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Motivations and Goal )

e

» Geostationary satellites move from their nominal path due to

* Non-spherical gravitational field

* Third-body perturbations |:>
e Solar radiation pressure

Station keeping
manoeuvres

» Operative life strictly depends on AV for station keeping (SK)
* Recent interest in low-thrust electric propulsion

Impulsive maneuvers |:> Continuous thrust

» Continuous SK maneuvers are designed by solving an Optimal
Feedback Control Problem

» Classical methods are based on linear techniques
* Pros: fast and easier implementation onboard
e Cons: inaccurate for large deviations
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Motivations and Goal i

=

» Interest in nonlinear control techniques
e Accurate optimal feedback
e Tend to be computationally expensive

» Available nonlinear optimal feedback control methods

« State-dependent (SDRE) or approximating sequence (ASRE) of
Riccati equations methods (Cimen and Banks)

* High order expansion of the generating functions (Scheeres, Park)

» Goal: Alternative approach based on Differential Algebra
e Fast computation of high order optimal feedback control laws
* High order expansion of ODE flow

* High order expansion of the solution of the Optimal Control
Problem

= ;_
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Outline

» Station keeping problem and dynamical models

» Notes on Differential Algebra

» High order expansion of ODE flow

» Optimal station keeping problem

» High order expansion of the optimal station keeping problem

Non-spherical 3rd-body Solar radiation
gravitational field perturbation pressure
v/
v/ v/

o/
v C )—» Fast correction

» Conclusions and future work
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| Station Keeping Problem
i

NORTH 4 Z

» A\, : nominal longitude

salas An, = 60 deg
/ 2(;0maac
ki ‘ > © : latitude
2

Nominal orbit

» € :longitude error

E=A— A\,

» Given A\, E> Keep the spacecraft inside the admissible box:
—Emax S € S gmaa:, Emar — 0.05 deg

—Prmax < @Y < Pmax , Cmax — 0.05 deg
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_J_Station Keeping Dynamical Model N

» ECEF reference frame

» Spherical coordinates {r, e, ¢} -
AZ ,r‘ '
» Kepler's dynamics + ©
* Non-spherical gravitational field if .
e Third-body perturbations AR
» Solar radiation pressure A '
’7.'=U i B ——— — x*
€' _ E XN »
p=1
9= =5+ +7(€ +w)cos? o+ ap, (1, €, ) + ur(t)
- v
£ =2n(¢ +w)tanp —2-({ +w) + rcos(paw(r,s, ) + rcowue(t)
3 : 1 1
| 7= —2-:-77 — (€ +w)’sinpeosp + —ap(r,€,9) + —u,(i)
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|Station Keeping Dynamical Model

» ECEF reference frame

V7

» Spherical coordinates {r,¢, ¢} S
AZ ,r‘ '
» Kepler's dynamics + ,, ©
 Non-spherical gravitational field PXomay
» Third-body perturbations LR
* Solar radiation pressure A= v
4 r=uv » N ——— - x»
€_ — 6 XN »
¢ =1
{ v= —f—z +rp° + r(€ + w) cos® o H a, (1€, @) Fu(t) perturbations
= v
§=2n(¢ +w)tanp — 2§ +w) + —— (p'aw(r,e, P rcowue(t)
: : 1 1
| 7= —2277 — (£ +w)?sinpcosp + {ap (s €, ) —uy(2)
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|Station Keeping Dynamical Model

» ECEF reference frame

V7

» Spherical coordinates {r,¢, ¢} S
AZ ,r‘ '
» Kepler's dynamics + ,, ©
 Non-spherical gravitational field PXomay
» Third-body perturbations LR
* Solar radiation pressure A= v
4 r=uv » N ——— - x»
€_ — 6 XN »
¢ =1
9= =5+ +7(€ +w)cos? o+ ap, (r,€, ) Hur(t)
= v
€ =2n(€ +w)tanp — 2;({ +w) + rcosgpaw(r’s’ @) + — (p-ue(t) control
3 : 1 1
| 7= —2277 — (£ +w)?sinpcosp + —ap (€, ) + Huy(2)
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|Station Keeping Dynamical Model @)

» Non-spherical gravitational field

. Gravitational potential model

E Z (RT) P!,m[SIWP]{Clmcosm)\+ngsmm/\}

=2 m=0

e Truncation: [ =m =3 I:> m

% « Gravitational potential model
M??ﬂ
Satellite = [1 i Z ( ) Pk(cos dj)]
. -
y, /T L ,
- "PL e Truncation: k = 2 |:>C835(X, tD
Earth




T, POLITECNICO
J.‘l‘ﬁ» DI MILANO
.j_‘d,&

Station Keeping Dynamical Model

Solar radiation o
» Solar radiation pressure

e acceleration:

