for
the transient process ensemble dynamics is proposed. Based on the analytical ex-
pressions (8)–(10) a gradient method of optimization is implemented for C++ and
Matlab environments. Results of the computations are obtained and discussed. Nu-
merical characteristics such as the integral of squared gaps and the settling time
are presented for the both initial and the optimized controllers. For the optimized
controller the squared gaps and settling time are noticeably lower.
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Some ideas concerning the application of methods of H-optimization theory in practice
are discussed in this work. The problem of plasma current and shape stabilization system
synthesis in tokamak ITER is considered as an application of discussed ideas.

PACS numbers: 11.25.Hf, 123.1K

1. The Problem of Plasma Current and Shape Controller
Synthesis

Currently, investigations in the field of nuclear fusion and construction of tokamaks
draw considerable interest. There are three problems that can be regarded as the
base problems of control system in many tokamaks. The first one is the problem of
programmed control design. The second is the problem of vertical displacement sta-
bilization that arises for most of the models of tokamaks. The last is the problem of
plasma current and shape stabilization, consisting of providing given requirements
and constraints produced for dynamical processes, particularly, for changes of some
values, characterizing plasma shape. To set the requirements for stabilization pro-
cesses dynamics some dynamical test mode is usually considered that is defined by
the system motion under the influence of disturbances of the type “li, β-drops”.
Such disturbances are caused by the intermittent changes of plasma density and
regarded to be the worst case for plasma current and shape stabilization system.
Taking into account the disturbances of “li, β-drops” type for adjustment of sta-
bilization system, we can get sufficient assurance of suitable dynamics quality for
more propitious external disturbances. But the optimal stabilizing controller synthe-
sis with direct use of information about the above mentioned disturbances is rather
difficult. Applying standard algorithms for control design is not reasonable in this
case, and therefore some adaptation of standard algorithms and their application
techniques specifically for plasma control become the topical problem. Such adapta-
tion, for instance, should be carried out for plasma current and shape stabilization
system design in test mode by solving H2- and H∞-optimization problems. Some
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aspects of application of standard methods for solving H2- and H∞-optimization
problems in designing plasma current and shape stabilization system are discussed
in this work.

2. Regularization of Computing Methods for H2 and
H∞-Optimization

Implementation of H2- and H∞-optimization methods in practice is often embar-
rassed by different peculiarities of tasks arising in various applications. Particularly,
the optimization problems appearing in applications can be singular. It means that
the considered mathematical models of plants do not satisfy some conditions of the
H2 and H∞ problem statement. Such conditions can be determined as regularity
conditions. Using standard mathematical instruments, including widely used pack-
age MATLAB, is essentially complicated for singular optimization problems. It leads
to necessity of regularization methods development in H2 and H∞-optimization
problems in order to satisfy all given regularity conditions. The linear mathemati-
cal models of plasma dynamics in ITER for current and shape stabilization system
design in test mode do not satisfy all regularity conditions. Therefore, the regular-
ization should be performed in order to carry out H2− and H∞-optimization for
control design.

Let us formulate H2- and H∞-optimization problems and the above mentioned
regularity conditions.

Consider state-space control system models of the standard form

ẋ = Ax + Bu + Gd,
e = Lx + Mu,
y = Cx + Du + Fd,

(1)

where x ∈ En—vector of states, u ∈ Em—vector of controls, d ∈ Emd—vector of
external disturbances, e ∈ Ep—vector of regulated variables, y ∈ Ek—vector of
measurements, matrices A, B, G, L, M, C, D and F have constant components.

Another representation of such models is given in frequency area by(
e
y

)
= T(s)

(
d
u

)
, (2)

where the transfer matrix is T(s) =
(

L
C

)
(Es− A)−1

(
G B

)
+
(

0 M
F D

)
Considering the plant model Eq. (2) together with the mathematical model of

controller

u = W(s)y, (3)

we get a closed-loop system

e = H(s,W)d, (4)
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where H(s,W) is a transfer matrix from d to e. This matrix depends on the choice
of controller transfer matrix W(s).

