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OUTLINE

e Transfer maps in general
— Single-particle maps
— Space charge maps

e The 3 pillars of potential computation:
— Differential Algebra
— Duffy transformation
— Distribution reconstruction from moments

e Kick map
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MATHEMATICAL MODEL OF PERIODIC
ACCELERATORS

Poincaré Section DeS|gn Orbit
Closed Orbit
/ Actual Orbit

\\ _--

</

Poincare Map
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PoOISSON EQUATION

iV

oOd
subject to B <<I>|3V, —|8V> =0

on
Decompose: ® = P, + Py
Free space solution: Laplace equation:

0 ,'7 in V
q>1<f)$/VHF<77)HdV "
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PoOISSON EQUATION

iV

oOd
subject to B <<I>|3V, —|8V> =0

on
Decompose: ® = P, + Py

Free space solution: Laplace equation:
Aq)g = O, in V

oD
B, <<I>|av, _|8V7(I)1|8V> =0

on
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FREE SPACE SOLUTIONS

2D free space solution: 3D free space solution:

()

B, (7) = %/S (7 ) ml7—+ |las  B1(7) = 47T/V Hr_ﬂ‘

Singular integrals

Theory says that the potential should be analytic in V if the charge
density distribution is analytic in V

Evaluation of integrals by standard methods is problematic

Even if some clever integration method is used that avoids the
singularity problem, the convergence radius of the resulting
Taylor expansion of the potential tends to zero

Need to perform integrations in DA
Need straightforward method to control accuracy
Must have large convergence region
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RECASTING THE INTEGRALS

The multiple integrals are considered as iterated integrals
Each integral is rewritten as an initial value problem
Example:

b
To evaluate I (a,b;p) = / f (y;p) dy

Define g (z;p) = / f (y;p)dy

d o
gé’i’p) = f (z;p),
Hence I (a, b;p) = g (b;p)

It follows that g(a;p) =0

Solve initial value problem using DA /integrators (we use 8 order
RK with 77" order automatic step size control)

Gives not just the value of the integral, but also the 7ay/or
expansion of the integral around an arbitrary parameter value p
of the function 1

Accuracy can be controlled not just for the integrals’ values, but
also their derivatives w.r.t. parameters (in RK8 can be set a priori)
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DUFFY TRANSFORMATION

A coordinate transformation that removes the singularity
through the Jacobian of the transformation; works in both
2D and 3D

The following steps are performed.:

Split the integral over the whole domain into sum of integrals
over boxes such that the singularity is at the lower left corner
of each box

Then, split each box into 2 triangles (2D) or 3 pyramids (3D)

Apply the special coordinate transformation to each
triangle/pyramid that removes the singularity

This is done by remapping each triangle/pyramid into a
(different) square/cube)

Resulting integrals can be done by standard methods
(Runge-Kutta for example)

Sum up all boxes

Do everything in DA; result is the Taylor expansion of the
potential around a point (typically the reference particle)
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DUFFY TRANSFORMATION

e Start with a box large
enough (of course this also
includes the support of the
charge distribution function)

e The cross corresponds to the
location of the reference
particle

e Then, this is the integration
region, and the result should
be the Taylor expansion of the
potential around the cross

e |deally, the convergence
region should be at least as
large as the box
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]
DUFFY TRANSFORMATION FOR

UNIFORM SQUARE

[ InGIx=x5)7 + (y = y5)° ydxdly
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DUFFY TRANSFORMATION

Yo Xo

| [InG/(x=%)7 + (y = ¥)? )elxdly

c

b [ [N + (= o) ey

C Xo

d X

+ [ [InG(x=%,)* + (y = ¥o)° elxdly
+ [ [InGJ(x=%5) +(y = yo)° )dxdy

Yo Xo
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DUFFY TRANSFORMATION

[ [In(Jx=x)? + (y = y5)* )elxdly

Yo Xo
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DUFFY TRANSFORMATION

b—x,;4,=d -y,
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DUFFY TRANSFORMATION
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DUFFY TRANSFORMATION

11
A, I _f w, In(AW, + Aowews ) dw,dw,
00

11
= A, | [y In(Z + 25w3 ) dwidw,
00

SINGULARITY REMOVED!
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DUFFY TRANSFORMATION
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DUFFY TRANSFORMATION

e After performing each integration in
DA and summing up the values (8 in 2D
and 24 in 3D) the Taylor expansion is
obtained

e It goes through exactly the same way
if the uniform distribution is replaced
with any analytic distribution function

e Hence, if the distribution is given
analytically, the method produces the
Taylor expansion of the potential
around the reference orbit

e The reference particle’s orbit may or
may not coincide with the beam
centroid
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3D EXAMPLE 1: UNIFORM SPHERE (KV)