A
= Psr(]- T ﬂ) uSsat - asp (X t)

e where:

Cs  1353[W/m?]
c  299792458[m/s]

Psr'_‘

A: surface _| to radiation

@,y Accelera 7

\

» An ephemeris model is used for Earth, Moon, and Sun positions
» Kepler + ag4q |:> autonomous dynamics
» Kepler+ a4, + asp + asp > non-autonomous dynamics

\_




Notes on Differential Algebra &)

"

» Differential Algebra (DA) is an automatic differentiation technique
Algebra of :> Algebra of
real numbers Taylor polynomials

» Unlike standard automatic differentiation tools, the analytic
operations of differentiation and antiderivation are introduced

» DA can be easily implemented in a computer environment
(COSY-Infinity, Berz and Makino, 1998)

» Given any sufficiently regular function f of v, DA enables the
computation of its Taylor expansion up to an arbitrary order 7t

000 |
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High Order Expansion of ODE Flow e

» Consider the ODE initial value problem:
T = f(x), x(0) = xg

» Any integration scheme is based on algebraic operations,
involving the evaluation of f at several integration points

Taylor expansion
of the ODE flow

rp = Mg, (0x0)

» Initialize xg as a DA [xo]|=x¢+dxg |j>
» Operate in the DA framework

» Example: explicit Euler’'s scheme

Tri1 =T + f(xg) - h
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High Order Expansion of ODE Flow &)

i

» Consider the ODE initial value problem:
T = f(x), x(0) = xg

» Any integration scheme is based on algebraic operations,
involving the evaluation of f at several integration points

Taylor expansion
of the ODE flow

rp = Mg, (0x0)

» Initialize xo as a DA [zo] =z0+0xg ﬁ>
» Operate in the DA framework

» Example: explicit Euler’'s scheme
k1 = @]k + f([x]k) - R

> |z]k+1 is the n-th order Taylor expansion of the ODE flow
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High Order Sensitivity Analysis g

"

» Example: 2-Body Problem

» Eccentricity: 0.5 - Starting point: pericenter
 Integration scheme: Runge-Kutta (variable step, order 8)
 DA-based ODE flow expansion order: 5

» Uncertainty box on the initial position of 0.01 AU

71 e« Anysample in the uncertainty

“ R box can be propagated using the
o\ 5th order polynomial
\\ Fast Monte Carlo simulations

x [AU]

000 |
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Optimal Station Keeping Problem
» Consider the dynamics: x = f(x,u,t) = f(x,t) + B(x) u

2

0

L 1 ty
» Minimizes: J = 5 (x(ty) —x5)'Q (x(tf) — x5) +/ luT u
t
» Initial condition: x(ty) = xg

» Optimal control theory reduces the OCP to the BVP:

;

x =f(x,t) + B(x)u
e differential: « T
| A — (81‘) X

ox

e algebraic: u+ B(X)T)\ — 0

. subjectto: x(tg) = X0, A(ty) = Q (x(t;) — x;)
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Optimal Station Keeping Problem

» Consider the dynamics: x = f(x,u,t) = f(x,t) + B(x) u

ty
» Minimizes: J:%(X(tf)—Xf)TQ(X(tf)—Xf)—I—/ Su'
to

» Initial condition: x(ty) = xg

» Optimal control theory reduces the OCP to the BVP:

;

x =f(x,t) + B(x)u

o differential: ¢ (81‘ >T
A=—|— 1] X
\ 0x

. algebraic: u+ B(x)TA=0 > (u=-B(x)"A

. subjectto: x(tg) = X0, A(ty) = Q (x(t;) — x;)
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| High Order Optimal Station Keeping

» The BVP is reduced to a TPBVP on the ODE system:
(% =f(x,t) -~ BBTXA < subjectto: x(ty) = xq

1 of \' Ate) =0 (x(tr) — X
~>‘:_<a_x))‘ (tr) = Q (x(tf) — x¢)
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High Order Optimal Station Keeping

» The BVP is reduced to a TPBVP on the ODE system:
(% =f(x,t) — BBTX * subjectto: x(tp) = Xo

1 of \' Ate) =0 (x(tr) — X
~>‘:_<a_x)>‘ (tr) = Q (x(tf) — x¢)

» Differential Algebra is applied to expand the solution of the
TPBVP up to an arbitrary order w.r.t. 0Xg:

« Consider a reference Xy = nominal geostationary satellite state
e Consider the reference A\ =0 E> ug =20

e |nitialize the initial state and costate as a DA variable:

[XQ] — X + 0Xg , [)\O] = Xo + 0 \g
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High Order Optimal Station Keeping