To characterize the optimization process quality let us consider the following
functional criterion

I = I(W) = ‖H(s,W)‖ , (5)

on the set Ω of transfer functions W(s) with fractional-rational components.
A characteristic polynomial for each matrix W ∈ Ω of the closed-loop system
Eq. (4) is Hurwitz. Assume that for all matrices H(s) it follows that the expression
tr
[
HT(−s)H(s)

]
is strictly proper. Hence, the norms H2 and H∞ can be used.1

The optimization problem is formulated in the following way

I = I(W) = ‖H(s,W)‖ → inf
W∈Ω

, (6)

for the mentioned norms on Hardy spaces.
As mentioned above, some regularity conditions must hold for existence of op-

timization problem Eq. (6) solutions on H2 and H∞. Such conditions are given,
for example, in Ref. 1:

(i) Pair (A,B) is stabilizable, and pair (A,C) is detectable.
(ii) Matrices M and FT have full column rank. It means that the dimension of

vector of regulated variables is not less than the dimension of vector of controls,
the dimension of vector of disturbances is not less than the dimension of vector
of measurements, and columns of these matrices are linearly independent.

(iii) Matrices
(
jωE− A B
L M

)
and

(
jωE− A G
C F

)T
have full column rank for all

ω ∈ [0,∞).

There are widely known results1 that allow to find solutions of H2- and H∞-
optimization problems in the case the regularity conditions are met.

If regularity conditions do not hold, we can use the regularization approach,
consisting of transformation of the nominal plants by means of introducing some
additives. This procedure must lead to the keeping of regularity conditions. Mod-
ified in such a way, mathematical models of the plants can be considered as the
base models for applying the well-known algorithms of searching solutions in H2-
and H∞-optimization problems. These additives should be included in the nominal
plant to fulfill regularity conditions, but not to deform the nominal plant and its
dynamics.

Let us consider this situation, when md < k, in other words the dimension of the
vector of disturbances is less than the dimension of the vector of measurements. This
partially breaks regularity conditions. Hence, H2- and H∞-optimization problems
are singular in this case and the nominal plant Eq. (1) should be modified by
introducing of some small regularization additives.
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The additives can be formed based on the vector of fictitious disturbances d1(t)
with dimension m1 = dimd1 = k −md and included in the nominal linear model
Eq. (1)

ẋ = Ax + Bu + Gd + γGdd1,

e = Lx + Mu,
y = Cx + Du + Fd + γFdd1,

(7)

here γ ∈ E1—small real parameter, matrices Gd and Fd are auxiliary.

Theorem 2.1. If the matrix F has md linearly independent rows, then the constant
matrix Fd exists such that the regularity conditions in H-optimization problems are
satisfied for all γ �= 0.

Proof. For a new vector of disturbances dn =
(
d d1

)T ∈ Ek the model Eq. (7)
is represented by

ẋ = Ax + Bu + Gn(γ)dn,

e = Lx + Mu,
y = Cx + Du + Fn(γ)dn,

(8)

where Gn(γ) =
(
G γGd

)
, Fn(γ) =

(
F γFd

)
. According to regularity conditions,

the matrix Fn(γ) of dimension k × k must be nonsingular. Splitting into blocks of
matrices F and Fd gives

Fn(γ) =
(
F γFd

)
=
(

F1 γFd1

F2 γFd2

)
,

where matrix F1 has dimensions md ×md, F2 has dimensions (k −md) ×md, Fd1

has dimensions md × (k −md) and Fd2 has dimensions (k −md) × (k −md).
Assume now that the condition of the theorem holds, and let the first md rows

of the matrix F2 be linearly independent. Then the quadratic matrix F21 is non-
singular. Using a well-known formula for the determinant of block matrix gives

detFn(γ) = det
(

F1 γFd1

F2 γFd2

)
= detF1 · det

(
γFd2 − F2F−1

1 γFd1

)
.

