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TM-enclosure of invariant manifolds

In the further discussion, we consider the Henon map

H(x , y) = Ha,b(x , y) =

(
1 + y − a · x2

b · x
)

I it has a hyperbolic fixed point at ≈ (0.63135, 0.18940)

I it has a hyperbolic fixed point at ≈ (0.33885,−0.25511)

I the determinant of the Jacobian is −b
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TM-enclosure of invariant manifolds

Strategy:

I find nonverified polynomial approximation of local manifolds
near hyperbolic fixed point, using DA

I heuristically outfit polynomial with remainder bounds to
obtain a TM-enclosure of the local manifold

I obtain enclosures of significant parts of the global manifolds
as iterated images/preimages of the local manifold enclosures

Various techniques exist to obtain local polynomial
parametrizations of manifold.
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TM-enclosure of invariant manifolds

Local polynomial approximation

1. Hubbard’s method (for planar systems)

I consider a hyperbolic fixed point x0

I let vu, vs be the eigenvectors to the un/stable eigenvalues λu

and λs at x0

I consider test functions

γu
n (t) := Hn(x0 +

t

λn
u

) · vu

γs
n(t) := H−n(x0 + t · λn

s · vs

I Thm.(Hubbard): the functions γu
n and γs

n converge uniformly
on compact sets to the true unstable manifolds W u and W s

around x0
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TM-enclosure of invariant manifolds

Local polynomial approximation

2. Complete normal form transformation

Under certain nonresonance assumptions, perform a NFT of H
around x0, s.t. in new coordinates H is fully linearized.

I find the NFT ψ s.t. ψ−1 ◦ H ◦ ψ(x) =

(
λu 0
0 λs

)
·
(

x
y

)
I in this picture, W u

NFT = R× 0 and W s
NFT = 0× R

I obtain W u = ψ(W u
NFT ) and W s = ψ(W s

NFT ) in original
coordinates
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TM-enclosure of invariant manifolds

Heuristic verification with remainder bounds

Invariant Manifold Enclosure Theorem

Let P = (P1,P2) be a two-dimensional bijective polynomial on U
which satisfies P(0, 0) = (0, 0). Let (P̃, Ĩ ) := H(P, I ) evaluated in
Taylor model arithmetic, where I is the trivial interval [0, 0]2. Let

R = P(U), R̃ = P̃(U) + Ĩ , and

Bu = P([−1, 1]× [1, 1]), Bl = P([−1, 1]× [−1,−1])

denote the ranges of P and P̃ + Ĩ and the ’upper’ and ’lower’
boundaries of the range R, respectively. Assume now that

(Bu ∪ Bl) ∩ R̃ = ∅. (1)

Then the unstable manifold does not leave R through Bu or Bl .
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TM-enclosure of invariant manifolds

Heuristic verification with remainder bounds

TM-enclosure of local manifold
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TM-enclosure of invariant manifolds

Heuristic verification with remainder bounds

Local manifolds for the standard Hénon map
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TM-enclosure of invariant manifolds

Global manifolds by iteration

General idea: TM-enclosure of local manifold will iteratively yield
TM-enclosure of global manifolds, if images/preimages are
computed in TM-arithmetic.
In practice, there are problems:

I blow-up of remainder bounds through strong length-growth of
curves

I blow-up of remainder bound because manifolds take ’sharp
turns’ =⇒ challenging polynomial approximation

I blow-up of remainder bounds through strong expansion
(Lipschitz constant of maps)

Solution step-size control/dynamic domain decomposition =⇒
’chopping’ of TM-tubes
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Global manifolds by iteration
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Global manifolds by iteration
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Global manifolds by iteration
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Global manifolds by iteration
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Global manifolds by iteration
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TM-enclosure of invariant manifolds

Global manifolds by iteration
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Computer-assisted picture verification for entropy estimates

Topological entropy

Def.: Let (X , d) be a compact metric space and f : X −→ X a
continuous self-map. Then

htop(f ) := limε−→0lim supn−→∞
1

n
logr(ε, n)

I dynamical invariant

I if > 0, chaotic dynamics

I exponential length growth of curves



Rigorous Classification of Manifold Tangles and Bounds for Entropy

Automatic determination of symbolic dynamics

I We wish to compute lower bounds of the topological entropy
hH of the Henon map H = Ha,b

I find symbolic dynamics by considering regions (curvilinear
rectangles) Rj that overlap each other under iteration

I compute incidence matrix A for rectangles that Markov-cross:
Aij := 1iffHa,b(Ri ) ∩ Rj Markov , Ai ,j := 0 else