« Expand the ODE flow [x ¢] My, IXo
w.r.t. 0Xg and 0\ [)\f] — M oo
f

 Build the map of defects on the final boundary condition:
Crl = Q ([xs] —x¢) = [Ar] = Mc, (%0, A0)

where Xy is the desired final state

« Build the following map and invert it:

]\ (M, \/[ 5% sxo) (M, \ [ICy]
()= = () (%) (%)

» Impose [C;]=0 [ >| 6Ao = Mc,;—o(dx0)
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| High Order Optimal Station Keeping

OAg = Mcf:o(5Xo) (1)

e Given any 0x(, the evaluation of map (1) delivers the
corresponding d\y > optimal station keeping control law
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I High Order Optimal Station Keeping

OAg = ./\/lcf:()(5Xo) (1)

e Given any 0X(, the evaluation of map (1) delivers the
corresponding d\y > optimal station keeping control law

.

» Consider the costate dynamics: A = —((9f /0x)" A

» DAis used to avoid the analytical computation of (Of /0x) :

* Suppose the n-th order solution of the TPBVP is of interest
* Initialize X as an (n+1)-st order DA number: [X] — X+ 0X
» Compute the (1+1)-st order expansion of f: [f] = f([x]) = M} (dx)

» Use the differentiation: [0f /0x] = OMGH! /Ox = 5t /9% (0%)
. J
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| Application: Geostationary Satellite

[ i

o 7 » Nominal longitude: A,, = 60 deg
» X0 =1{Rc¢E0,0,0,0,0,0}

» Admissible box:
—0.05 deg < {e, ¢} < 0.05 deg

“CREENWICH
- \TERIDIAN

Nominal orbit

» Initial longitude error: -0.04 deg

e : » Satellite properties:
m = 3000 kg . A = 100 m?

» SK strategy:

® Free drift Manoeuvre ~ * Free drift: Trp = 2.5 day
L Trp )L To )‘  SK manoeuvre: Tc = 0.5 day
B — — * Xy = initial condition

Tsk
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Application: Kepler + a4 e

Free drift: 1 year
40 ‘ ‘ ‘

307

207

g [deg]

10

-10 ‘ ‘ ‘
0 100 200 300 400

time [day]
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|App||cat|on. Kepler + a &
i

Free drift: 2.5 day

= = = Free drift

|

¥Pldeg]

—4
~0.05 0 0.05

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)

 Computationaltime: 84s (Mac OS X, 2 GHz Intel Core Duo)
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Application: Kepler + a4 o
A N
. SK manoeuvre (() = 1000) 7 Control history
1 X 10 | x 10~
- = = Free drift 2:3 | | __u
—— SK manoeuvre r
O,
— -1t
en
J
SUEA
-3t
-4 i _ i i i ‘
-0.05 0 0.05 2.5 2.6 2.7 2.8 29 3

€ [deg] time [day]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)
 Computationaltime: 84s (Mac OS X, 2 GHz Intel Core Duo)
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Application: Kepler + a4 S,
Vi i
«SK manoeuvre (Q = 1000) Control history
X ‘ x 107
1 - = -Free drift 2 | | __u
—— SK manoeuvre r
O,
=
5
_3—
005 0 0.05 25 26 27 23 2.9 3

€ [deg] time [day]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)
 Computationaltime: 84s (Mac OS X, 2 GHz Intel Core Duo)

» Autonomous dynamics C— > The same polynomial is used
for any dxp and ©
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Application: Kepler + a,4 + azp + asyp ) s

Free drift: 1 year

P [deg]

0 50 100 150 200 250 300 350
time [day]
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Application: Kepler + a4 + a3p + agy &
i
Free drift: 2.5 day
0015
’- - -Free drift‘
001+ ,’\\
. 0.005} SN, ," \
o0 1 s 1
ﬁ - ! \\ !
I N
~0.005} Y
H
~0.01 ‘
20.05 0 0.05
€ [deg]
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Application: Kepler + a4 + a3p + agy &,
i}
Free drift: 2.5 day
0.015 ‘ ‘ ‘ ‘
= = =Free drift
—— SK manoeuvre
001} _ _
» Kepler + a44 solution is
. 0005 ; not sufficiently accurate
) i .'
S ¢ \\\ E
~0.005| \
~0.01 ‘ ‘ ‘ ‘ ‘
2006 004 —0.02 0 002 004

¢ [deg]
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|App|ication: Kepler + a4, + a3p + agp &)
ki
Free drift: 2.5 day
0.015 |
" = =Free drift‘
0.017 :"\
— 0005 N '.' '
§ 0 ‘-~‘~~\ E' A
|\ \\\:I
-0.005¢ “‘