Since detF1 �= 0, the condition of nonsingularity takes the form
det
(
γFd2 − F2F−1

1 γFd1

) �= 0 for each γ �= 0, if it is assumed that Fd1 = 0,
Fd2 = Ek−md

(unitary matrix). So, the matrix in the formulation of the theorem

takes the form Fd =
(

0md×(k−md)

Ek−md

)
, and regularity conditions for such matrix Fd

in system Eq. (8) are fulfilled for each γ �= 0.

Thus, one can form the model Eq. (8), and for each γ �= 0 compute controller
of the form Eq. (4) for the modified model Eq. (8), providing minimum of one of
two norms ‖H2‖ and ‖H∞‖ and then solve H2- or H∞-optimization problem for
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the plant Eq. (8). However, the designed controllers should be used to stabilize the
nominal plant Eq. (1) for which the value of the functional I(W) = ‖Hn(s,W)‖,
where Hn is transfer matrix from dn to e of the closed-loop system Eq. (8), Eq. (3),
is the function of parameter γ: I∗ = I∗(γ) = I(W) = ‖Hn(s,W)‖. The smaller
the value of |γ| is the more precisely the obtained result corresponds to the initial
problem.

3. Regularization of the Algorithms for Plasma Current and
Shape Controller Synthesis

The common regularization approach considered above can be applied for plasma
current and shape stabilization system design in tokamak ITER-FEAT.

The controlled plant for the problem of current and shape controller synthesis
in ITER tokamak is described by the LTI model

ẋ = Ax + Bu + Gd,
e = Lx,
y = Cx,

(9)

where x ∈ En is a state vector, u ∈ Em is a control vector, d ∈ Emd is a vector
of disturbances, e ∈ Ep is a vector of regulated variables, y ∈ Ek is a vector of
measurements, matrices A, B, G, L and C have constant components, n = 11,
m = 11, md = 2, p = 11 and k = 18. Vector of regulated variables includes
the functions gj(t), j = 1, 6, the gaps (the checked clearances). Vector of controls
consists of functions ui(t), i = 1, 11, the voltages.
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Fig. 1. Regulated variables gj(t), j = 1, 6, corresponding to H2- optimal controller, designed for
modified plant Eq. (10).
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It should be noted that the plant Eq. (9) is a reduced model with 79 removed
states.2

To set the requirements for the dynamics of stabilization processes, let us con-
sider dynamical test mode, defined by the motion of the full system (not reduced),
closed with controller of type Eq. (3) under the influence of the “li, β-drops” distur-
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Fig. 2. Control voltages ui(t), i = 1, 11, corresponding to H2- optimal controller, designed for
modified plant Eq. (10).
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Fig. 3. Regulated variables gj(t), j = 1, 6, corresponding to test controller.
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bances. Simulation of dynamical processes for the closed-loop system is performed
under constraints of saturation type for the components of control vector u. All
figures in the paper show simulated processes under these conditions.

Now the problem of plasma current and shape stabilization system synthesis can
be formulated as follows: based on the reduced model Eq. (9), design the control
law of the form Eq. (3) such that the characteristic polynomial of the closed-
loop system is Hurwitz, and the following constraints are satisfied for simulated
processes:

(i) for settling time

J1(W) = Tp(W) = inf {tm : ‖e(t,W)‖ ∈M(0,∆), ∀t ≥ tm} < Tp0,

where ∆ = 0.05 ‖e(0)‖, M(0,∆) is the neighborhood of zero of radius ∆,
Tp0 = 1.0 sec;

(ii) for overshoots

J2j(W) = Ppj(W) = max
t∈[0,Tp]

∣∣∣∣ej(t,W) − ej(0)
ej(0)

∣∣∣∣ < Pp0, j = 1, 6,

where Pp0 is a fixed number;
(iii) for oscillation

J3j(W) = Kpj(W) = K[ej(t,W)] < Kp0, j = 1, 6,

where K[ej(t,W)] is a fixed real number of roots of nonlinear equation
ej(t,W) = 0 on the segment t ∈ [0, Tp], Kp0 = 3.
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Fig. 4. Control voltages ui(t), i = 1, 11, corresponding to test controller.
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We consider the indicated values of J1, J2j and J3j for processes gj(t), j = 1, 6
in the closed-loop system, as the values defining the quality of stabilization process.