I compute lower bound for hH as the log of the largest real
eigenvalue of A
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Automatic determination of symbolic dynamics

Markov crossings
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Automatic determination of symbolic dynamics

Construction of rectangles

Homoclinic point enclosure
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles

Some subtle intricacies connected to the homoclinic point search:

I the accuracy of the GO is limited. We can resolve boxes of
size 10−5 in the parameter space, hence we get box
enclosures of the HPs in phase space of size much bigger than
the remainder bounds. We want box enclosures of the HPs
not significantly bigger than the remainder bounds

I we will not only pick up transverse HPs, but alse homoclinic
tangencies or near-tangencies

I we cannot guarantee that there is one and only one transverse
HP in the box
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Automatic determination of symbolic dynamics

Construction of rectangles

Verification of existence of homoclinic point
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Automatic determination of symbolic dynamics

Construction of rectangles

Crossing orientation
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Automatic determination of symbolic dynamics

Construction of rectangles

We have found the sets of homoclinic points. Additionally, we can
find

I their order along both stable and unstable manifold

I their ’orientation’ (tangent vectors to manifolds at the
homoclinic points)

I how they map into each other (image-preimage-pairs of HPs):
consider UM ∩ SM = {p1, ..., pn}, and
H(UM) ∩ SM = {q1, ..., qk} . Then {p1, ..., pn} ⊂ {q1, ..., qk}
and ∀n∃k(n) s.t. H(pn) = qk(n)

This info will enable us to automatically construct curvilinear
rectangles with boundaries in the un/stable mfds. and homoclinic
points as cornerpoints.
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Automatic determination of symbolic dynamics

Construction of rectangles

Untangled attractor
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles

0 20 40 60 80 100

R27 M27



Rigorous Classification of Manifold Tangles and Bounds for Entropy

Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Construction of rectangles
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Determination of Markov crossings

(a, na) (b, nb)

(c, nc)(d, nd)

(ε, nε) (ζ, nζ)

(η, nη)(θ, nθ)

(i, ni) (j, nj)

(k, nk)(l, nl)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Lower entropy bounds

I 161 HPs, 66 symbols, 94 crossings =⇒ htop ≥ 0.4309

I 267 HPs, 130 symbols, 205 crossings =⇒ htop ≥ 0.4402

I 427 HPs, 229 symbols, 366 crossings =⇒ htop ≥ 0.4499

I 707 HPs, 392 symbols, 621 crossings =⇒ htop ≥ 0.4536
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Summary

I accurate polynomial approximations of local invariant
manifolds can be heuristically and sharply verified with Taylor
models

I significant pieces of the global manifold structure can be
obtained through verified iteration schemes

I all homo-/heteroclinic intersections can be computed with
comparable accuracy via verified global optimization

I HPs are ordered and have ’orientation’

I mapping properties in the set of HPs can be obtained, leads
to construction of symbolic dynamics with hundreds of
symbols, entropy estimates etc.
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Outlook

I improvement in speed and user convenience

I arbitrary precision Taylor model arithmetic =⇒ higher
resolution of HPs =⇒ much larger number of HPs and finer
dynamics

I application to new systems: Different parameters for Hénon
(area-preserving case), forced oscillations, invariant manifolds
on Poincaré sections etc.

I suggestions are welcome
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Automatic determination of symbolic dynamics

Setup of incidence matrix

S. Newhouse choice of rectanglesON THE ESTIMATION OF TOPOLOGICAL ENTROPY ON SURFACES 11

FIGURE 2. The rectangles 1,2, . . . bounded by pieces of unstable and stable arcs
in the standard Henon map

For space reasons, in the figure, we have left out the R′s and simply denoted the rectangles by
their numbers. We use the number i to denote the corresponding rectangle Ri. Thus, 1 corresponds
to the left most rectangle, 2 is adjacent to it on the right, etc.

The rectangles 1,2,3,4,5,6,8,9,10 are of full-height in D0: they are bounded above and below
by pieces of the unstable curve U1. The rectangles 7,11,12,13 are not of full-height. Rectangle 7
is bounded above by pieces of U2 and below by pieces of U1. The opposite is true of rectangles
11,12,13. They are bounded above by pieces of U1 and below by pieces of U2.

Letting ri be the first return time of the rectangle Ri to D0 as above, the mapping properties of
the various rectangles were determined using the program COSY. We numerically computed (with
rigorous error estimates) the image Hri(Ri) of each rectangle Ri. This image will cut across certain
of the rectangles R j, in some cases more than once.