-0.05 0 0.05
€ [deg]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)

 Computationaltime: 9.2 s (Mac OS X, 2 GHz Intel Core Duo)
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Application: Kepler + a,4 + azp + asyp &)
i |
SK manoeuvre

0.015

= = =Free drift

—— SK manoeuvre
0.01F
0.005r NN

P [deg]

—0.005
-0.01 ‘ -1 ‘ ‘ ‘ ‘
-0.05 0 0.05 2.5 2.6 2.7 2.8 29 3

¢ [deg] time [day]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)
 Computationaltime: 9.2 s (Mac OS X, 2 GHz Intel Core Duo)
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Application: Kepler + a,4 + a3y + asp

SK manoeuvre
0015
= = =Free drift
— SK manoeuvre
001}
. 0.005} (RN
2 RS
= N
S‘ O N "’ T~ ~ ~ :
\
~0.005
_0.01 . —_ L I i i
20.05 0 0.05 25 26 27 28 2.9 3
¢ [deg] time [day]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)
 Computationaltime: 9.2 s (Mac OS X, 2 GHz Intel Core Duo)

» Non-Autonomous [—>| Specific polynomials must be
dynamics computed for each SK manoeuvre
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Application: Kepler + a,4 + a3y + asp
"
SK: 30 day
0.015 ‘
= = =Free drift
—— SK manoeuvre
001r

0.005r

P[deg]

—0.0051

i 1 i i i I
-0.05 0 0.05 2.5 2.6 2.7 2.8 29 3
€ [deg] time [day]

» DA-based 4-th order expansion —> 0Ag = Mc,—0(0%0)
 Computationaltime: 9.2 s (Mac OS X, 2 GHz Intel Core Duo)

» Non-Autonomous [—>| Specific polynomials must be
dynamics computed for each SK manoeuvre
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Application: Kepler + a4

0.015

T oheedntt » Kepler + a44 solution is
close to the true solution

e

0.017

-~

0.005¢

: o
S0 6 T » Compute the 4-th order
N N expansion for Kepler +a:
-0.005¢
oAZY 99 _ A499
o | | | | Iy = Mcf:0(5Xo)
-006 -004 -002 0 0.02 0.04
€ [deg]

» For each SK manoeuvre:

e compute the 1-th order expansion for I::> 5}\3b+sp 3b—|—sp 5x
Kepler + a,4+asp + agp around A’ "0

. compute the complete solution: dAg = IAIY + GA TP
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Application: Kepler + a4

0.015

7 Sk mamocure » Kepler + a44 solution is
close to the true solution

e

» Compute the 4-th order
expansion for Kepler +a:

0.01}

ST 4 AP
0.005} "~

p [deg]

-0.005¢

(5)\89 — M%gfzo <5X0)

g9
S
-0.01

-0.06 -0.04 -0.02 0 0.02 0.04
¢ [deg]

» For each SK manoeuvre: (CPU time: 0.07 s)

e compute the 1-th order expansion for 3b 3b
g g o D) (335 = MEh (00)
Kepler + agg+asgy + agp around oA

. compute the complete solution: dAg = IAIY + GA TP
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Conclusions and Future Work

» Conclusions

e An nonlinear optimal control method was introduced with
application to the station keeping of geostationary satellites

 The method is based on Taylor differential algebra (COSY-Infinity)

 The method enables the accurate and fast computation of
control laws thanks to the computation of high order polynomials

» Future work
o Comparison between DA-based and ASRE method

« High order expansion of the solution w.r.t. uncertain parameters
[— > Robustness analysis

* Development of optimal station keeping strategies for propellant
mass reduction
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High Order Sensitivity Analysis @

» Example: 2-Body Problem

» Eccentricity: 0.5 - Starting point: pericenter
 Integration scheme: Runge-Kutta (variable step, order 8)
 DA-based ODE flow expansion order: 5

» Uncertainty box on the initial position of 0.01 AU

e Any sample in the uncertainty
box can be propagated using the
5th order polynomial

N

Fast Monte Carlo simulations

1.51

y [AU]
()

3 25 -2 -15 -MN—gS 0 05 1

x [AU]
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High Order Sensitivity Analysis g

"

» Example: 2-Body Problem

» Eccentricity: 0.5 - Starting point: pericenter
 Integration scheme: Runge-Kutta (variable step, order 8)
 DA-based ODE flow expansion order: 5

» Uncertainty box on the initial position of 0.01 AU

e Any sample in the uncertainty
box can be propagated using the
5th order polynomial

N

Fast Monte Carlo simulations
1.8+ n=l
2 205 0 05 1
x [AU]
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