One of the possible techniques for such plasma current and shape controller
design is to modify the nominal plant Eq. (9) by entering some additives as
it was described earlier, and to find the H2- or H∞-optimal control for the
modified plant. For the design problem under consideration we should also en-
ter the matrix M in Eqs. (9). In addition, we can include explicitly the new
vector of disturbances in model (9) instead of the nominal vector d, then we
have dn = d1. Specifying the structure of matrices Gd, Fd and M and putting
their elements together in a vector of variable parameters γ∗ ∈ Eβ, we get
that the value of the functional I(W) = ‖Hn(s,W)‖ depends on the vector γ∗:
I∗ = I∗(γ∗) = I(W) = ‖Hn(s,W)‖. Here Hn is a transfer matrix from dn to e of
the closed-loop system Eq. (8), Eq. (3). In this case continuous transformation in
the vector of variable parameters results in the continuous change of the value of
function I∗ = I∗(γ∗). Hence, for each vector of variable parameters we obtain the
solution of H2- or H∞-optimization problem. Transformation must be carried out
in such a way that the smaller value of ‖γ∗‖ corresponds to the smaller value of
I∗. Minimizing the function of vector γ, we can choose any suboptimal solution of
the optimization problem, if that solution satisfies the introduced constraints for
simulated processes and controls. Thus, all additives in Eq. (9) modifying nominal
plant can be chosen to provide the desirable closed-loop system performance.

One of such choices gives the following system

ẋ = Ax +
( (

BSϕ1 011×18

)
B
)(dn

u

)
,

(
en

y

)
=



(

R1

011×11

)
C


x +


022×29

(
011×11

Q1

)
(
018×11 Sψ1

)
018×11


(dn

u

)
,

(10)

here x ∈ E11—state vector, u ∈ E11—vector of controls, d ∈ E29—vector of
new disturbances, e ∈ E22—vector of new regulated variables, y ∈ E18—vector
of measurements. R1 is a fixed positive definite matrix, Q1, Sϕ1 , Sψ1 are fixed
positive definite diagonal matrices, R1 = M. Note that in the modified model
Eq. (10) vector dn is used instead of d and this vector is completely new, i.e. the
direct information about the exogenous entries is not used in the modified model.

Solving the H2-optimization problem for plant Eq. (10), we get the controller
of type Eq. (3), and Fig. 1 and Fig. 2 show gaps gj(t), j = 1, 6 and control voltages
ui(t), i = 1, 11, correspondingly. Solving the H∞-optimization problem gives ex-
tremely close results. Following the above mentioned requirements for J1, J2j , J3j ,
j = 1, 6 one can conclude that the closed-loop dynamics is close to acceptable. For
comparison, gaps gj(t), j = 1, 6 and control voltages ui(t), i = 1, 11, corresponding
to the alternative test control law,3 are shown in Fig. 3 and Fig. 4.

This test control law does not show significantly better performance compared
to the controller found as a solution of theH2-optimization problem for the modified
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plant (10). The test law was formed by another technique and can be considered
good for satisfying the requirements for dynamical processes.