Figures 3, 4, and 5 show the rectangles Ri and their return time images (i.e.; Hri(Ri)). The captions
describes the rectangles Ri and those which Hri(Ri) meets in full-width components. Note that the
boundaries of the images H5(R8),H6(R11) and H6(R13) are nearly tangent to the curves S4,S6 and
S6, respectively. To see that these images map fully across the necessary curves, we show magnified
pictures of the images near the tangencies in the upper right and bottom of Figure 5. The images
H6(R11),H6(R13) are nearly the same, so we only show the blow-ups of H5(R8) and H6(R11).
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Entropy result (S. Newhouse)

The 13 rectangles and mappings yield the incidence matrix:
ON THE ESTIMATION OF TOPOLOGICAL ENTROPY ON SURFACES 15

Matrix A:

(12) A =



1 1 1 1 1 1 · · · · 1 1 ·
· · · · · · · 1 · · · · 1
· · · · · · · · 1 · · · ·
· · · · · · · · · 1 · · ·
1 1 2 · · · · · · · · · ·
1 1 · · · · · · · · · · ·
2 · · · · · · · · · · · ·
2 2 2 · · · · · · · · · ·
· · · · · · · · 1 1 · · ·
1 1 1 1 1 1 1 1 · · · · ·
2 2 2 2 2 · · · · · · · ·
2 2 2 · · · · · · · · · ·
2 2 2 2 2 · · · · · · · ·


The matrix B is constructed as follows. Consider the graph associated to A. It has the vertices

1,2, . . . ,13 and Ai j directed edges ei j,1,ei j,2, . . . ,ei j,Ai j from row i to row j.
For each i, we add ri−1 new vertices, vi,1, . . . ,vi,ri−1 with edges i → vi,1 → vi,2 → vi,ri−1. Then,

we separate the outgoing edges from i and re-attach them to the last added vertex vi,ri−1. The matrix
B is the new matrix of size ∑ri×∑ri associated to this new graph. We leave the well-known details
to the reader.

Computing the logarithm of the spectral radius of B, we get the lower estimate (10) above.
Remark. It is interesting to compare this number with other attempts to estimate the entropy

of the standard Henon map H. In [28] a purely numerical routines based on length growth and
the Takens embedding theorem are presented. In the case of the Henon map with a = 1.4,b = 0.3
the rough estimate for the entropy is 0.464. Zglicynski [35] uses Conley index theory and interval
arithmetic to show the existence of a horseshoe for the seventh iterate of the Hénon map, obtaining
a lower entropy bound of log2

7 . Later, Galias and Zglicynski [14] use interval arithmetic to construct
a SFT whose entropy is 0.43, and, hence get that number as a lower bound for the entropy.

6. RIGOROUS TOPOLOGICAL ARGUMENTS IN THE PLANE WITH TAYLOR MODELS

6.1. Basic Properties of Taylor Models. In the following, we develop the necessary arguments of
rigorous computing to determine rigorous and tight enclosures of the stable and unstable manifolds
of the Henon map that will be used in the construction of the topological rectangles that are central to
the construction of a symbolic dynamics. We begin with a brief review of some elements of Taylor
model methods that are needed for the appearing topological arguments in the plane. More details
about the underlying methods can be found in [23, 21] and references therein.

Definition 6.1. (Taylor Model) Let D ⊂ R2 be an interval box, (x0,y0) ∈ D, let P : D → R be a
polynomial of order n in two variables, and let I ⊂ R be an interval. We call the pair (P, I) a Taylor
model of order n. Let f : D → R be a function. We say the Taylor model (P, I) is a Taylor model
representation of f on D if

f (x,y) ∈ P(x− x0,y− y0)+ I for all (x,y) ∈ D.

Thus the polynomial P is used to ”model” the behavior of the function f over the domain D.
Furthermore, and importantly for our further arguments, the range of f over D is enclosed in the set
theoretical sum of the set describing the range of P over D and the set I. Apparently, the elementary
theory of Taylor’s formula with remainder entails that such approximations can be quite accurate in

Theorem: The standard Henon map has the top. entropy

htop(H) ≥ 0.46469
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Setup of incidence matrix

H−0(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−1(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−2(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−3(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−4(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−5(S1)



Rigorous Classification of Manifold Tangles and Bounds for Entropy

Automatic determination of symbolic dynamics

Setup of incidence matrix

H−6(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−7(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−8(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−9(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−10(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

H−11(S1)
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Examples for Markov crossings
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Automatic determination of symbolic dynamics

Setup of incidence matrix

Rectangle boundaries in H−n(S1)

The first preimages of S1 where the rectangle boundaries occur:

ON THE ESTIMATION OF TOPOLOGICAL ENTROPY ON SURFACES 19

in Figure 2 actually extend slightly above and below the domain D0. We crop them so that they
terminate in U1. We crop the subarcs S12 and S13 so that their endpoints lie in U1 or U2.