Computed potential as taylor expansion

I COEFFICIENT ORDER EXPONENTS

Xy 2z

.4996370018951680
.1666657104620803
.1666657104620803
.1666657104620802
.1725493873288436E-03
.5195757808234870E-03
.1725493873286667E-03
.5195757808445904E-03
.5195757808421458E-03
.1725493873298274E-03
.2820031064842127E-04
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.2457695382008953E-03
.2820031054867415E-04
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3D EXAMPLE 2: UNIFORM BoOX

Computed potential as taylor expansion
I COEFFICIENT ORDER EXPONENTS

>
N

.75676021548382070

.1666666666209941

.1666666666209941

.1666666666209941

.2041958853924232E-01
.6125876674821989E-01
.20419588563924232E-01
.6125876674821994E-01
.61256876674821994E-01
.2041958853924233E-01
.2836051976365867E-03
.2127042457063774E-02
.2127041022347797E-02
.2836051976365908E-03
.2127041022347805E-02
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.2836051976365913E-03
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3D EXAMPLE 3: GAUSSIAN

Computed potential as taylor expansion
I COEFFICIENT ORDER EXPONENTS

i
N

.1899346134538555
.2857213616760714
.28b7213616760714
.2857213616760714
.3856272870549544
.7717373303298547
.3856272870549544
.7717373303298548
.7717373303298548
.3856272870549544
.4132844211752644
-1.239760030495708
-1.239760030851594
-.4132844211752643
-1.239760030851594
-2.480452389375887
-1.239760030495708
-1.239760030495708
-1.239760030851594
-.4132844211752643
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CONVERGENCE REGION

e It can be shown that the region of
convergence of the multiple Taylor series
of the potential is a box with sides equal
to the closest boundaries in each spatial
direction

Therefore, It Is advantageous to pick the
computational box symmetric w.r.t. the
expansion point

According to theory, by rearranging the
Taylor series into a sequence of
homogeneous polynomials, the
convergence region becomes a star-
shaped region that cannot be smaller than
the original convergence region
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OTENTIAL CONVERGENCE
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MOMENTS OF THE DISTRIBUTION

e If the distribution Is not known
analytically, can it be reconstructed
from something?

e Yes, from the moments of the

distribution

e Theorem: smooth distribution
functions with compact support (and
some with non-compact support,
such as the Gaussian) are uniquely
determined by their moments
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MOMENTS OF THE DISTRIBUTION

e \What can be said in the case of a
finite set of common moments?

e The distributions sharing a finite set
of common moments will resemble
each other

e \What is the convergence like Iin the
limit of large number of same
moments?

e Interestingly, the tail probabilities
converge faster!

December 14-17, 2011 Space Charge Maps




-
CONVERGENCE OF THE MOMENT METHOD

Theorem 1 Let any two arbitrary distributions F () and G () have the same
first 2p moments: m; (F) = m; (G) =m;, i =0,1,2,...,2p with mg = 1. Then,
for all values of x,
F (2) — G ()] < .
xXr) — X >~ _ )
VI (2) My 'V, (2)

where V, (x) = (1,3@, x2, ..., a:p) and

( 1 mq
ma mo
mo ms may

\ Mp ppl 1p 12

Thus, the bound goes to zero at the rate

2P as x — oo.
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DISTRIBUTION RECONSTRUCTION

FROM MOMENTS

Two different approaches:

— Based on generic function approximation: orthogonal
polynomials

— Based on statistics: method of moments

Orthogonal polynomials:

— Compact support and Cartesian coordinates: Jacobi
polynomials, moment-based approach

— Take the simplest special case: linear combination of
Legendre polynomials

— Minimizes the mean squared error
Method of moments:
— Linear combination of monomials

Both methods: solve for the coefficients by
assuming a finite set of moments known
— this determines the highest degree of the polynomial
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LEGENDRE POLYNOMIALS

1
2
P (xX)P. (x)dx = o
J PR ()= " 6

2

p(X) = ;cna () J P () p(x)dx=C, —=—

1 1
| P p(x)dx =] L zoa X'Jp(x)dx— M [P.()p(x)dx=>"P,(x)
- A i i

C, =(2n +1)iz:: am, C. =(2n +1)iznol P.(x)
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METHOD OF MOMENTS

o(X) = ZCnX” m. :jx”Z(Cix‘)dx

T =Ixm+”dx M =TC

C=T'M

T 1s 1ll-conditioned, so truncated SVD has to
be used for the inversion.
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]
WHICH METHOD IS BETTER?