4. Conclusion

The lack of information about the exogenous disturbances in applications usually
complicates the production of optimal control design. Therefore, the adaptation of
standard methods is necessary, specifically for the considered problems. Thus, the
approach of adaptation of standard methods for solving H2- and H∞-optimization
problems considered in this article is efficient and can be used, in particular, to
design plasma current and shape stabilization system.
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The Hefei light source (HLS) is a second generation synchrotron radiation light source,
in which a superconducting wiggler is installed and operating. The effects of the wiggler
on the beam dynamics on the HLS storage ring are studied, in order to make sure the
wiggler can operate properly when the ring is working in the high brilliance mode. We
generate a model of the magnetic field in the midplane of the wiggler. The 3D magnetic
field model is also builded up by COSY infinity 9.0. Both the linear and nonlinear effects
of the wiggler are discussed. The vertical tune is changed from 2.535 to 2.567 and the
vertical beta function is heavily distorted, while a symplectic tracking study shows the
dynamic aperture is only slightly affected by the wiggler. And the wiggler should be able
to run on the high brilliance mode after the linear effects get compensated.

Keywords: Wiggler; nonlinear effects; differential algebra.

1. Introduction

The Hefei light source (HLS) is a second generation dedicated VUV radiation light
source. It is composed of a 200 MeV linac and an 800 MeV storage ring. The storage
ring consists of four triple bend achromat (TBA) cells and four 3 m long straight
sections. The characteristic wavelength of the bending radiation is 2.4 nm. In order
to meet the requirement of the hard X-ray synchrotron radiation users, a supercon-
ducting wiggler was installed on the storage ring. The characteristic wavelength of
the wiggler radiation is 0.485 nm, and its usable wavelength is extended to 0.097
nm, which lies in the hard X-ray range.1

HLS runs in general purpose light source (GPLS) operation mode now. The
emittance in this mode is 133 nm · rad. A high brilliance light source (HBLS)
operation mode was proposed, in which the emittance was reduced to 27 nm · rad.
The tunes of HBLS are (5.2073, 2.5351). The β functions and dispersion function
of HBLS are shown in Fig. 1. In the following, we are going to discuss the effects
of the wiggler when the storage ring runs in HBLS mode.

1057
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Fig. 1. The β functions and the dispersion function of HLS storage ring in HBLS mode.

2. Magnetic Field Model of the Wiggler

The wiggler that is installed in the HLS storage ring has single period composed of
three poles, and the peak magnetic field strength of the central pole and the poles in
either side is 6 T and 4.3 T respectively. The magnetic field of the wiggler is shown
in Fig. 2, but we do not have the explicit data of the curve. Because of the lack of
the wiggler field data, only the linear effects of it were studied by the hard edge
model.1,2 In the following we will build up an analytic magnetic field model similar
enough to the real wiggler field, by which we can study both the linear effects and
the nonlinear effects. And if our model wiggler can work on the HBLS mode, we
can reasonably assume the real wiggler can also work in that mode.

A model of the wiggler’s magnetic field can be generated by COSY Infinity
9.0.3,4 Considering the motion of the electrons in the wiggler, we can reasonably
assume the traces of the electrons are close to the axis of the wiggler, so that the
electrons can not see the drop of the fringe field in x direction when the wiggler has
enough width. Then the midplane field can be described by the following formulas.3

The periodic field can be described as

Bm(x, z) = B0 cos
(

2π
λ

· z + k · z2

)
, (1)

in which λ is the wavelength of the wiggler, and the item k · z2 is used when the
wiggler has a changing wavelength respect to z. The formula for the left fringe field is

Bl = Kl · Bm(x, z), (2)

with Kl =
1

1 + exp(a0 + a1(−z + zl)/d+ · · · + a9((−z + zl)/d)9)
. (3)
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Fig. 2. The midplane magnetic fields of the wiggler.