To avoid ambiguity and help in identification, we list the number of the iterate of H−1 at which
each of S1 through S13 first appear. With one exception, this number is much smaller than 11, leading
to easy identification of the corresponding pieces.

S1 : 0 S2 : 8 S3 : 6 S4 : 8
S5 : 4 S6 : 11 S7 : 5 S8 : 5
S9 : 4 S10 : 6 S11 : 2 S12 : 6 S13 : 6

The verification of the inverse iterates at which the various S′is first appear can be seen in Figures
6 and 7. The figures contain the boundary points of the rectanges Ri, the arcs U1,U2 and the indicated
pre-images of S1.

Definition 6.10. (Curvilinear Rectangles) We define the rectangles R1 through R13, each of which
is formed by stable arcs and two unstable arcs as shown in figure 2. The unstable arcs are in U1 or
U2 (which is in the second image of U1), while the stable arcs in the eleventh pre-image of S1.

For keep further discussion transparent, we observe the following.

Proposition 6.11. Let nl and nr denote the pre-iterate of S1 under which the left and right bound-
aries of a rectangle under consideration first appear. Summarizing from the definitions of the stable
rectangle boundaries S1 through S13 and the rectangles R1 through R13, we have the following result.

Rectangle nl nr
R1 0 8
R2 8 6
R3 6 8
R4 8 4
R5 4 11
R6 11 5
R7 5 5

Rectangle nl nr
R8 5 4
R9 4 6
R10 6 3
R11 5 6
R12 6 6
R13 6 5

Theorem 6.12. The rectangles R1 through R13 satisfy the following mapping properties:
H2(R1) crosses R1,R2,R3,R4,R5,R6,R11 and R12.
H2(R2) crosses R13 and R8.
H2(R3) crosses R9.
H2(R4) crosses R10.
H5(R5) crosses R1, R2, R3; the crossing of R3 is a double crossing.
H5(R6) crosses R1 and R2.
H6(R7) crosses R1; the crossing is a double crossing.
H5(R8) crosses R1, R2 and R3. All crossings are double crossings.
H2(R9) crosses R9 and R10.
H2(R10) crosses R1, R2, R3, R4, R5, R6, R7 and R8.
H6(R11) crosses R1, R2, R3, R4 and R5. All crossings are double crossings.
H7(R12) crosses R1, R2 and R3. All crossings are double crossings.
H6(R13) crosses R1, R2, R3, R4 and R5. All crossings are double crossings.

The proofs for each of the cases are very similar. They consist of visually inspecting the pictures
showing the mapping properties, which because of the use of rigorous Taylor model arguments have
an accuracy well below printer resolution. To decide whether edges lie on top of each other, which
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Automatic determination of symbolic dynamics

Verified mapping

H2(R1) −→ 1, 2, 3, 4, 5, 6, 11, 12
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Automatic determination of symbolic dynamics

Verified mapping

H2(R2) −→ 13, 8
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Automatic determination of symbolic dynamics

Verified mapping

H2(R3) −→ 9
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Automatic determination of symbolic dynamics

Verified mapping

H2(R4) −→ 10
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Automatic determination of symbolic dynamics

Verified mapping

H5(R5) −→ 1, 2, 3 (twice)
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Automatic determination of symbolic dynamics

Verified mapping

Close-up of H5(R5) ∩ R3
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Automatic determination of symbolic dynamics

Verified mapping

H5(R6) −→ 1, 2
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Automatic determination of symbolic dynamics

Verified mapping

H6(R7) −→ 1 (twice)
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Automatic determination of symbolic dynamics

Verified mapping

H5(R8) −→ 1, 2, 3 (all twice)
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Automatic determination of symbolic dynamics

Verified mapping

Close-up of H5(R8) ∩ R3
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Automatic determination of symbolic dynamics

Verified mapping

H2(R9) −→ 9, 10
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Automatic determination of symbolic dynamics

Verified mapping

H2(R10) −→ 1, 2, 3, 4, 5, 6, 7, 8
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Automatic determination of symbolic dynamics

Verified mapping

H6(R11) −→ 1, 2, 3, 4, 5 (all twice)
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Automatic determination of symbolic dynamics

Verified mapping

H7(R12) −→ 1, 2, 3 (all twice)
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Automatic determination of symbolic dynamics

Verified mapping

H6(R13) −→ 1, 2, 3, 4, 5 (all twice)
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