The matrix to be inverted in the moment
method is a Hilbert-like matrix;
notoriously difficult to use in numerical
computations

That’s why we use truncated SVD
Inversion, which is stable to at least order
20-25

Legendre is stable to even higher orders,
since there iIs nothing to invert

Running times are comparable (excluding
preprocessing), with Legendre being
somewhat faster

Therefore, the Legendre method seems to
be the better choice
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-
DISTRIBUTION RECONSTRUCTED FROM

1 5™ ORDER MOMENTS

20'X2 20

p(x) ==

270,0,
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OTHER DISTRIBUTIONS
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SAMPLE MOMENTS VS. TRUE MOMENTS

e In practice, not only we don’t know
the analytical distribution, but also
we don’t know the true moments

 All we have Is a finite number of
particles from which we can

compute a finite set of sample
moments

e Replace the true moments with
sample moments everywhere

e Does anything change significantly?
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SAMPLE MOMENT CONVERGENCE
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RECONSTRUCTION METHODS REVISITED

If sample moments are used instead of
true moments, is it still true that Legendre
IS better?

Interestingly, not always!

The reason is that the difference between
the true and sample moments can be

thought of as an error in the right hand
sides of two systems of linear equation
that determine the distribution
coefficients in the two methods

It is well-known that the relative error In
the solution of the linear systems will
depend on the condition number of the
system matrix
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RECONSTRUCTION WITH SAMPLE MOMENTS

Er = Am
[om]]

|7 ]]

[ock ||
leL
and due to the truncated SVD inversion of T: x(T) < kK (A)

[om ||

|7 ]]

< k (A) <k (T)

e Of course, the same SVD truncation could be
performed on A too, but this extra effort renders the
Legendre method somewhat slower than the moment
method

Hence, the moment method often is less sensitive to
errors in the (sample) moments and it is faster

Therefore, for many problems the moment method is
preferred

In some cases Legendre might still be preferable (for
example multimodal and/or oscillatory distributions)
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POTENTIAL COEFFICIENTS AS A
FUNCTION OF NUMBER OF PARTICLES
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FLUCTUATIONS IN LOW ORDER POTENTIAL COEFFICIENTS
AS A FUNCTION OF INTEGRATION AND MOMENT ORDER

Lecuracy for Warnons Orders and Moments
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COMPARISON OF THE POTENTIAL OF THE
UNIFORM SQUARE, USING:

Reconstructed distribution
from truncated true
moments

COEFFICIENT

Reconstructed distribution
from sample moments-1Mp

ORDEFR. EXPOMNENTS

Analytical distribution

COEFFICIENT ORDER EXPOMNENTS ORDER EXPOMENTS
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KiCK MAP

Once the Taylor expansion of the potential
IS computed, take derivative to obtain the
fields in the beam frame

Note that this is an elementary operation
INn DA, so there are no interpolation errors

Lorentz boost to lab frame

Substitute into the equations of motion
Apply splitting and composition
techniques

Obtain space charge kick map from DA

Integration of the EOM In the same way as
INn the single-particle case
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FLoOwW CHART

Specify Particle Distribution
and Boundary Conditions

Compute Sample Moments

Construct Polynomial
Approximation
of the Distribution Function

Compute Taylor Series of the Potential

Take Derivatives and Boost to Get Fields
Integrate Equations of the Motion

Obtain Space Charge (Kick) Map
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MAP COMPARISON

Drift Map
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Method

Edge Pomntx | 35.27 %
Edge Pomty | 35.30 %
Map Elementx | 31.21 %
Map Elementy | 31.34 %
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SUMMARY

Developed a theory of transfer maps for beams
with space charge

Numerical experiments show excellent results for
some standard distributions

It Is general and flexible enough to be useful for
a wide variety of beams and accelerators, both
current and future

Implementation into COSY is done
Applications to date: UMER and MEIC

In_summary: as a conseguence of the new
methods we expect significant advances In space
charge related phenomena understanding and
mitigation in the near future
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