When z goes to −∞, Bl(x, z) goes to 0, while when z goes to +∞, Bl(x, z) goes
to Bm(x, z). So we can get a good model of the fringe field by carefully customizing
the coefficients a0, a1, . . . , a9, and d. In a similar way, the right fringe field can be
described as

Br = Kr · Bm(x, z), (4)

with Kr =
1

1 + exp(a0 + a1(z − zr)/d+ · · · + a9((z − zr)/d)9)
. (5)

So that the whole magnetic field of wiggler can be described as

B = Kl ·Bm(x, z) ·Kr. (6)

In our case, we choose λ = 210 mm, k = 0, B0 = 6.08 T, d = 40 mm, l =
zr−zl = 252 mm, a0 = 0.478959, a1 = 1.911289, a2, a3, . . . , a10 = 0. The magnetic
field of the model wiggler is shown in Fig. 3, comparing with the magnetic field of
the real wiggler. We can see that we have arrived at a good model of the wiggler’s
magnetic field.

The 3D magnetic field can be generated in the following way.5 Maxwell’s equa-
tions of the magnetic field are

−→∇ · −→D = ρ,
−→∇ ×−→

E = −∂
−→
B

∂t
. (7)

If we only consider the field without time dependence in the region where there are
no sources of the field, Maxwell’s equations can be simplified as

−→∇ · −→D = 0,
−→∇ ×−→

E =
−→
0 . (8)
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Fig. 3. The midplane magnetic field model of the wiggler.

In this case,
−→
B has a scalar potential V , which satisfies the Laplace equation

�V =
∂2V

∂x2
+
∂2V

∂y2
+
∂2V

∂z2
= 0, (9)

and
−→
B = −−→∇V . The Eq. (9) can be rewritten in the fixed-point form as

V = O(V ) = V |y=0 +
∫

y

{
∂

∂y
V |y=0 −

∫
y

(
∂

∂x

(
∂V

∂x

)
+

∂

∂z

(
∂V

∂z

))}
(10)

The operator O(V ) on nD3 is contracting. And in the differential algebra (DA)
picture, Eq. (10) can be easily solved to order n by iteratively applying the operator
O(V ) on V for at most n+ 1 times, assuming V and ∂V/∂y are given in the y = 0
plane.

In the case of the wiggler, ∂V/∂y in the y = 0 plane is known as the midplane
field. As the Eq. (6) shows, the midplane field does not explicitly depend on y, so
the potential V in the y = 0 plane is simply y · ∂V/∂y. Solving the Eq. (10), we get
the potential V , then the field at any point is just the gradient of the potential at
the point. COSY Infinity 9.0 can calculate the field of the wiggler automatically.

3. Beam Dynamics Study by COSY Infinity 9.0

The tracking study of the beam dynamic effects of the wiggler was done by the
COSY Infinity 9.0 beam physics package, which is based on DA arithmetic. After a
storage ring was defined by the user, COSY can calculate the map of each element
to arbitrary order, compose all the maps into a one-turn map of the storage ring,
find the generating function of the one-turn map, then do the symplectic tracking
by various methods.3,5
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When the field of an element, such as a dipole, a quadruple, or a wiggler etc, is
known, it is easy to write the dynamic equations of the electron motion as a group
of ODE in the following form,

�̇z = �f(�z, t), (11)

where �z is usually a 4D or 6D vector of positions and momenta. COSY has two
methods to generate the map to arbitrary order from an given ODE.5 One method
is based on the antiderivation operator. Eq. (11) can be rewritten as

�z = O(�z) = �zi +
∫ t

ti

�f(�z, t′)dt′. (12)

The operator O(�z) on nDv is contracting, and now we have a fixed-point problem
again, which can be easily solved to the order n in the DA picture by iteratively
acting the operator O(�z) at most n+ 1 times as we mentioned before. The integral
in Eq. (12) can be done by the antiderivation operator in the DA picture. The other
method is based on the derivation operator. For a given function g(�z, t) in phase
space, we have

d

dt
g(�z, t) = �f · �∇g +

∂

∂t
g = L�fg, (13)

where L�f is called Lie derivation operator, and �̇z = �f is the ODE we want to
solve. The Taylor expansion of the solution of the ODE is

�zf =
∞∑

i=0

ti · Li
�f

i!
· �I, (14)

where �I is the identity function. When g and �f are not explicitly time dependant,
the partial derivative respect to t in L�f disappear. If �f(�0) = �0, and letting g be a
component of �z, we obtain the map

�z0 = �zi, �zj =
t · (�f · �∇)

i
· �zj−1, �zf =

∞∑
j=0

zj . (15)

As to the elements like dipoles, quadrupoles and etc, whose fields do not depend on
the time variable, the derivation method works well. While the map of the elements
like wigglers and undulators, whose fields change with the time variable, should be
calculated by the antiderivation method.

