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Uncertainty

 Artifactual uncertainty
— Too few polynomial terms
— Numerical instabllity
— Can be reduced by a better analysis

* Authentic uncertainty
— Genuine unpredictability due to input uncertainty
— Cannot be reduced by a better analysis




Uncertainty propagation

 \Wewant the predition to ‘break down’ if
that’s what should happen

 But we don’t want artifactual uncertainty
— Wrapping effect
— Dependence problem
— Repeated parameters




Problem

* Nonlinear ordinary differential equation (ODE
dx/dt = f(x, 0)

with uncertair® and initial statex,

 Information abou® andx,comes as
— Interval ranges
— Probability distribution
— Something in between




Modée
Initial states (range)
Parameters (range)

Notre Dame

List of constants
plusremainder




Inside VSPODE

 Interval Taylor series (a la VNODE)
— Dependence on time

aylor model
— Dependence of parameters

(Comparable to COSY)




Representing uncertainty

« Cumulative distribution function (CDF)

— Gives the probabllity that a random variable Is
smaller than or equal to any specified value

F is the CDF o®, if F(2) = ProbQ < 2)

We write; 0~ F




Example: uniform

Prob@<2.5) =0.75
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Another example: normal

Prob@<2.5) =0.90
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P-box (probability box)

Interval bounds on an CDF
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Marriage of two approaches

Point value =) |nterval

Distribution =————y P _lH0ox




Probability bounds analysis

 All standard mathematical operations
— Arithmetic(+, —, %, =, A, min, max)
— Transformationgexp, In, sin, tan, abs, sqgrt, etc.)
— Other operation&nd, or <, envelope, etc.)

e Quicker than Monte Carlo

 Guaranteed (automatically verified)




Probability bounds arithmetic

P-box for random variable A P-box for random variable B
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Value of random variable B

What arethe bounds on the distribution of the sum of A+B?




A+B

independence

Cartesian product

BU[2,8]
q, =1/3

BUJ[6,10]
g, = 1/3

B[[8,12]
g, = 1/3

A+B0[3,11]
prob=1/9

A+B0[7,13]
prob=1/9

A+B0[9,15]
prob=1/9

A+B[[4,12]
prob=1/9

A+BL[][8,14]
prob=1/9

A+B0[10,16]
prob=1/9

A+B0[5,13]
prob=1/9

A+B[[9,15]
prob=1/9

A+B0[11,17]
prob=1/9
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When independence Is untenable

SupposeX ~ F andY ~ G. The distribution of
X+Yis bounded by

supmax{F (x) +G(y) ~1,0), inf min(F(x) +G(y).1)

Z=X+Yy

whatever the dependence betweenX andY

Similar formulas for operations besides addition




Example ODE

dx,/dt = 0; X,(1 —X,)

What are the statestat 107
X, = (1.2, 1.1)

0, 0[2.99, 3.01]
6,[0.99, 1.01]

VSPODE
— Constant step size= 0.1, Order of Taylor modej= 5,
— Order of interval Taylor serids= 17, QR factorization




Calculation ofX,

1.916037656181642 6,° x 6,1
-4.690741189299572 6, x 6,2
-0.45041691456439%4 6,2 x 6,0

-35.200757076497972 6,1 x 6,2
-1.349694561113614 6,3 x 6,
-29.503128650484258 6,1 x 6,3
-5.56335007035824% 6,3 x 6,1
218.6070423261203086,° x 6,2
256.315067368131284 6,2 x 63
15.322357274648448 64 x 6!

+ + + + + + + + +

+

0.6899791492310846,1 x 6,
-2.2757341933781346,1 x 6!
-29.7882525733600626,° x 6,2
-12.401600707197074 6,2 x 6,1
6.0625098341472206,0 x 6,3
-25.7443365556020686,2 x 6,2
-0.2220001328925856,4 x 6,0
390.2604437220816356,1 x 6,1
86.0297202975091 7263 x 6,2
1.09467683743172.65 x 6,

[ 1.1477537620811058, 1.1477539164945061 ]

whered's are @ntered forms of the parametefs=0,-3,6,=6, -

+

+ 4+ + + + F 4+ + +
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uniform

Probability
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3 3.01 : 1 1.01




min, max,
mean, var

I I (N N N B
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precise




Calculation ofX,

1.916037656181642 6,° x 6,1
-4.690741189299572 6, x 6,2
-0.45041691456439%4 6,2 x 6,0

-35.200757076497972 6,1 x 6,2
-1.349694561113614 6,3 x 6,
-29.503128650484258 6,1 x 6,3
-5.56335007035824% 6,3 x 6,1
218.6070423261203086,° x 6,2
256.315067368131284 6,2 x 63
15.322357274648448 64 x 6!