The map of an element or a whole ring generated by COSY is described by
an n-th order DA polynomial, so it is not symplectic because of the truncation.
Symplectic Tracking is achieved in COSY by using the generating function, which
can be easily calculated from a given map by DA method.5 COSY provides the four
basic types of generating functions6 and the extended Poincare (EXPO) generating
function, which in general gives optimal results in the weakly nonlinear case.7,8 In
the following, we will take the second kind of generating function as an example to
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show how COSY works on this. Assume an origin preserving map M , we can write
it as M = (M1,M2), where M1 is the position part, and M2 is the momentum part.
In the same way, we can write the identity map I = (I1, I2). Let

N1 = (I1,M2), (16)

then

(�qi, �pf) = N1(�qi, �pi), and (�qi, �pi) = N−1
1 (�qi, �pf ). (17)

Let

N2 = (M1, I2), (18)

then

(�qf , �pi) = N2(�qi, �pi) = N2 ◦N−1
1 (�qi, �pf ) = G(�qi, �pf ). (19)

The second kind of generating function F2 satisfies

(�qf , �pi) = (�∇�pf
F2, �∇�qi

F2). (20)

Comparing Eq. (19) with Eq. (20), we can see that F2 is just a potential for
G, which can be obtained by integration along an arbitrary path. The symplectic
tracking can be performed in the following way. Firstly �pf can be solved from
�pi = G2(�qi, �pf) by some numerical method such as Newton iteration, where G2

is the momentum part of Eq. (20). Then �qf can be calculated directly from �qf =
G1(�qi, �pf ), where G1 is the position part of Eq. (20).

In the above calculation of the generating function, the inverse map of N1 needs
to be calculated. This is also a fixed-point problem in DA picture, which can be
easily solved.5 Assuming A is a origin preserving map, it can be write as A =
A1 +A2, where A1 is the linear part of A, and A2 is the nonlinear part of A. Then

A ◦A−1 = (A1 +A2) ◦A−1 = I (21)

A−1 = O(A−1) = A−1
1 ◦ (I −A2 ◦A−1). (22)

The Eq. (22) now has the fixed-point form and A−1
1 can be easily calculated since

the Jacobian of the linear map A1 is just a square matrix.

4. Linear Effects of the Wiggler

With the above model of the wiggler’s magnetic field, we can calculate both the
linear and the nonlinear map of it by COSY Infinity 9.0. The linear map of the
wiggler is found to be

Mx =
(

0.9997516 0.2532518
0 1.000248

)
, My =

(
0.9409307 0.2462244
−0.4852251 0.9358029

)
. (23)
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Under the effects of the wiggler, the tunes change from (5.2073,2.5351) into (5.2072,
2.5674). The horizontal tune almost remains the same value, while the vertical tune
increases a little bit. This result is reasonable because the horizontal map is very
similar to a drift map, but the vertical map shows the focusing effect of the wiggler.
The positions of the tunes and the 3rd, 4th, 5th, and 6th order resonance lines
nearby are shown in Fig. 4. Fortunately one observes that the position change of
the tunes does not cross any third order resonance lines, because the third order
resonance is dangerous and the beam will get lost if the resonance is strong enough.
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Fig. 4. The position change of the tunes and the 3rd, 4th, 5th, and 6th order resonance lines

nearby.

The β functions with the wiggler are shown in Fig. 5. Comparing with Fig. 1, we
can see the vertical β function is heavily disturbed, and the highest value increases
from 11 m to 23 m. The changes of the vertical β functions are shown in Fig. 6.
The increase of vertical β function will enlarge the close orbit distortion. It will also
decrease the physical acceptance of the storage ring, and result in the decrease of
the beam lifetime. So it is important to compensate the change of the β functions,
and keep the tunes in a proper position at the same time. Generally it can be done
by changing the strength of the quadrupoles in the storage ring, or adding extra
quadrupoles on it.1

5. Effects of the Wiggler on Dynamic Apertures

To study the nonlinear effects of the wiggler, we concentrate on the change of the
dynamic apertures with and without the wiggler. For each case, the one-turn map
up to the 10th order was generated, and then the EXPO generating function was
calculated from the map and was used for the symplectic tracking up to 5000 turns
by COSY Infinity 9.0. The tunes were compensated back to the original values by
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Fig. 5. The β functions and the dispersion function of HLS storage ring in HBLS mode with
wiggler.
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Fig. 6. The difference of the vertical β functions of HLS storage ring in HBLS mode with and
without wiggler.

appropriately adjusting the strength of the quadrupoles before the tracking study in
the case in which the wiggler is present, in order to avoid the change of the dynamic
apertures due to the change of the global tunes. The tracking results of on-energy
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particles in both x and y axis in bare lattice without the wiggler are shown in
Fig. 7. The same tracking are made with the wiggler, and the results are shown in
Fig. 8. In order to access the effects of the fringe field, we also trace the particles
without the fringe field. In this case, the wiggler was treated as a periodic cosine
magnetic field. The results are shown in Fig. 9. The traces in x − a phase plane
are almost the same. The dynamic aperture in horizontal direction is up to 26 mm.
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Fig. 7. Tracking pictures of on-energy particles launched along x axis and y axis without the
wiggler.
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Fig. 8. Tracking pictures of on-energy particles launched along x axis and y axis with the wiggler.
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Fig. 9. Tracking pictures of on-energy particles launched along x axis and y axis with the wiggler
but without considering the fringe field.

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

0.4E-01

0.1E-02

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

0.5E-02

0.3E-02

(a)

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

0.4E-01

0.1E-02

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

0.5E-02

0.3E-02

(b)

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
0.4E-01

0.1E-02

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

0.5E-02

0.3E-02

(c)

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

0.4E-01

0.1E-02

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

· ··

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

·
·

·

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·· ·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

·

·

·
·

·

·

· ··

·

·
·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·

·
·

0.5E-02

0.3E-02

(d)

Fig. 10. Tracking pictures of on-energy particles launched at x = 0.026m, y = 0m (left) and
x = 0m,y = 0.004m (right) with the wiggler up to the (a) 8th, (b) 9th, (c) 10th, (d) 11th order.
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The traces in y − b phase plane are different. Without the wiggler, the vertical
dynamic aperture reaches 9 mm. With the wiggler, the particles might get lost at
the island area in Fig. 8, which means the dynamic aperture decreases to about 4
mm. But it is still about 50 times of the vertical beam size at the middle point in
the straight section, where the vertical beta function is only 2.03 m and the vertical
beam size is only 0.07 mm.9 In order to verify the dynamic apertures, we provide
tracking pictures of the on-energy particles at x = 0.026 m, y = 0 m and x = 0
m, y = 0.004 m, with the EXPO generating functions of the 8th to the 11th order
maps, which are shown in Fig. 10. And we can see these pictures agree with each
other.

6. Conclusion

Considering the above results, we can draw the conclusion that the nonlinear affects
of the wiggler will not seriously affect the performance of the storage ring, since
the dynamic apertures with the wiggler are still large enough. But the vertical
β function is distorted heavily because of the linear effects of the wiggler, which
will decrease the physical acceptance and beam lifetime of the storage ring. The
linear effects can be compensated by appropriately adjusting the strength of the
quadruples. More work on the compensation should be done in the future.
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