+ + + + + + + + +

+

0.6899791492310846,1 x 6,
-2.2757341933781346,1 x 6!
-29.7882525733600626,° x 6,2
-12.401600707197074 6,2 x 6,1
6.0625098341472206,0 x 6,3
-25.7443365556020686,2 x 6,2
-0.2220001328925856,4 x 6,0
390.2604437220816356,1 x 6,1
86.0297202975091 7263 x 6,2
1.09467683743172.65 x 6,

[ 1.1477537620811058, 1.1477539164945061 ]

whered's are @ntered forms of the parametefs=0,-3,6,=6, -
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Results for uniform p-boxes
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Probability

O FETTTTTIT T TTTTTTPPTT T
1.12 114 1.16 1.18

O \\\\\\\\\\\\\\\\\\\ [T VT TPy
1.12 1.14 1.16 1.18

normals

O [TTTI PO T T TTTT
0.87 0.88 0.89 0.9

1

min, max,
mean, var

O FETT T T T rrrTTT
0.8/ 0.88 0.89 0.9




Still repetitions of uncertainties

1.916037656181642 6,° x 6,1
-4.690741189299572 6, x 6,2
-0.45041691456439%4 6,2 x 6,0

-35.200757076497972 6,1 x 6,2
-1.349694561113614 6,3 x 6,
-29.503128650484258 6,1 x 6,3
-5.56335007035824% 6,3 x 6,1
218.6070423261203086,° x 6,2
256.315067368131284 6,2 x 63
15.322357274648448 64 x 6!

+ + + + + + + + +

+

0.6899791492310846,1 x 6,
-2.2757341933781346,1 x 6!
-29.7882525733600626,° x 6,2
-12.401600707197074 6,2 x 6,1
6.0625098341472206,0 x 6,3
-25.7443365556020686,2 x 6,2
-0.2220001328925856,4 x 6,0
390.2604437220816356,1 x 6,1
86.0297202975091 7263 x 6,2
1.09467683743172.65 x 6,

[ 1.1477537620811058, 1.1477539164945061 ]
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Subinterval reconstitution

e Subinterval reconstitution (SIR)
— Partition the inputs into subintervals
— Apply the function to each subinterval
— Form the union of the results

 Still rigorous, but often tighter
— The finer the partition, the tighter the union
— Many strategies for partitioning

* Apply to each cell in the Cartesian product




Discretizations




1.12

Contraction from SIR

IR AR

1.14 1.16
Xl

0.87 0.88 0.89
X2

0 i

0.9




Precise distributions

« Uniform distributions (iid)

e Can be estimated with Monte Carlo simulatic
— 5000 replications

 Resultis a p-box even though inputs are pre




Results are (narrow) p-boxes

1

=
gt
S
g}
O
O
—
al

0 o
1.121.131.141.151.161.17  0.876 0.88 0.8840.8880.892

X1 X5




Not automatically verified

* Monte Carlo cannot yield validated results
— Though can be checked by repeating simulation

« Validated results can be achieved by
modeling inputs with (narrow) p-boxes and
applying probability bounds analysis

e Converges to narrow p-boxes obtained from
Infinitely many Monte Carlo replications




What are these distributions?

“bouquet”

time

~z

time




Conclusions

 VSPODE is useful for bounding solutions
of parametric nonlinear ODEs

 P-boxes and Risk Calc software are useful
when distributions are known imprecisely

* Together, they rigorously propagate
uncertainty through a nonlinear OD

r N
ntervals
Distributions <
P-boxes

Initial states

Parameters
\ v




To do

e Subinterval reconstitution accounts for the
remaining repeated guantities

 Integrate it more intimately into VSPODE
— Customize Taylor models for each cell

e Generalize to stochastic case (“tangle”) whe
Inputs are given as intervals or p-boxes
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